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Abstract

In this paper, we propose a novel variance reduction approach for additive functionals of Markov chains based on minimization
of an estimate for the asymptotic variance of these functionals over suitable classes of control variates. A distinctive feature
of the proposed approach is its ability to significantly reduce the overall finite sample variance. This feature is theoretically
demonstrated by means of a deep non-asymptotic analysis of a variance reduced functional as well as by a thorough simulation
study. In particular, we apply our method to various MCMC Bayesian estimation problems where it favorably compares to

the existing variance reduction approaches.
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1 Introduction

Variance reduction methods play nowadays a prominent role
as a complexity reduction tool in simulation based numerical
algorithms like Monte Carlo (MC) or Markov Chain Monte
Carlo (MCMC). Introduction to many of variance reduction
techniques can be found in Robert and Casella (1999), Rubin-
stein and Kroese (2016), Gobet (2016), and Glasserman
(2013). While variance reduction techniques for MC algo-
rithms are well studied, MCMC algorithms are still waiting
for efficient variance reduction methods. Recently, one wit-
nessed a revival of interest in this area with numerous
applications to Bayesian statistics, see, for example, Del-
laportas and Kontoyiannis (2012), Mira et al. (2013), Brosse
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et al. (2019), and references therein. The main difficulty in
constructing efficient variance reduction methods for MCMC
lies in the dependence between the successive values of the
underlying Markov chain which can significantly increase
the overall variance and needs to be accounted for.

Suppose that we wish to compute 7 (f) e [f(X0],
where X is a random vector with a distribution 77 on X € R?
and f : X - Rwith f € L2(r). Let (XK)k=0 be a time
homogeneous Markov chain with values in X. Denote by P
its Markov kernel and define for any bounded measurable
function f

PF(x) = /X P(r.dy) (). xeX.

Assume that P has the unique invariant distribution s, that
is, fx m(dx)P(x,dy) = m(dy). Under appropriate condi-
tions, the Markov kernel P may be shown to converge to the
stationary distribution s, that is, for any x € X,

lim [|P"(x,) =7ty =0,
n—oo

where || — v|lTv = supycy [L(A) — v(A)| and X is the
Borel o-field associated with X. More importantly, under
rather weak assumptions, the ergodic averages

X n—1
(1) E Y F(X)
k=0
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satisfy, for any initial distribution, a central limit theorem
(CLT) of the form

Valr(f) =7 (f)]

n—1
=n 7YX = 7 (H] B N0, Vaol£)

k=0

with the asymptotic variance Vo (f) given by

Vool ) E 1im nEx[{m,(f) = 7 ()]

=E[/*]+2) E:[FP*F]. )

k=1

where f = f—n(f). This motivates to use ergodic averages
7, (f) as a natural estimate for 7 (). For a broader discus-
sion of the Markov chain CLT and conditions under which
CLT holds, see Jones (2004), Roberts and Rosenthal (2004),
and Douc et al. (2018).

One important and widely used class of variance reduction
methods for Markov chains is the method of control variates
which is based on subtraction of a zero-mean random vari-
able (control variate) from ,, (). There are several methods
to construct such control variates. If Vlogw is known, one
can use popular zero-variance control variates based on the
Stein’s identity, see Assaraf and Caffarel (1999) and Mira
etal. (2013). A nonparametric extension of such control vari-
ates is suggested in Oates et al. (2017) and Oates et al. (2016).
Control variates can be also obtained using the Poisson equa-

tion. Namely, it was observed by Henderson (1997) that the

. def .
function Uy = g — Pg has zero mean with respect to m,

providedthat 7w (|g|) < oco. Thenthe choice g = f with f sat-
isfying the so-called Poisson equation f (x)—P f x) = f (x)
leads to f — Uy = f — f + Pf = 7(f), hence yielding
a zero-variance control variate for the empirical mean under
7. Although the Poisson equation involves the quantity of
interest 77 (f) and cannot be solved explicitly in most cases,
the above idea still can be used to construct some approxima-
tions for the zero-variance control variate f x)—P f (x). For
example, Henderson (1997) proposed to compute approxi-
mations to the solution of the Poisson equation for specific
Markov chains with particular emphasis on models arising in
stochastic network theory. In Dellaportas and Kontoyiannis
(2012) and Brosse et al. (2019), regression-type control vari-
ates are developed and studied for reversible Markov chains.
Itis assumed in Dellaportas and Kontoyiannis (2012) that the
one-step conditional expectations can be computed analyti-
cally for a set of basis functions. The authors in Brosse et al.
(2019) proposed another approach tailored to diffusion set-
ting which does require the computation of integrals of basis
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functions and only involves the application of the underlying
differential generator.

There is a fundamental issue related to the control variates
method. Since one usually needs to consider a large class of
control variates, one has to choose a criterion to select the
“best” control variate from this class. In the literature, such a
choice is often based on the least-squares criterion or on the
sample variance, see, for example, Mira et al. (2013), Oates
et al. (2017), South et al. (2018). Note that such criteria can
not properly take into account the correlation structure of the
underlying Markov chain and hence can only reduce the first
term in (1).

In this paper, we propose a novel variance reduction
method for Markov chains based on the empirical spectral
variance minimization. The proposed method can be viewed
as a generalization of the approach in Belomestny et al. (2018,
2017) to Markov chains. In a nutshell, given a class of con-
trol variates G, that is, functions g € G with w(g) = 0 we
consider the estimator

def

n—1
T (f = 8n) = 07 (F(XR) — 8 (X0))

k=0

with g, &of argmin, g Va (f —g), where V,, (f) stands for an
estimator of the asymptotic variance V. (f) defined in (1).
This generalization turns out to be challenging for at least two
reasons. First, there is no simple way to estimate the asymp-
totic variance Vi (f) for Markov chains. Due to inherent
serial correlation, estimating Vi (f) requires specific tech-
niques such as spectral and batch means methods; see Flegal
and Jones (2010) for a survey on variance estimators and
their statistical properties. Second, a non-asymptotic anal-
ysis of the estimate g, is highly nontrivial and requires
careful treatment. We perform this analysis for a rather
general class of geometrically ergodic Markov chains includ-
ing the well-known unadjusted Langevin algorithm (ULA),
metropolis-adjusted Langevin algorithm (MALA) and ran-
dom walk metropolis (RWM). In particular, we show that
under some restrictions on G, the rate of the excess for the
asymptotic variance can be controlled with high probability
as follows:

Voo (f — &n) _gi,‘ég Voo f —8) = O (n™°)

for some o € [1/2,1). Let us stress that our results are
rather generic and can cover various types of control variates.
Apart from a comprehensive theoretical analysis, we conduct
an extensive simulation study including Bayesian inference
via MCMC for logistic regression, Gaussian mixtures and
Bayesian inference of ODE models. We show that for various
MCMC algorithms our approach leads to a further significant
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variance reduction as compared to the least-squares-type cri-
teria.

The paper is organized as follows. In Sect. 2, we intro-
duce a general empirical variance minimization procedure
for Markov chains and analyze its properties. In Sect. 3,
we apply our theoretical results to a widely used ULA and
MALA. In Sect. 4, we conduct a thorough numerical study
of the proposed approach. Finally all proofs are collected in
Sect. 5 and Appendix A.

Notations Let || - || denote the standard Euclidean norm. We
say that f : R? — R is L—Lipschitz function if | f(x) —
f(x)| < L|lx — x'|| for any x, x’ € R,

For any probability measure £ on (X, X'), we denote by
P¢ the unique probability under which (X,), >0 is a Markov
chain with Markov kernel P and initial distribution &. We
denote by E¢ the expectation under the distribution P¢. For &
a probability measure on (X, X) and A € X, we denote by
EP(A) = [&(dx)P(x, A); for h : X — R, a measurable
function, we denote by Ph(x) = [ P(x, dy)h(y).Giventwo
Markov kernels P and Q on X x X, where X is the Borel o -
field on X, we define PQ(x, A) = [[ P(x,dy)Q(y, A). We
also define P” inductively by P = PP" ! Let W : X —
[1, o0) be a measurable function. The W-norm of a function
h : X — Risdefined as ||h|lw = sup,x{|h(x)|/W(x)}. For
any two probability measures p and v on (X, X)) satisfying
w(W) < ooand v(W) < oo, the W-norm of  — v is defined
as [[u — viiw = supy gy <1 IS = (I

We also use the 2-Wasserstein distance and the Kullback—
Leibler divergence in our analysis. The 2-Wasserstein dis-
tance between probability measures © and v is denoted by
Wa (i, v) def infy (fy x Ix — 2 de(x, y))l/z, where the
infimum is taken over all probability measures ¢ on the
product space X x X with marginal distributions @ and v.
The Kullback—Leibler divergence for i and v is defined as
KL(ullv) = E,[log(du/dv)] if u < v and KL(u||v) = oo
otherwise. We say that the probability measure p satis-
fies the transportation cost-information inequality T () if
there is a constant « > O such that for any probability
measure v

Wa(u, v) < 2 KL(v]|p). 2

For a real-valued function 4 on X C R? and a o -finite mea-
sure A on (X, X) we write [[2]lLrgy = (fy [h(x)[PA(dx))!/P
with 1 < p < oo. The set of all functions i with || 2] r ) <
oo is denoted by L” (1) = L7 (X, 1).

Finally, the Sobolev space is defined as W*?(X) =
{u e LP(A) : D*u € L?()), V]a| < s}, where A is the Leb-
esgue measure, « = («f,...,qq) is a multi-index with
la| = a1 + ...+ ag4, and D* stands for differential operator
of the form D¥ = 9l®/3x{" ... 3x}*. Here all derivatives
are understood in the weak sense. The weighted Sobolev

space WP (X, (x)#) for a polynomial weighting function
(x)f = (1 + |x|HP/2, B € R, is defined by

WS P (X, (x)ﬁ) — {u cu- (x>ﬁ IS WX’P(X)}. (3)

The Sobolev norm is defined as [[u|lys.p(x, (x)8) = Zlalfs
||D°‘ (u (x)ﬁ) | Lr G- We say that U ¢ W*P (X, (x)?)is norm-
bounded if there exists ¢ > 0, such that ||u||Ws,p(X’(x>5) <c
foranyu € U.

In what follows, we use the symbol < for inequality up to
an absolute constant.

2 Main results
2.1 Empirical spectral variance minimization (ESVM)

In this paper, we propose a novel approach to choose a
control variate from the set G referred to as the empirical
spectral variance minimization (ESVM). To shorten nota-
tion, let us denote by H = H(G) a class of functions
h(x) = f(x) — g(x), with g € G. The main idea of the
ESVM approach is to select a control variate which min-
imizes a finite sample estimate for the asymptotic variance
Voo (h). There are several estimates for V5, (1) available in the
literature, see Flegal and Jones (2010). For the sake of clarity,
we consider only the spectral variance estimator which pro-
vides the most generic way to estimate Voo (k). It is defined
as follows. Let P be a Markov kernel admitting a unique
invariant probability 7 and set / ey m(h) (assuming
m(Jh]) < 00). For s € Z, define the stationary lag s auto-
covariance pj(,h)(s) def E- [fz (X S)E(Xo)] and the lag s sample
autocovariance via

n—s—1
ORI SR UIC AR ADIUIe ASE=ADI]

k=0

“

def  _ - .
where 7,(h) = n~! Z;’»:(l)h(X j). The spectral variance
estimator is based on truncation and weighting of the sample
autocovariance function,

bp—1

ACE Y

s=—(by—1)

wa ()PP (1), 5)

where w,, is the lag window and b,, is the truncation point.
The truncation point is a sequence of integers and the lag
window is a kernel of the form w,(s) = w(s/b,), where w
is a symmetric nonnegative function supported on [—1, 1]
which fulfills |w(s)| < 1 fors € [—1, 1] and w(s) = 1 for
s € [—1/2, 1/2]. Other possible choices of the lag window
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wy can be considered, see Flegal and Jones (2010). In the
ESVM approach, we choose a control variate by minimizing
the spectral variance

h def argminV,, (h). (6)
heH

As the class H can be too large making the resulting optimiza-
tion problem (6) computationally intractable, we consider a
smaller class. Given € > 0, let H, C H consist of centers of
the minimal e-covering net of H with respect to the L2 (1)
distance. Further set

iz\g def argminV,, (h). @)
heH,

In what follows, we assume that H is a norm-bounded set
in L2(r). Hence the set H, is finite. The estimates of the
form (7) are referred to as skeleton or sieve estimates in
the statistical literature [see, for example, Wong and Shen
(1995), Devroye et al. (1996), and van de Geer (2000)].

2.2 Theoretical analysis

In this section, we analyze the proposed ESVM procedure in
terms of the excess of the asymptotic variance. Namely, we
provide non-asymptotic bounds of the form:

Voo (he) — inf Voo(h) = 0 (), 12<a<1, (@8

holding with high probability.

Before we proceed to theoretical results, let us define a
quantity which is used to choose a radius ¢ of the covering
net H, over which J; is computed. Given any ¢ > 0, let
HLz(n)(H, €) be a metric entropy of H in Lz(n), that is,

Hy27)(H, €) def log |H,|, where |H,| is cardinality of H,
(which is assumed to be finite). Define by yp 2, (H, n) a
so-called fixed point

def .
W (Hon) S inf{n > 01 Hpap(Hon) <np). (9

Note that a number > 0 satisfying Hy 2, (H, n) < nn? is
finite because of monotonicity of the metric entropy and the
mapping 7 — nn? in . The quantity Yi2(r)(H, n) is used
to control the cardinality of H.. Indeed by choosing ¢ >
Y2 (H, n) we get [H,| < e’ Ttis easily seen from the
above definition that the fixed point is a decreasing function
in n. Let us discuss a typical behavior of y; 2., (H, n) as
n — oo when H is a subset of the weighted Sobolev space
WP (X, (x)P), see (3) for definition. The following result
can be derived from Nickl and Potscher (2007).

Proposition 1 Let H be a (non-empty) norm-bounded subset
of WP (R, (x)B), where | < p < 00, B € R, and s —

@ Springer

d/p > 0. Let also for some a > 0, ||(x)”‘_'3||Lz(,T) < 00.
Then it holds

1
0~
woHmsy -
n 2edsn~t fora < s —d/p.

fora > s —d/p,

Now let us turn to assumptions needed for (8) to hold. Our
first assumption is the geometric ergodicity of the Markov
chain (X )x>0. Let W : X — [1, 00) be a measurable func-
tion.

(GE) The Markov kernel P admits a unique invariant prob-
ability measure 7 such that #(W) < oo, and there
exists ¢ > 0,0 < p < 1 such that for all x € X and
neN,

[P ) — 7|y < sW(x)p"

(BR) There exists a non-empty set S C X and real numbers
u>1,J >0and!/ > O such that

supEx[u"°]1<J and supW(x) <lI, (10)

x€S x€S

where o is the return time to the set S.
Remark 2 Let us introduce drift and small set conditions.

(DS) The Markov kernel P is irreducible, aperiodic and

e There exists measurable function W : X — [1,00), A €
[0,1),b < o0,and ! < oo suchthat A +2b/(1 +1) < 1
and

PW < AW +bliw<y. (11)

e There exists m, & > 0 such that for all x, x’ € {W <},
[6x P™ — 8 PllTv < 2(1 — ¢).

It follows from Douc et al. (2018, Theorem 19.5.1) that (DS)
implies (GE) and by Douc et al. (2018, Proposition 14.1.2)
(DS) implies (BR). Explicit expressions for the constants ¢
and p may be found in Douc et al. (2018, Theorem 19.4.1).
Note also that (GE) implies that P is positive, aperiodic and
condition (DS) is satisfied for some small set S and some
function Wy verifying W < Wy < ¢oW and constants ¢p <
00, bg < 00, A9 € [0, 1). Hence (GE) implies (BR) for
some constants # > 1 and J > 0 [see Douc et al. (2018,
Theorem 15.2.4)].

We also need a Gaussian concentration for V, (h), which
requires an additional assumption on the class H. It is impor-
tant to note that V;,(h) is a quadratic form of (A (X j))j.;(l). As
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a result, without much surprise, concentration results for the
quadratic forms of Markov Chains shall play a key role in
our analysis. We shall consider below two situations. While
the first situation corresponds to bounded functions #, the
second one deals with Lipschitz continuous functions /. In
the second case, we additionally assume a contraction in L2-
Wasserstein distance. Thus we assume either

(B) Bounded case: Thereexist B > Osuchthatsup, <y |7]co
< B with |h]og = sup,cx [h(x)]

or
(L) Lipschitz case: Functions h € H are L-Lipschitz.
together with

(CW) The Markov kernel P (x, -) belongs to T («) for any
x € X and some o > 0. Moreover, there exists 0 <
r < 1, such that Wo(P(x, -), P(y,-)) <r|x —y| for
any x,y € X.

The rate of convergence for the variance excess is given in
the following theorem.

Theorem 3 Assume (GE) and either (L)+(CW) or (B)+(BR).
Set b, = 2(log(1/p)) "' log(n) and take ¢ = 2o (H, n).
Then for any § € (0, 1), there is ny = no(8) > 0 such that
forany n > ng and xo € Xo with Py, —probability at least
1 — 4, it holds

Voo (he) — Jnf Voo() S Cr10g(0) ey (. 1)
log(n) log(1/5
4O g(n) log(1/ )’
NG
where < stands for inequality up to an absolute constant,

K2
log(1/p)
_Paw) + W(xo))<
(1 —p)!/2log(1/p)

C =

K* + sup ||h||%vl,2),
heH

Xo =X, K> = JaL?/(1 —r) under (L)+(CW) and Xo = S,
K? = BB? under (B)+(BR), with

[ 1 Jgl
B = g +20)
1—p\logu 1—p
In view of Proposition 1, Theorem 3 may be summarized
by saying that the excess variance Vo, (he) — infjc1y Voo (h)
is bounded with high probability by a multiple of n~1/>+7

for some n > 0 depending on the capacity of the class H. In
statistical literature, such rates are referred to as slow rates

of convergence. These rates can be improved by imposing
additional conditions on H. To this end let consider the case
when H contains a constant function. Since w(h) = 7w (f)
forall & € 'H, this constant must be equal to 7 (), and hence
infj, e Vi, (h) = 0. In this case, we obtain tighter bounds.

Theorem 4 Assume (GE), (L), and (CW). Assume also that
‘H contains a constant function h*(x) = const. Fix the
size of the lag window b, = 2(log(1/p))~'log(n) and
take ¢ = yLz(n)(’H, n). Then for any § € (0, 1), there is
ng = no(8) > 0 such that for all n > ng and xo € X it holds
with P, —probability at least 1 — &,

7, 1 log(1/68
Voo(he) S Cilog(n)yfa ) (M n) + CZM’
(12)
where
C, = el
LT =2 log(1/p)
C, = el
2T = r)2log(1/p)
g(rr(W) + W(XO)) 5
sup ||h||W1/2-

(1 —p)172log(1/p) new

In view of Proposition 1, Theorem 4 asserts that under an
additional assumption that H contains a constant function,
the excess variance Vi (h;) —infj ey Vo () can be bounded
by a multiple of n~'+" for some 1 > 0 depending on .

3 Application to Markov Chain Monte Carlo

In this section, we consider the application of the ESVM
approach to MCMC-type algorithms. The main goal of
MCMC algorithms is to estimate expectations with respect
to a probability measure 7 on RY,d > 1, witha density 7 of
the form 7 (x) = e V) Jra e~UWdy with respect to the
Lebesgue measure, where U is a nonnegative potential. Let
x* be such that VU (x*) = 0 and without loss of generality
we assume x* = 0. Consider the following conditions on the
potential U.

(LD1) The function U is continuously differentiable on
R with Lipschitz continuous gradient: There exists
Ly > 0 such that for all x, y € R?,

IVU@x) = VU <Ly llx = yll.

(LD2) U isstrongly convex: There exists aconstantmy > 0,
such that for all x, y € R? it holds that

@ Springer
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U(y) > Ux) + (VU (x),y —x) +my |lx — y[>/2.

(LD3) Thereexist K1 > 0andmy > 0suchthatforanyx €
R4 with ||lx|| > K and any y € ]R"l,(D2 Ux)y, y> >
my || y||2. Moreover, there exists My > 0 such that
forany x € R?, [D* U(x)| < My.

Unadjusted Langevin algorithm The Langevin stochastic dif-
ferential equation associated with 7 is defined by

dY, = —VU(Y,)dt + v2dB, , (13)

where (B;);>0 is the standard d-dimensional Brownian
motion. Under mild technical conditions, the Langevin diffu-
sion admits 77 as its unique invariant distribution. We consider
the sampling method based on the Euler—Maruyama dis-
cretization of (13). This scheme referred to as unadjusted
Langevin algorithm (ULA), defines the discrete-time Markov
chain (Xy)x>0 given by

Xiy1 = X —yVUXi) + V2V Ziy (14)

where (Z;)x>1 is an i.i.d. sequence of d-dimensional stan-
dard Gaussian random variables and y > 0 is a step size;
see Roberts and Tweedie (1996a). We denote by P)EJLA the
Markov kernel associated with the chain (14). It is known
that under (LD1) and (LD2) or (LD3), PJEJLA has a stationary
distribution 7, which is close to 7 [in a sense that one can
bound the distance between 7, and 7, e.g., in total variation
and Wasserstein distances, see Dalalyan (2017), Durmus and
Moulines (2017)].

Proposition5 1. Assume (LDI), (LD2). Then for any 0 <
y <2/(my +Ly), P)}JLA satisfies (GE) with the invari-
ant distribution w,, and W (x) = lx||2. Moreover; P)EJLA
Sfulfills (CW) with

a=2y and r =./1—-yky,

where ky def 2my Ly /(my +Ly).

2. Assume (LD1), (LD3). Then for any 0 <y <ty /(4L3),
P}}JLA satisfies (GE), (BR) with the invariant distribution
my, W) =[x and S = {x e R? : ||x| < R} with
sufficiently large radius R > 0.

Proof 1. For the proof of (GE) see Durmus and Moulines
(2016, Proposition 2) and Durmus and Moulines (2017,
Theorem 12) and Remark 2. To prove (CW) we observe
that P;;JLA(x, ) =N(@x—yVU(x), 2y 1;).Hence, forall
y > 0, we get using Bakry et al. (2013, Theorem 9.2.1),
PILA(x, ) € Ta(2y), that is PYA(x, ) fulfills (2).
Assuming that (LD1) and (LD2) hold, we may show
using Durmus and Moulines (2016, Proposition 3) that

@ Springer

forany 0 < y < 2/(my+Ly)) and any x,y € X,
Wa(PJMA(x, ), Py, ) < VT=ykud(x, y).

2. See Brosse et al. (2019, Lemma 19 and Proposition
16). O

Metropolis-adjusted Langevin algorithm (MALA) Here we
consider a popular modification of ULA called Metropolis
Adjusted Langevin Algorithm (MALA). At each iteration, a
new candidate Yy is proposed according to

Yir1 = Xi —yVU(Xp) + 2y Zg11 (15)

where (Zy)k>1 is an i.i.d. sequence of d-dimensional stan-
dard Gaussian random vectors and y > 0 is a step size. This
proposal is accepted with probability o (X, Yr41), where
v ’
. y) & min(l’ (Ngy (¥ x)>’
T (x)qy (x,y)

where g, (x, y) = @ y) " exp(~|ly — x + y VU @)II*/
(4y)). We denote by P},VIALA the Markov kernel associated
with the MALA chain.

Proposition 6 Assume (LD1), (LD3). Then there existsy > 0
such that for any y € [0,7], P;VIALA satisfies (GE), (BR)
with the invariant distribution 7, W(x) = ||x||%, and S =
{x eR . x| < R} with sufficiently large radius R > 0.

Proof See Brosse et al. (2019, Proposition 21 and 23). O

Random walk metropolis (RWM) At each iteration, a new
candidate Yy is proposed according to

Yiv1 = Xk + /¥ Zi11, (16)

where (Zy)k>1 is an i.i.d. sequence of d-dimensional stan-
dard Gaussian random vectors and y > 0. This proposal is
accepted with probability (X, Yx+1), where

a(x, y) = min(7(y)/7(x). 1)

We denote by P;{WM the Markov kernel associated with
the RWM chain. Assumption (GE) is discussed in Roberts
and Tweedie (1996b) and Jarner and Hansen (2000) under
various conditions. In particular, the following result for
super-exponential densities holds.

Proposition 7 Assume (LD1), (LD3). Then PXM satisfies
(GE), (BR) with the invariant distribution &, W(x) =
e 12 (x) for some ¢ > 0, and S = {x eR? : x| < R}
with sufficiently large radius R > 0.

Proof See Jarner and Hansen (2000, Theorem 4.2). O
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4 Numerical study

In this section, we study numerical performance of the ESVM
method for simulated and real-world data. Python implemen-
tation is available at https://github.com/svsamsonov/esvm.

Following Assaraf and Caffarel (1999), Mira et al.
(2013), Oates et al. (2019), we choose G to be a class of
Stein control variates of the form

go = — (P, VU) +div(P), 7)

where @ : ® — R? with ® ¢ RY, div(®) is the diver-
gence of @, and U is the potential associated with s, that
is, m(x) o e"YW see Sect. 3. Under (LDI1) and (LD2),
for continuously differentiable functions ®, n(gep) = O,
see Oates et al. (2019, Lemma 1). This suggests to con-
sider aclass H = {h = f — go : go € G}. Our standard
choice will be ®(x) = b or ®(x) = Ax + b, where
A € R?4 j5 a matrix and b € R? is a vector. They will
be referred to as the first- and second-order control variates,
respectively. It is worth noting that polynomial-based control
variates are not exhaustive and one can use other control vari-
ates. For instance, in the Gaussian mixture model considered
below, polynomial-based control variates do not fit structure
of the problem, so a class of radial basis functions will be
used.

In the ESVM method, we choose the trapezoidal nonneg-
ative kernel w supported on [—1, 1] :

2542, —l<s<-—1/2,
w(s) =41, —1/2<s5<1/2, (18)
2542, 1)2<s<l.

Our experiments with other kernels, for instance, w(s) =
% + %cos s did not reveal any sensitivity of ESVM to
a particular kernel choice. In fact, even the simplest ker-
nel w(s) = 1 (sl<d) showed results comparable with ones
for w(s) given in (18). Another parameter of ESVM to be
chosen is the lag-window size b,,. In practice, it is not con-
venient to choose b, according to Theorems 3 and 4, since
it involves parameters of the Markov chain which are not
usually available. Therefore, we choose b, by analyzing the
sample autocorrelation function (ACF) of the Markov chain,
see discussion below. Moreover, our experiments show that
ESVM is not much sensitive to particular choice of b,,. For a
wide range of possible values, our procedure shows reason-
ably good performance.

Numerical study is organized as follows. First we use
ULA, MALA, or RWM algorithm to sample a training tra-
jectory of the size n = npym + Nirain. We consider the first
npurn Observations as a burn-in period, and exclude them from

subsequent computations. Then we compute optimal param-
eters AESVM, EESVM which minimize the spectral variance
V. (h) with n = n,in and obtain the resulting control variate
hesym. For comparison purposes, we also compute param-
eters AEVM, l;EVM based on minimization of the empirical
variance V,/(h) = (n — 1)~ S0 {h(Xg) — m,(h))? with
N = Nyin and obtain the corresponding control variate szVM.
Variance reduction using szVM will be referred to as the EVM
algorithm, see Belomestny et al. (2017), Mira et al. (2013),
and Papamarkou et al. (2014). We use the BFGS optimiza-
tion method to find the optimal parameters for both ESVM
and EVM algorithms.

To evaluate performance of ESVM and EVM, we use
the same MCMC algorithm to sample Ny g = 100 inde-
pendent training trajectories of size n = npym + Miest-
Then for each trajectory, we exclude first npym, observa-
tions and compute three different estimates for 7 (f): (i)
vanilla estimate (ergodic average of f without variance
reduction); (ii)) EVM estimate (ergodic average of flEVM);
(iii)) ESVM estimate (ergodic average of ﬁESVM). For each
test trajectory, we define the variance reduction factors (VRF)
as the ratios V,,(f)/Vu(hgsvm) or Vu(f)/Va(heym) with
n = ngg. We report the average VRF over Ny trajectories
together with the corresponding boxplots of ergodic aver-
ages. On these boxplots, we display the lower and upper
quartiles for each estimation procedure. We will refer to
the methods based on the first-order control variates as
ESVM-1 and EVM-1, and for the second-order ones as
ESVM-2 and EVM-2, respectively. The values b,, nyum,
Nirains Neest together with parameters of MCMC algorithms
for each example considered below are presented in Sect. 6,
Table 6.

Gaussian mixture model (GMM) Let & be a mixture of
two Gaussian distributions, that is, 7 = pN (u, ) + (1 —
PN (=, T) for p € [0, 1]. It is straightforward to check
that (LD1) holds. If x and ¥ are such that | u|? <
Amin (X~ 1 ), the density m satisfies (LD2). Otherwise, we have
(LD3).

Wesetp =1/2,d =2, u = (0.5, O.S)T, and consider
two instances of the covariance matrix: ¥ = I and ¥ = X,
where ¥ is a randomly initialized symmetric matrix with
Amin(Z0) > 0.1. The quantities of interest are E;[X] and
E-[X?].

First let us briefly discuss how one can choose the lag-
window size b,. Let us look at the sample ACF plot of the
first coordinate given in Fig. 1. One may observe that ACF
decreases fast enough for any MCMC algorithm, and it seems
reasonable to set b, = 50 or close to it. Moreover, we analyze
performance of ESVM for different choices of b,, by running
the ULA algorithm to estimate E;[X] and letting b, to run
over the values from 1 to 5000. The corresponding VRFs are
given also in Fig. 1. Here, to compute the spectral variance
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Fig.1 GMM with ¥ = ¥. Left: sample autocorrelation function for X;. Right: average variance reduction factors for different choices of b,

Table 1 Variance reduction factors in GMM with ¥ = I (top) and
Y = X (bottom)

Method  E.[X] E-[X?]

ULA MALA RWM ULA MALA RWM
ESVM 91 61 82 6092 3196 5312
EVM 45 36 53 6078 3163 5287
ESVM 246 79 222 15.2 9.4 153
EVM 165 75 14.3 9.2 5.0 9.3

Bold indicates that our algorithms outperform existing

o 1/3
over test trajectories, we use fixed b = n'/3 no matter

which value of b,, was used during the training. Note that
even for b, = 1 on train (that is, taking into account only the
first-order autocovariance) ESVM outperforms EVM, and
for values b, € [10, 1000] we observe the optimal perfor-
mance of ESVM.

0.08 - —— 0.02 - —
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0.01 -

———
—=

0.04 -

0.02 -

0.00 -

~0.02 - =0.01-

—0.04 - _0.02-
—0.06 -

—0.08 - —0.03 -

Numerical results for estimating E;[X] are presented in
Table 1. The corresponding boxplots for E;[X] are given
in Fig. 2, and for E;[X7] are given in Sect. 6, Figs. 6 and 7.
For the sake of convenience, all the estimates are centered by
their analytically computed expectations. Note that ESVM
outperforms EVM in both cases ¥ = I and ¥ = ¥ and for
all samplers used.

Gaussian mixture with isolated modes Let us now consider
the Gaussian mixture model with different means and covari-
ates, 7 = pN (i1, 01)+(1—p)N (=2, 02) with p € [0, 1].
For simplicity, we let d = 1. We are interested in the case
when |1 — wa| > max{oy, 02}. When sampling from 7
using ULA, MALA, or RWM, the corresponding Markov
chain tends to “stuck’ at the modes of density &, which leads
to slow convergence. We are going to compare the results
obtained using ESVM and EVM with the ones from Mijatovi
and Vogrinc (2018) based on a discretized Poisson equation.
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0.03 -

0.02 - N

T
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= o
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Fig. 2 Estimation of E;[X] in GMM with ¥ = I (top row) and £ = X (bottom row). In each row, boxplots are given for ULA, MALA, and

RWM, respectively
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Table 2 Variance reduction . — — o
factors in GMM with isolated Nirain EVM-2  ESVM-2  Poisson-CV ESVM-r,r =4  ESVM-r,r =10 ESVM-,r =20
modes 10* 1.03 1.04 up to 8900 95.8 6457.2 265,382.8

103 1.92 1.20 up to 13,200  98.8 7176.5 378,249.0

For comparison purposes, we will reproduce experiments
from the aforementioned paper, see Sect. 5.2.1, and refer
to the reported variance reduction factors.

Our aim is to estimate 7 (f) with f(x) = x3. We fix
p=04,u =-3,uy=4,01 = 1,0p = 0.5, anduse RWM
with step size y = 1.0 as a generating procedure. Results for
the second-order control variates (our standard choice) are
reported in Table 2, showing that this class of functions ®
does not allow us to achieve comparable to Mijatovi and
Vogrinc (2018) variance reduction factors. Let us consider
instead the following set of radial basis functions

2
M) , (19)

®(0) =) ar(x — b exp (— 5

k=1

where ai, by € R, k = 1,...,r. The ESVM algorithm
with control variates determined by & (x) from (19) will be
referred to as the ESVM-r algorithm. Results for ESVM-r
are also given in Table 2 showing comparable results with the
Poisson-based approach from Mijatovi and Vogrinc (2018)
(it is referred to as the Poisson-CV) and even outperforming
it for large enough train sample size ny,in and number of
basis functions 7.

Banana-shape density The “Banana-shape” distribution, pro-
posed by Haario et al. (1999), can be obtained from a
d-dimensional Gaussian vector with zero mean and covari-
ance diag(p, 1, ..., 1) by applying transformation

op(x) : R — Rd,

@(x) = (x1, x2 4+ bx} — pb, x3, ..., xa),
where p > 0 and b > 0 are parameters; here b controls the
curvature of density’s level sets. The potential U is given by

Uxi,...,xq) = x1/2p + (xa + bx} — pb)?

d
2
+ Zk=3 x2/2.

As can be easily seen, the assumption (H3) holds. As to the
assumption (H1), it is fulfilled only locally. The quantity
of interest is E;[X>]. In our simulations, we set p = 100,
b = 0.1 and consider d = 2 and d = 8. VRFs are reported in
Table 3. Boxplots for d = 8 are shown in Fig. 3. In this prob-
lem, ESVM significantly outperforms EVM both for d = 2
and d = 8. Because of the curvature of the level sets, the
step sizes in all considered methods should be chosen small

Table 3 Estimation of E; [ X2] for the banana-shaped density ind = 2
andd =8

Method d =2 d=38

ULA MALA RWM ULA MALA RWM
ESVM 4.7 2.7 424 53 6.5 18.5
EVM 14 1.3 1.5 1.4 4.6 1.7

Bold indicates that our algorithms outperform existing

enough, leading to highly correlated samples. This explains
a poor performance of the EVM method in this context.

Logistic and probit regression Let Y ~1,...,Y) €
{0, 1} be a vector of binary response variables, x € RY
be a vector of regression coefficients, and Z € RV*d pe a
design matrix. The log-likelihood and likelihood of ith point
for the logistic and probit regression are given by

og(Yilx, Z0) = YiZl x —In(1 + €% ), piog(Yilx, Z))
= exp(liog (Yilx, Z;)),
Coro(Yilx, Zi) = Y In(@(Z] x))
+ (1= YD) In(®(=Z %)), ppro(Yilx, Zi)
= exp(Lpro(Yi X, Zi)),

where ZiT istheithrowof Zfori € {1, ..., N}. We complete
the Bayesian model by considering the Zellner g-prior for the
regression parameter x, that is, Ny(0, g(Z'Z)™"). Defining
X = (ZTZ)I/Zx and Zi = (ZTZ)_l/ZZi, the scalar product
is preserved, that is (x, Z;) = (X, Z,') and, under the Zellner
g-prior, X ~ Ny(0, gly). In the sequel, we apply the algo-
rithms in the transformed parameter space with normalized
covariates and put g = 100.

The unnormalized posterior probability distributions e
and mpo for the logistic and probit regression models are
defined for all ¥ € R? by

Tog (XY, Z) ¢ exp(—Ulog (X)) with Ujg(X)

N - 2y—1 =2
Do boe(YilE, Z) + oD T IFI,
ﬂpro(ﬂY’ Z)O(exp(_Upro(jE)) with Upro(i)

N - o~
=2 Loro(YilE. Z0) + 20D E]

It is straightforward to check that Uleg, Upro satisfy (LD1)
and (LD2).
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Fig.3 Estimation of E;[X>] for the banana-shape density in d = 8. Boxplots are given for ULA, MALA, and RWM, respectively
Tal?le 4. A\'/erage. te.st likelih(.)od Method PIMA dataset EEG dataset
estimation in logistic regression
ULA MALA RWM ULA MALA RWM
ESVM-1 347.6 535.6 411.7 542.3 996.6 483.5
EVM-1 347.9 542.1 415.5 548.1 1020.2 508.9
ESVM-2 11,387.3 28,792.8 19,503.3 11,406.6 44,612.5 11,3249
EVM-2 2704.8 4087.3 5044.1 350.3 39985.4 453.3

Bold indicates that our algorithms outperform existing

We analyze the performance of ESVM algorithm on two
datasets from the UCI repository. The first dataset, Pima,’
contains N = 768 observations in dimension d = 9. The
second one, EEG,? has dimension d = 15, and for our
experiments we take randomly selected subset of size 5000
(to speed up sampling procedure). We split each dataset
into a training part Tlf,mi“ = [(i, Zi)]lN: | and a test part
T = [(y], Z))1K, by randomly picking K test points from
the data. Then we use ULA, MALA, and RWM algorithms
to sample from 7164 (X]Y, Z) and 7pr0 (XY, Z), respectively.

Given the sample ()Ek)z;(l), we aim at estimating the aver-
age likelihood over the test set 7™, that is,

/ S (XO)mog(x]Y, Z) dx
R4
<or / S (X)mpro(X]Y, Z) dx for probit regression),
R4

where the function f is given by

K
fE =K pog(ilZ, %)

i=1

K
(Or K1 Z Ppro(yi|Z;, X) for probit regression).

i=1

VRFs are reported for first- and second-order control vari-
ates. Results for logistic regression are given in Table 4.

! https://www.kaggle.com/uciml/pima-indians-diabetes-database.
2 https://archive.ics.uci.edu/ml/datasets/ EEG+Eye+State.

@ Springer

Boxplots for the average test likelihood estimation using
second-order control variates are shown in Fig. 4. The same
quantities for probit regression are reported in Sect. 6, see
Table 7, Figs. 8, and 9.

Note that ESVM also outperforms EVM in this example.
It is worth noting that for ULA and RWM, we show up to
100 times better performance in terms of VRE. For MALA,
the results for EVM and ESVM are similar since the samples
are much less positively correlated.

Van der Pol oscillator equation The setup of this experiment
is much similar to the one reported in South et al. (2018).
Here a position p, () € R evolves in time ¢ according to the
second-order differential equation

d*pe

dr?

dpx
dt

—x(1-pH—==4p=0, (20)

where x € R is an unknown parameter indicating the nonlin-

earity and the strength of the damping. Letting ¢, = dp, /d¢
we can formulate the oscillator as the first-order system

dp
o = 4xs

Y — x(1 - p2)gx + pa.

where only the first component p, is observed. This sys-
tem was solved numerically using x, = 1 and starting point
Px, (0) = 0, g, (0) = 2. Observations Y; = py, (i) + &
were made at successive time instants t; =i,i =1,..., T,
and Gaussian measurement noise &; of standard deviation
o = 0.5 was added. We use a normal prior 7o (x) with mean


https://www.kaggle.com/uciml/pima-indians-diabetes-database
https://archive.ics.uci.edu/ml/datasets/EEG+Eye+State
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Fig. 4 Estimation of the average test likelihood in logistic regression for the Pima dataset (top row) and the EEG dataset (bottom row). In each

row, boxplots are given for ULA, MALA, and RWM, respectively

o = 1 and standard deviation og = 0.5. The unnormalized
posterior probability distribution is defined for all x > 0 by

m(x]Y) exp(—U(x)) with U (x) = —logmo(x)

+Z (Yi = pa(t)® '

202

Clearly, U satisfies (LD1) and (LD3). To sample from 7 (x|Y)
we use the MALA algorithm. The quantity of interest is
the posterior mean fR xm(x]Y)dx. In this example, we use
control variates up to degree 3. Results are presented in
Sect. —VRFs are summarized in Table 8 and boxplots for
the second-order control variates are given in Fig. 10. In this
problem, ESVM slightly outperforms EVM in terms of vari-
ance reduction factor.

Lotka—Volterra system The Lotka—Volterra model is a well-
known system of ODEs describing the joint evolution of
two interacting biological populations, predators and preys.
Denote the population of preys and predators at moment ¢
by u(t) and v(¢) respectively, then the corresponding model
can be written as the following first-order system

& = (o« — po)u,

g—‘; = (—y + du)v,

u(0) = ug, v(0) = vg.

21

The parameter vector is given by x = («a, B, v, §), with all
components being nonnegative due to the physical meaning

of the problem. The system was solved numerically with the
true parameters x, = (0.6, 0.025, 0.8, 0.025) and starting
populations ug = 30.0, vy = 4.0. The system is observed at
successive time moments t; = i,i = 1, ..., T, with the log-
normal measurements Y; ~ Lognormal(log u(#;), 02), Zi ~
Lognormal(log v(#;), o) witho = 0.25. A weakly informa-
tive normal prior o (x) was used for the model parameters:
N (1, 0.5) for o« and y, N'(0.05, 0.05) for 8 and 8. The poste-
rior distribution is given by w (x|Y, Z) o exp(—U (x)), where

U((x) = —logm(x)

T 2 2
logY; —1 ; logZ; —1 ;
+Z<(0g ogu(t;))” + (log ogv(t;))

202
i=1

+logY; + 10gZ,~>.

We use the MALA algorithm to sample from 7 (x|Y, Z). The
quantity of interest is the posterior mean fR4 xm(x|Y,Z)dx.
VRFs are summarized in Table 5 and boxplots for the second-

Table 5 Estimation of the posterior mean in the Lotka—Volterra model

Estimated parameter o B ) y

ESVM-1 10.5 6.5 6.2 83
EVM-1 6.6 4.2 4.9 6.0
ESVM-2 757.6 427.8 277.2 446.6
EVM-2 642.1 286.0 275.0 429.7

Bold indicates that our algorithms outperform existing
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Fig.5 Estimation of the 1
posterior mean of S (left figure) 0.02430 =
and § (right figure) in the
Lotka—Volterra model
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order control variates are given in Fig. 5 and Sect. 6, Fig. 11.
For some model parameters, ESVM significantly outper-
forms EVM in terms of VRF, for others the results are
comparable with slight superiority of ESVM.

5 Proofs
5.1 Proof of Proposition 1

Before we proceed to the proof of Proposition 1, let us refer
to a general result from Nickl and Potscher (2007) which is
used below to bound the fixed point of a subset of a weighted
Sobolev space. First we need to introduce some notations.
Let u be a (nonnegative) Borel measure. Given the two
functions /, u : X — R in L?(u), the bracket [/, u] is the
set of all functions in L?(u) with [ < f < u. The L?(u)-
size of the bracket [/, u] is defined as || — ul|Lr(y). The
L?(w)-bracketing number./\fg, w (F, e) of a(non-empty) set
F is the minimal number of brackets of L (w)-size less than
or equal to ¢ > 0 necessary to cover F. The logarithm of
the bracketing number is called the L? (u)-bracketing metric

entropy HL[},(M) (F,e).

Theorem 8 (Nickl and Potscher 2007, Corollary 4) Let 1 <
p<oo, BeR ands —d/p > 0. Let F be a (non-empty)
norm-bounded subset of WP (R%, (x)P). Suppose M is a
(non-empty) family of Borel measures on RY such that the
condition sup,, ¢y | (x)*=h lLr(w) < oo holds for some 1 <
r < oo and for some o« > 0. Then

g=d/s fora >s —d/p,

[]
sup H;;, ((F,¢e) < B
neM ") g=(@/d+1/p)7! fora <s—d/p.

Proof of Proposition 1 We first bound the metric entropy of
‘H by the bracketing metric entropy. If 4 € H is in the 2¢-
bracket [/, u],l, u € H,thenitis in the ball of radius ¢ around
(I +u)/2. So,

Hyp(H, ) < H]E;(n)(H, 2¢).

Now our aim is apply Theorem 8 to H which is a norm-
bounded subset of W* 7 (R?, (x)#) by assumption. For M =

@ Springer
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{m} and r = 2, the condition sup,, ¢y ||(x)“_/3||Lr(M) < 00
also holds by assumption. Hence,

g=dls fora >s—d/p,

Hi2p(H, ) <
e e~ @d+1/P™" forg <5 —d/p.

Now we turn to the bound for the fixed point y; 2, (H, n)
[see (9)]. Consider first the case @ > s — d/p. The solution
1

to the inequality e ~¢/¢ < ne?is & > n~ 7%d5s . Taking g ~
1

n~ ¥/ where ~ stands for equality up to a constant, yields
Hi 2y (H, €0) S nej, fora > s —d/p.

Since yLz(,,)(H, n) is the infimum over all such ¢ > 0, it
1
holds ¥y 2(,)(H,n) < n 2. Repeated computations for

.
o <s—d/pgiveus yayy(H,n) Sn 2reati/n=t Com-
bining these two bounds, we have

1
n_ Fdfs

VLZ(JT)(H’ n) s _ |
n 2+@/d+1/p)T

fora > s —d/p,

fora <s —d/p,
which is the desired conclusion. O

5.2 Spectral variance estimator

We investigate properties of the spectral variance V,(h)
defined in (5). Note that V, (h) can be represented as a
quadratic form Z,(h)" A, Z,(h), where Z,(h) = (h(Xy),
o h(Xy—1) T and A, is an n x n symmetric matrix.
Namely, let I,, be the identity n X n matrix and 1, =
(1,..., DT e R". Given the lag window wj,, we denote the
weight matrix by W, = (w,(j — i)) By rearranging
the summations in (5), we have

n
ij=1"

n—1n—1

Va(hy =n""> "> " w, (k- j)

k=0 j=0

(n(X0) = 1) (X)) = 70 (D))
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Hence the spectral variance can be represented as

Vu(h) = Zy(h)" Ay Zy(h) for
1 1 T 1
A, = — (In ——1,11,I> W, (1,, ——1,,1,I> ) (22)
n n n

In the following lemma, we provide an upper bound on the
operator norm of A,,.

Lemma 9 If the truncation point b, of the lag window w,
satisfies by, < n, then ||A,| < 2b,/n.

Proof Denote P =1, —n~'1,, 1;';. Since P is an orthonormal
projector, we get

1 1
[Anll = —IPWu Pl <= —[|Wall.
n n

To bound the operator norm of W, (which is a Toeplitz
matrix), we use the standard technique based on the discrete-
time Fourier transform of the sequence w : [—b,, b,] —
[0, 1], defined, for A € [—m, ) by

bn

Wy (M) = Z wy (k)e " *-

k=—by,

Obviously, |w, (1) < 2b,. We have |W,| = supHxH:le
W, x. Moreover, for any unit vector u = (uy, ..., un)T it

holds

n
1 r~ .. .
I,{TWn[,{ = E <E / el(k_J))Lﬁ)n ()\.)d}\.) Mkl/lj
-7

k,j=1
1 (7| o
=5 D e ug| wy()dr < 2b,.
TJ-rli o

Hence |W,|| < 2b, and ||A,|| < 2b,/n. The lemma is
proved. O

In the next lemma, we prove several technical results on
expectation of the operator norm of Z,, (k) and V,,(h) which
hold under (GE) assumption.

Lemma 10 Under (GE), it holds for any h, h' € H

Ex[1Z0IP] = nlh s,

w
+§ (x0)
l—p

2
(I
and

Exo [ 1Z0h) = Zo 2] < nllh = W1

sWixo)
1—p

()

I — R\

+ wl/z-

Moreover, for any h € 'H, this bound implies

2012115126 W (x0) b,

Exo [Va )] = 2bull bl +—— 1 ——

Proof We first observe that

x| 17,112 ] = Eyy [ZZ;; hz(m}

n—1 b 2
- Zk:() ” ”Lz(Pk(xo,-))'

Now each summand can be bounded in the following way,

112

< Uil + [ 1COPIPA G, ) = i@

2 _ 2 2
A U e (A

< W2y + 1215021 P* (0, ) = 7l
This inequality and (GE) together imply

151,26 W (x0)

o 1Z0IP] = ml ) + =

)

which proves the first inequality. Repeated computations for
Zy(h) — Z,(h') yield

Eao 12000 = ZaGOIP] < nllh = W1,

s W (xo0) 2
+ ﬁ”h — 112

The first statement is proved. To prove the second statement
we note that

Exo [V ()] = Exo| 20 ) 4020 )]

= IAulEx [1Zo ()12

By Lemma 9 we have ||A,|| < 2b,/n. Substituting this we
deduce our claim. ]

It is known that the spectral variance V, (h) is a biased
estimate of the asymptotic variance Vi, (k). In the following
proposition, we show how close is the expected value of
Vu(h) to Vo (h).

Proposition 11 Assume (GE). Then for any h € 'H and any

xo € X,

V2 (W)AI2,,
1—pl/2

9cWi(xo) by 9b, bu/2
_ TR0 Tn TR g ate/2)
<(1—,0)7'[(W)n2+ n TP

S
Ex[Vah)] = Voo )| =
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where h = h — w(h). Moreover, if n > ¢Wi(x0)/((1 —
p)t(W)) then

Exg [V ()] = Vo ()]

20;‘/2n(W)||h||W1,2 b /2
= 1 1/2 7 10 )

where a vV b &f max{a, b}.

Proof Recall that the asymptotic variance Vi, (h) may be
written as Vo (h) Y0 24 (Ish) with pf”(s) =
Ex[A(Xo)h(X,)] and, by definition, V,(h) = Y
wy, (s),o,g )(|s|) where the lag s empirical autocovariance
coefficient p,,h (s) is given in (4). We have

Ex[Va ()] = Voo )

by—1
<2 wa(9)|Ex [V ()] = o0 (5)]
s=0
by—1
+23 1= wa()[[pd ()] +2 Z o)1 (23)
s=0

To bound each summand in this decomposition, we need the
following lemma.

Lemma 12 Assume (GE). Then for any h € 'H, x € X, and

s €y,

ELiX0RX]| = ¢ 20 PW AR 0 (24)
and

0P (s)|< V20 P (WA, - (25)

Proof The proofis straightforward. Since 7 (h) = 0, we have

B[ (X0 (X,)]|

= lico)|

fx h(y)(P*(x, ) — n)(dy>‘
< ||ﬁ||%vl,2W‘/2<x)/XW‘/2<y>|Ps(x, ) —m|dy).
By Holder’s inequality,
/le/2(y)|pS(x,.) — 7 |(dy)
1/2 172
<|PS (e, )= (%)]" (/X W<y>\PX<x,->—n!(dy>)

1/2
<|IP*(x,) —7lly)

@ Springer

Combining these bounds and using (GE), we conclude

E[R(X0R(X)]| = 620 W1

and (24) is proved. Integrating this relation with respect to
the stationary distribution 7, we obtain the second inequality.
The lemma is proved. O

Let us first bound the last two summands in the decomposi-
tion (23). By definition, w, (s) = 1foralls € [—b,/2, b, /2].
From (25) we have the second summand

b, —1 b, —1
Z H=w, @@ < Y o)l
s=[by/2]
bn/2
1/2 P
=g 7T(W)||h||W1/zW~

(26)

where [b, /2] is the nearest integer greater than or equal to
b, /2. Similar arguments apply to the last summand in (23),

b

p n
Z 1o ()] < g”%r(vmnhnwl/zl—p]/2
s=by,
bn/2
12 p
<s n(vv)nhnwl/zl—p]/z. 27)

It remains to bound the first summand in (23). We note that
la .. l . . . ~(h) _
g s empirical autocovariance coefficient satisfies p, ' (s) =

A (s). Moreover, for any s < n, it may be decomposed as
R 3
Pr(z )(S) =7 Ani(s), where

n—s—1

def

1 - -
Ani(s) = — E h(Xi)h(Xi+s),
n
k=0
n—s—1 n—1

An2(s) d—f”T(){ 3 h(xk>+Zh(xk>},

k=0 k=s

and A, 3(s) = (1 — s/n)rrz(h) Since |wy, (s)| < 1 by defi-
nition, it holds by the triangle inequality

bp—1
Z wn(9)|Exy [5P )] = o2 (5)]
by—1
< Y E[Ani®] = ol ()]
s=0
b,—1 b,—1
+ Y |En[An2@®]| + D [Ex[Ans®)]] - (28)
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_ 42832 W (xo) | 1)1
For any s € {0, ...,n — 1}, by the Markov property, (GE), 2¢ 0 Wi
and (24) we obtain n2(1 = p)(1 — pl/2)
4[§1/2ﬂ(W)||h||W1/2
Ex[HX0RXi)] = o0 (5)| (= pi7)
= ‘ / Ec[A(X0)h(Xs)](P*(x0, ) — m)(dx) This gives
< "2 PRl | P (x0, ) —nH w ”"Z‘:1|E ]| < 4/2b, 32 W (x0) 17130,
3/2 s/2+k =0 ol Hn.2 n2(1 — p)(1 — pl/?)
<s’p W) 12l - (29)  s=0
4v/2b, PP (W) 11113, 2
Therefore by (25) and (29), n(l— pl/2) .
by—1 . .
u Finally, for A, 3(s), it follows from (30) that
w[An1©)] = o ) '
= " 26, 32 W (x0) |7
b,,—ln s—1 Z‘E [A (S)]| ng (-XO)” ”WI/Z
3
Y Y B[R] - o8 6)| [Pl n2(1—p)(1 —p/?)
o 205 P (W12,
+n! Z slpg" )] n(1 - p'?)
3 /ZW(XO)”hnwuz by—1n—s—1 ok Substituting these bounds into (28) we obtain
< o> 1
s=0 k=0 bu
oy . Z wa () |Exg [6P (5)] = o ()]
7T(W)||h||W1/2 nZ ,O‘Y/z
S
" =0 93 PW ) 1hl3,1 9bus P (WA, 2
_SPWENy e | bas' PR ONIAIG, . n*(1—p)(1 = p'/?) n(l—p!/?)
= —p) (1= p'7) n(l—p'?) G
Note that (29) also yields i(flct)cl)lf(:;;i;lg tzecis;Lngzs (26),(27),(31) and substituting them
, W u
n—1n—k—1
Eu[m2] =202 3 3 (B [RX0R (Xess) ]| Exo[Va ()] = Voo )|
1:(1)”:: 1/271(W)||h||W1/2< 9SWx0) bn . 9bn +2pbn/2>
_ ~ Y7 1 — -5 — s
=22y 3 o PHEW o)Al b (@ =Py (W) n2
I is our claim. If additionally n > ¢W(x0)/((1 — p)(W))
_ th
2 ) "
k=0 s=0
Eo [Va()] = Vio (B ‘
_ 25 PWElRR, e 25 PRI, o Va0] = Voo )

n?(1—p)(1 = pl/?) n(l —pl/2)

(30)

We now turn to A, 2(s). By the Cauchy—Schwarz inequality
and similar argument to (30),

V2

{Em [773(;’)] } "

() )

|Exo [An,Z (9)] ! <

1/2
- 20cY/ 7T(W)||h||W1/2 \/pbn/Z ’
(1—pl/2) n

and the proof is complete. O
5.3 Proof of Theorem 3
For simplicity of notation, without loss of generality, we

assume that functions & € H are zero mean, since, by defi-
nition, V,,(h) = V,,(h — w(h)) and hence h may be replaced
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by i = h — 7 (h) which also satisfies assumptions imposed
on h. Further, we write V,,(h) = Ex,[V,,(h)] and set

HY sup hll2ir and M < sup [[hlly. (32)
heH heH

Without loss of generality, we may assume that M < oo
since otherwise the statement of the theorem is obviously
true.

It follows from Proposition 11 that if n > ¢W (xg)/((1 —
p)m(W)) then

sup | Voo (h) — Vu (h)|

heH
b V202w
< G(—" vpbn/z)’ where G % g—’f()
n 1 —pl/2
Hence

Vool(hte) — inf Vio(h) < Vy(he) — inf V,(h)
heH heH
b
+2G<l v pb"/2>. (33)
n

We are reduced to bounding the difference Vo (21\8) —
infyery Vi (h). Let us denote by A* a function in H mini-
mizing V, (h), that is,

pr &t argminV, (h). (34)
heH

We assume that such a minimizer exists [a simple modifica-
tion of the proof is possible if A* is an approximate solution
of (34)]. Let also i} € H, be the closest point to h* € H
in L2 (7). By the definition of 7, V, (he) — V, (h¥) < 0. We
have

Vuhe) = Vu(h®) < Vy(he) — Vi(h*) — (Vo (he)
— Vu(h}))
= Vu(he) = Va(h*) = (Va(he) — Vu(hY))
+ (Va(h?) = Va(h))
= sup {Vath) = Vah)}
heH,
+ (Va(h*) = Vo (h) + (Va (k) = Vu(BH).  (35)

It remains to bound each summand in the right-hand side
of the decomposition (35). To do this, we need an exponen-
tial concentration for V,,(h). Let us remind that we consider
two cases, Lipschitz and bounded functions & € H. Depend-
ing on the case we consider, it follows from Theorem 19
[Eq. (52)] or Theorem 20 that, for a fixed T > 0, for all

@ Springer

t<t,andallh € H,

_ *n
Pxo(|Vn(h) — V)| > t) < 2exp<—m), (36)

T°n

where ¢ > 0 is an absolute constant and

paer _al? (L cMPWxo) T
To(1=r)? 1—p by
or I(TzdéfﬁzB4

in the Lipschitz and bounded cases correspondingly. Note
that K, does not depend on 7 in the bounded case. The value
of T > 0 is specified later. For the first summand in the
decomposition (35), using the union bound and the concen-
tration inequality (36), we obtain

Py, < sup { V() = Vo ()| > r)
heH,

= [Hel sup Py (Va(h) = Va(h) > 1)

heH,
2
nt
< 2[He| sup GXP(——)
heH, CKtzbrzl

Forany & > 12, (H, n) itholds [H,| < ¢"*® . We can select
t = /Kby (s +n7"?10g'/?(8/8)) to obtain

Py, (sup Valh) = Va ()| > t) <8/4. (37)
heH,

In the same manner, we can bound the second term in
the right-hand side of the decomposition (35). For t =
VK byn=?10g!/2(8/8), it holds

Py, (Va(h*) = Vu(h*) > 1) < 8/4. (38)

It remains to estimate the last summand in (35). This term is
small since h} is e-close to A* in L% (7). We represent this
summand in the following way

Valh™) = Vi) = Va(h) = V()
— [Vt = V)]
+ [Vl = Vad)|

Now we have by the union bound and the concentration
result (36),

Py (V") = Va (B =V ") = V() > 1) =

[NSHIRSC]

(39)
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for t = JEKrbnn_l/z log1/2(8/8). Furthermore, let us
represent V;,(h) as a quadratic form Z, (W T A, Z,(h) with
ALl < 2b,/n, see Sect. 5.2 for details. It holds by the
Cauchy—Schwarz inequality

Viu(h*) =V, (h?)
= Exo[Zn(W*) T A Zy(h*) — Zy(hE) T AnZn(h))]
= Eq[2], (") T Aw(Za(h*) = Zu(h)))
+ (Zuh") = Zn (1)) " AnZy (R}

1/2
= 1Al (Ex[1Z0 ") = ZurDI])

1/2
2 sup (EqIZaIP) .
heH

Let 2% cM2W (x0)(1 — p)~". Then Lemma 10 yields

V(™) =V, (h) < 4b +@ (H+£) (40)
n nlg) = 4abp | € ﬁ ﬁ .

Combining the bounds (37), (38), (39), and (40) for all sum-
mands and substituting them into (35), we can assert that for
e > VLZ(H)(H, n), with probability at least 1 — §,

o~ R
Viuhe) — Vi (h™) 5 (Kr + H + ﬁ) bye
4 R <H ; i)
vn NG
bylog'/2($)

Ky ————,
T ,\/%

where < stands for inequality up to an absolute constant. Now
we can set T to be an upper bound for the chosen 7, namely,
T = /cK.b, (8 +n~1/2 log]/2(8/8)). In the bounded case,
K does not depend on 7, but in the Lipschitz case this choice
leads to a quadratic equation

R? log!/%(8/8)
2 -~ e \%/%)
(H T “WE(” NG ))

2 al?
K:i=——
T (1—r)2

For a large ¢ > 0, this quadratic equation always has a solu-
tion which may be written as K; < Jal (H + Rn~1/2 4

~ 1-r

(e +n7"210g!/2(8/8))). Let n = no, where ny satisfies

o > s Wi(xo)

(I -pr (W)’

max{R?, log(8/8)}
H2

no > s and VLZ(JI)(H’ no) < H.

Then K; < JaHL/(1 — r) (in the Lipschitz case) and
H+ Rn= Y2 < H. Wesete = Y1.2(r)(H, n) and obtain

Va(he) = Vy(h*) S (Ke + H)byy 20y (H, 1)
by log(1/8)
Y

Substituting this into (33) and taking b, = 2(log(1/ ,0))_1
log(n), we conclude

+ (K: + HR)

Voo (he) — inf Vi ()
heH

< (log(1/p) "N (K+ + H) log(n)yp2 () (H. 1)
12
_1 s "MHW (xo)
+ (log(1/p)) (Kr + W
gl/zMzrr(W)> log(n) log(1/8)
MNCOEE NG ’

Note that H < L or H < B in the Lipschitz and bounded
cases correspondingly, and H < H?> < K, in both cases.
Taking K2 = K, and simplifying last expression, we get the
desired conclusion.

5.4 Proof of Theorem 4

As above, we assume that functions 42 € H are zero mean
and set V,,(h) = Ex[V,,(h)]. It follows from Proposition 11
thatifn > ¢Wi(xp)/((1 — p)mr(W)) then

sup | Voo (h) — Vu(h)|
heH

S G(lﬁ \Vi pbn/z)’
n

where M is defined in (32). Hence

1/2M2 W
where G def g—J]T(),
1—pl/2

~ by
Voolhe) < Vyu(he) + G(— v pb"/2>. (41)
n

We are reduced to bounding V., (71}). Let us denote by h*
a constant function in H existing by assumption. Let also
h* € H, be the closest point to 1* in H, in L?(r). By the
definition of iz\g, Va (fz;) — Vu(h}) < 0. We have for any
c>0,

Vauhe) < Vi(he) — (14 ) (Va(he) — Va(h)))
= Vu(he) — (1 + ) Vy(he) + (1 4+ ¢) Vo (BY)

< sup {Valh) = L+ )V}
heH,

+ (14 )V, (h)). (42)
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We take ¢ = 1 and bound the two summands in the right-hand
side of (42) separately. To do this, we need an exponen-
tial concentration for Vj,(h). It follows from Theorem 19
(Eq. (51)) that, for all t > O and for all & € 'H,

Pxo<|Vn(h) — V.| > t)

nt? ) 43)
ck2b,(Vu(h) +1) )

< 2exp<—

where ¢ > 0is some universal constant, K2 = «L?/(1—r)?,
and b, is the size of the lag window. For the first summand
in the right-hand side of the decomposition (42), using the
union bound and the concentration inequality (43), we obtain

Px(,( sup {Vuh) =2V, ()| > z)
heH,

< [He| sup Py, (Vn(h) —2Vu(h) > f)

heH,
(_n (t + Vn(h))>

< 2[M,| sup exp( ———
n

heH,

< 2|H5|exp<—

nt
cK?b, )’
where the last inequality holds since V,,(h) > 0. For any

€ = Y12(r)(H, n) itholds [H,| < "%’ Hence we can select
t = cK?%b, (82 +n! 10g(4/8)) to obtain

Pxo< sup {V,,(h) _ 2Vn(h)} > t) <5/2. (44)
heH,

The second term in (42) is small since & is e-close to 2* in
L2 (7). First we note that

Vn(h:) =V (h:) - 2Vn (h::) +Vn (h:)

By the union bound and the concentration inequality (43),
we have

PXO(V,,(hj) 2V, (k) > t)

< Zexp<—w) < 2exp(—d?2tbn). (45)

cK?b,

Hence for 1 = cK2?b,n""log(4/8) this probability is
bounded by §/2. Furthermore, let us represent V,,(h) as a

@ Springer

quadratic form Z, (W) T A, Z,(h) (see Sect. 5.2 for details).
By assumption, 4* is a constant function, and hence A, Z,, (h*)
is the zero vector. Since ||A,|| < 2b,/n (see Lemma 9), it
holds
Viu(h) = Exo[Zu(h)) T AnZy (h})]

= Ex[(Zu(h}) — Zu(h*) T Ap(Z0 (BY) — Z,y (h*))]

n

2b
=- Exo[I1Zn (h}) — Z, (W)117]. (46)

Let R2 % c M2W (x0)(1 — p)~'. Then Lemma 10 yields

Y7 * 2 2 bn

Vau(hy) < 2b,e” +8R"—. 47)
n

Combining the bounds (44), (45) and (47) for all summands

and substituting them into (42), we can assert that for ¢ >

yLz(n)(H, n), with probability at least 1 — §, we have

Vv, b, log(}
Valhe) S Kb + (K* + R%”Tg(’S).

Substituting this bound into (41) with & = y2(,)(H, n) and
b, = 2(log(1/p))""log(n) yields

2
Voo(he) 5 oL/ WYLz ()
K2+ R24+G log(n)log(})

log(1/p) n

Oy (Hem
~ (1= 1r)?log(1/p) e

N ( al? M2 (T (W) + W(xo)))

(1—r)2log(1/p) = (1—p)1/2log(1/p)
log(n) log(})

n

which is the desired conclusion.

6 Tables and figures

See Tables 6 , 7 and Figs. 6,7, 8,9, 10, 11.
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Table 6 Experimental setup Experi ]

details Xperiment Nburn Mirain Niest YULA YMALA YRWM by,
GMM, E;[X,], X =1 104 10° 10° 0.1 1.0 0.5 50
GMM, E;[X2], = = % 10* 10° 10° 0.1 0.2 0.1 50
GMM, E,[X}], = =1 10* 105 10° 0.1 1.0 0.5 50
GMM, E,[X3], = = % 10* 105 10° 0.1 0.1 0.1 50
Banana shape, d = 2 10° 100 106 0.01 0.5 0.5 300
Banana shape, d = 8 10 100 106 0.01 0.2 0.1 300
Logistic and probit regression, Pima 103 104 104 01 0.5 0.5 10
Logistic regression, EEG 103 10* 10* 0.1 1.0 0.1 10
Probit regression, EEG 103 10* 104 0.1 0.5 0.1 10
Van der Pol oscillator 102 103 103 - 1073 — 10
Lotka—Volterra model 103 104 104 — 5%x107°% — 10

;;S;Zm‘;ﬁi%?f:ergﬁzggz? Method PIMA dataset EEG dataset

average test likelihood ULA MALA RWM ULA MALA RWM
ESVM-1 263.2 419.7 251.4 1317.0 1515.0 938.5
EVM-1 270.1 430.1 261.6 1331.6 1572.7 948.1
ESVM-2 26,835.7 55,373.7 28,905.0 45,059.2 45,964.5 34,957.1
EVM-2 6660.7 29710.4 14187.1 29620.4 71,095.6 6340.1

Bold indicates that our algorithms outperform existing

Table 8 Variance reduction factors for Van der Pol oscillator, posterior
mean estimation

Method 1st order CV 2nd order CV 3rd order CV
ESVM 30.7 49.1 243.2
EVM 33.9 44.1 183.7
Bold indicates that our algorithms outperform existing
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Fig.6 Estimation of E;[X %] in GMM with ¥ = L. Left figure: boxplot for ULA estimates compared to the corresponding boxplots for EVM and
ESVM estimates. Next three figures: boxplots for EVM and ESVM estimates for ULA, MALA, and RWM with second-order control variates being

used
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Fig. 7 Estimation of E, [X%] in GMM with X

= . Left figure: boxplot for ULA estimates compared to the corresponding boxplots for EVM

and ESVM estimates. Next three figures: boxplots for EVM and ESVM estimates for ULA, MALA, and RWM with second-order control variates

being used

0.7250 - _ 0.723705 - —]—

0.7245 - 0.723700 -

0.7240 -
0723695 -

07235 -
0723690 -

0.7230-

0.7225 - 0723685 -

Vanilla ULA ULA ULA ULA
ULA with EVM with ESVM with EVM with ESVM

0.723697 -

0.723696 -

0.723695 -

0.723694 -

0.723693 -

0.723692 -

with EVM

T
T

with ESVM

0.723702 -

0.723700 -

0.723698 -

0.723696 -

0.723694 -

0.723692 -

0.723690 -

0.723688 - [ —
RWM
with EVM

T

RWM
with ESVM

Fig.8 Estimation of the average test likelihood in probit regression for
the Pima dataset. Left figure: boxplot for ULA estimates compared to
the corresponding boxplots for EVM and ESVM estimates. Next three

figures: boxplots for EVM and ESVM estimates for ULA, MALA, and
RWM with second-order control variates being used
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A Appendix

A.1 Concentration of the spectral variance estimator
for Lipschitz functions

The proof of a concentration inequality for Lipschitz func-
tions falls naturally into three steps. First we show, using a
result from Djellout et al. (2004), that the joint distribution
of (X k)Z;(l) satisfies T (o) model. Then we note that T («)
implies Gaussian concentration for all Lipschitz functions.
And, finally, this Gaussian concentration property implies a
concentration inequality for quadratic forms from Adamczak
(2015), which we apply to the spectral variance estimator. For
the sake of completeness we provide all necessary details
below.

Tensorization of Ta(«) for Markov chains. Let Py be the
joint distribution of the Markov chain (Xk)z;é with the
Markov kernel P under P,,. Since here we consider dis-
tributions on the product space X"~ !, additional definitions

are needed. We define the distance between points x"~! =

(X1, .., xn—1) € X land y" 1 = (y1, ..., yu_1) € X*™
by
def [ 172
— — (&
A" yhH = (Z ||x,,—y,,||2) : (48)
j=1

The L”-Wasserstein distance between probability measures
wand v on X"~ ! with respect to the metric d; is given by

ds def . p r
Wp (//L» V) = inf d2(-xv )’)dé'(x, )’) s
¢ Xn—1yxn—1

where the infimum is taken over all probability measures ¢
on the product space X"~ ! x X"~ ! with marginal distributions

n and v. And finally, we say that the probability measure ©
on X"~ satisfies T p(a) if there is a constant & > 0 such that
for any probability measure v on X!

Wy (i, v) < /20 KL(v]| ).

The following theorem provides sufficient conditions for the
measure Pﬁo to satisfy T (a).

Theorem 13 (Djellout et al. 2004, Theorem 2.5) Assume that
there exists o > 0, such that P(x, -) € Ta(a) for any x € X,
and there exists 0 < r < 1, such that for any x,y € X,

Wa(P(x, ), P(y,") <rllx —yl.

Then for any probability measure Q on X"\, the product
measure P;’O satisfies To(a/(1 — r)z), ie.

1
W3 (Q.P) < +— /20 KLQI PY)).

Gaussian concentration for Lipschitz functions A probability
measure which satisfies T («) inequality is known to satisfy
Gaussian concentration inequality for all Lipschitz functions.
Together with Theorem 13, this implies the following result.

Theorem 14 Assume that P satisfies (CW). Then for any L-
Lipschitz function ¢ : X"~ — R with respect to the metric
d; from (48), it holds

Py (o (Xo, ...

< 2exp <—

s Xn—1) — Ex0[¢(Xo, el Xn—l)]| > t)

12
). 49
2aL2/(1 —r)2> “49)
Proof 1t follows from Bakry et al. (2013, Section 9.2) that
T (o) implies T (o) with the same constant & > 0 and with
respect to the same metric dy. In its turn T1(C) imply the
Gaussian concentration (49) due to the result of Bobkov and
Gotze (1999). It remains to note that P’;o satisfies T (a/(1 —
r)?) by Theorem 13. ]
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Gaussian concentration for quadratic forms Once we have
proved the Gaussian concentration for Lipschitz functions,
we can obtain the Bernstein-type inequality for quadratic
forms. This idea is due to Adamczak (2015), but since we use
a modified version of the inequality, we provide the details
for readers convenience.

Definition 15 (Concentration property) Let Z be a random
vector in R”. We say that Z has the concentration property
with constant K if for every 1-Lipschitz function ¢ : R" —
R, we have E|¢p(X)| < oo and for every ¢t > 0,

P(l6(2) - Ei[s @] 1) = 2exp (—1/K?).

The following theorem shows that the concentration property
implies a concentration inequality for quadratic forms.

Theorem 16 Let Z be a random vector in R". If Z has the
concentration property with constant K, then for any n x n
matrix A and every t > 0,

P(|z7az - €[z AZ]| > 1)
t2

cK? (Ei=[IlAZI1?] + r||A||)>’

<2 exp(—

where ¢ > 0 is a universal constant.

Proof Without loss of generality one may assume that A is

symmetric and positively semidefinite. Let ¢(z) o 7 Az,
def .

z € R". Define ¥(z) = [[Vo@)|. Since |Vo(2)| <

2||Allllz]l, the function v is (2||A||)-Lipschitz. By the con-

centration property

2
P(|[(2) —Ei=[¥(D)]] = 1) < 2exp (‘W) '

Note that Ej—[v(Z)] = 2E_[|AZ||] and set for ¢ > 0,

def

B = {z e R" 1 yr(2) < 2E1[|AZ[] + V1l All}.
It holds

t

Define 7(2) < supycp, (Vo (), z = ¥) + ¢(»)). This func-

tion is Lipschitz, since for any z, x € By, |¢(z1) — @(z2)| <

. def
supyep, IVeWlllzi — 22l = Mllz1 — z2fl with M =
2E,—[IIAZ]|] + V/fTA]. Hence, again by the concentration

property, for any s > 0,

@ Springer

P(|6(2) —E=[3(2)]| = 5)

S2
2 _
= exp( K2<2E1=[||AZ||]+¢_z||A||>2>
S2
2 — .
= exp( 4K2(E1_[||AZ||]+¢_t||A||>2>

Moreover, by convexity of ¢, we have ¢(z) < ¢(z) and
for z € B;, ¢(z) = ¢(z). Consider two random variables
Y = ¢(Z) and Y = @(Z). We have proved that Y and Y
coincide on the set B; of large probability and Y has the
concentration property. It follows from Lemma 17 (given
below) that in this case we have the Gaussian concentration
for Y around median Med Y of the form

P(|z74Z - MediZ" 4Z]| = 1)

f2
2 _
= e ( cK2(E_[IAZI] + ¢—t||A||)2>
l2
= 2exp <_2cK2(E1:[||AZ||2] n r||A||)>'

By a standard argument [see, for example, Adamczak (2015,
Lemma 3.2)], we replace the median by the mean at the cost
of a universal factor. This completes the proof for a new
absolute constant ¢ > 0. O

Lemma 17 Assume that there exist positive constantsa, b, t >
0 such that for any s > 0 random variables Y, Y satisfy

P(|Y —EY|>5) < 2exp (—sz/(a - bd?)z)

and P (17 # Y) < 2exp (—t/b). Then for some positive con-
stant ¢ > 0and all t > 0,

P(JY —Med Y| > 1) < 2exp (—tz/{c(a + bﬁ)2}>.

Proof This lemma is proved in Adamczak (2015, Lemma
3.2). We just note that the quantity — min (tz/az, t/b), which
appears in the result of Adamczak (2015), is bounded by the
quantity —%/(a + b/1)>. i

We have arrived at the following concentration result for
quadratic forms of Lipschitz function of a Markov chain.
This result is of independent interest.

Corollary 18 Assume that there exists « > 0, such that
P(x,-) € Ta(a) for any x € X, and there exists 0 < r < 1,
such that for any x,y € X,

Wa(P(x, ), P(y,)) =rllx = yl.
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Let also h : X — R be a L-Lipschitz function. Denote
def

Zo(h) = (h(Xo), ..., h(Xu—1))T". Then for any n X n matrix
Aandanyt > 0,

Pa (1200 T AZy(h) = B [Z: 00T AZ,0)]| > 1)

t2

, 50
cK? (Ex[IIAZ, () 11?] +t||AII)> e

< 2exp<—

where ¢ > 0 is some universal constant and K> = aL? /(1 —
2
r)°.

Proof The statement follows from the fact Z,(h) has the
concentration property with K = 2aL?/(1 — r)?. Indeed,

for any 1-Lipschitz function ¢ : R” — R and any x"~! def
(xl’ o 7xn71) S Xn_l» yn_l déf ()’17 LR ] Ynfl) S Xn_l’ lt

holds
|p(h(x0), ... . h(xn—1)) — d(h(Y0). ..., h(ya—1))|

n—1 1/2
< (Z(h(x,») —h(yj)>2>

j=1
< Ld(x""', y" 1.

Hence the concentration property follows from Theorem 14.
Application of Theorem 16 to Z,, (h) finishes the proof. O

Gaussian concentration of the spectral variance estimator
The main result of this section is the following.

Theorem 19 Assume that functions h € H and the Markov
kernel P satisfy (L) and (CW) with parameters L > 0,a > 0,
and 0 < r < 1. Then forall t > 0,

PXO<|Vn(h) — Eo[Va)]| > z)

nt?

ck? bn(Exo[V" (h)] + t) >’

- 2exp<— 51)

where ¢ > 0 is some universal constant, K* = aLZ/(l —r)2,
and by, is the size of the lag window. Moreover, if additionally
(Xk)z;(l) satisfies (GE) with parameters ¢, p, and function
W, then forallt < T,

2
Pxo(}Vn(h) — Eo[Va)]| > t) < 26xp<—%), (52)

where

sar_al? o0 SWE0) Ikl |«
Ta-n2\Trm 1—p by )’

Proof The proof is straightforward. We have showed that the
spectral variance estimator can be represented as a quadratic
form V,(h) = Z,(h)" A,Z,(h) with ||A,| < 2b,/n, see
Sect. 5.2 and Lemma 9 therein. Now Corollary 18 yields for
K?=«L?/(1 —r)?and all > 0, that

Py (|Va ) = Exo[Va]| > 1)

[2
2 _
= exp( cKz(Exo[nAnzn(h)uz]+t||An||))

<2ex <— e’ )
= 2P\ T 2ek 2, B [Va)] + 1))

which establishes (51) for a new absolute constant ¢ > 0. To
prove the second inequality, we note that by Lemmas 9 and
10,

Evo[Va ()] < 1 AnlIExo [1Z0(W)1%]
26W o) 1A 11312 by

2

Hence for any 0 < ¢ < 7, we have

Exo[Va(W)] +1

26W)al2, .1 ¢
< b, <2||h||iz(,,) + =Wy ).

1—p n by

Substituting this into (51) we deduce

2
Py (|Va ) = Exg[Va)]| > 1) = 26*?(‘%)

for a new absolute constant ¢ > 0 and

2 2
def o sW(xo)llnll T
26 22 (s, + —— M D),
) (m) 1—p b
which completes the proof. O

A.2 Concentration of the spectral variance estimator
for bounded functions

Theorem 20 Assume that P satisfies (GE) and (BR) with
parameters ¢, p,l > 0, function W, and set S. Assume also

that functions h € 'H satisfy (B) with parameter B > 0. Then
for xg €S, for all functions h € H, and all t > 0,

’n
Pxo(|Vn(h) —Ey[Va)]| > t) < 26xp<—m), (53)
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where by, is the size of the lag window, K = BB?, and B is
given by

L1 Ul
p=—= +=). (54)
1—p\logu 1—p

Proof The main idea of the proof is to show that the spectral
variance satisfies the bounded difference property. First we
rewrite the lag s sample autocovariance function as

P06 = 3 (000 7)) (hKiss) — ()

n—s—1

S 77,’”(]’1) n—s—1
hXOhXirs) = == ) h(Xe).
k=0 k=s

Let ﬁ,(,h’i)(s) and V,,(i)(h) be the sample autocovariance
function and the spectral variance determined on another
sample Xo, ..., Xi—1, le, Xi-1,...,X,_1, where we have
replaced X; by X. It holds

_ 2
2(n 25+n)B25 61

617 ) = )| < 2B + =—3 -

and since |w, (s)| < 1 by definition,

[Vir(h) = Va(D()]h| < 2y sup |wa(s))|

R i 12b, B2
1 (s) = piD(s)] < ———.

The bounded differences inequality for Markov chains from
Douc et al. (2018, Theorem 23.3.1) with explicit constants
from Havet et al. (2019) yields

Pxo(|Vn(h) — Ey[VaW]| > t)

- <_f2_")

= =P\ 14482 )

gl 1 Jsl
1—p<logu + l—,0>-

which completes the proof. O

with 8 =
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