
PROCEED NGS OF 
2.22 16TH INTERNATIONAL 
CONFERENCE ON STABILITY 
AND OSCILLATIONS 
OF NONLINEAR CONTRO 
SYSTEMS (PYATNITSKIY'S 
CONFERENCE) (STAB)

٧ ٨ . TRAPEZNIKOV INSTITUTE 
OF CONTROE Si 
JUNE 1 -3 ,  2.22

م٧٧ا ؛

Giences؛

Edited by: V. N. Tkhai

. IE E E
ISBN 978-1-6654-6586-1 
IEEE Catalog Number CFP22E79-ART

202
2 1

6th
 In

ter
nat

ion
al C

onf
ere

nce
 on

 St
abi

lity
 an

d O
sci

llat
ion

s o
f N

onl
ine

ar 
Co

ntr
ol 

Sy
ste

ms
 (P

yat
nit

ski
y's

 Co
nfe

ren
ce)

 (S
TA

B) 
| 97

8-1
-66

54-
658

6-1
/22

/$3
1.0

0 ©
202

2 I
EE

E | 
DO

I: 
10.

110
9/S

TA
B5

485
8.2

022
.98

075
50



2022 16th International Conference on Stability and Oscillations 

of Nonlinear Control Systems (Pyatnitskiy’s Conference) (STAB)  

is organized by V.A. Trapeznikov Institute of Control Sciences  

of Russian Academy of Sciences 

 
The conference is supported by  

• Russian Academy of Sciences, Branch of Power Engineering, Mechanics, 

Machine-Building, and Control Sciences  

 

Technical co-sponsoring  

• IEEE (Russia section)  

 

Topics of the conference 

• General problems of stability and stabilization  

• Nonlinear oscillations: general problems and methods  

• Lyapunov functions methods  

• Smooth and nonsmooth dynamics  

• Problems of controllability and observability  

• Robust control problems  

• Control in mechanical and electromechanical systems  

• Control in mechatronic systems and robotic control  

• Oscillations, stability, and stabilization in the network and coupled systems  

• Stability and control of hybrid and switched systems  

 

The conference is biannual. Before 2004 it was called International Workshop.  

The first conference was held in Tallinn in 1987. In 1992, 1996 – 2012, 2016, 

2018, 2020 the conference was held in Moscow, in 1994 in Samara.  

20
22

 1
6t

h 
In

te
rn

at
io

na
l C

on
fe

re
nc

e 
on

 S
ta

bi
lit

y 
an

d 
O

sc
ill

at
io

ns
 o

f N
on

lin
ea

r C
on

tro
l S

ys
te

m
s (

Py
at

ni
ts

ki
y'

s C
on

fe
re

nc
e)

 (S
TA

B
) |

 9
78

-1
-6

65
4-

65
86

-1
/2

2/
$3

1.
00

 ©
20

22
 IE

EE
 | 

D
O

I: 
10

.1
10

9/
ST

A
B

54
85

8.
20

22
.9

80
75

22



Table of Contents 
No. Authors Title 

1 Agaev R., Khomutov D. On the Asymptotic Behavior of a Multiagent Systems with 
Arbitrary Structure and Time-Delays 

2 Aleksandrov A. On the Stability of Linear Mechanical Systems with Delay under 
Synchronous and Asynchronous Switching of Positional Forces 

3 Aleksandrov A., Tikhonov 
A. 

On the Use of a PID–like Controller for Electrodynamic 
Stabilization of the Programmed Satellite Rotation 

4 Alexandrov V. Pole Placement Optimization for Disturbance Rejection in 
Discrete-Time Systems 

5 Alexandrov V., Rezkov I. Linear-Quadratic Regulator for Quadcopter Altitude with 
Control Filtering 

6 Ananievski I. Control of a Mechanical System under Mixed Constraints in the 
Presence of Disturbances 

7 Ananyev B., Yurovskikh 
P. 

Averaged Estimation of the System Flock with Uncertainty 

8 Andrianova O., Chairez I., 
Poznyak A., Hernandez 
Sanchez A., Mireles C., 
Chertopolokhov V., 
Bugriy G. 

Adaptive Control of Robotic Arm-Based Motion Cueing System 
Considering Phase Restrictions 

9 Antipov A., Krasnova S. Using of Sigmoid Functions in the Control System of the 
Overhead Crane 

10 Arutyunov A., 
Zhukovskaya Z., 
Zhukovskiy S. 

On the Existence of Admissible Positional Controls for Systems 
with Mixed Constraints 

11 Barabanov I., Tkhai V. An Attracting Cycle in Coupled Conservative Systems with 
Different-Type Periodic Motions 

12 Barseghyan V. On Problems of Boundary Control of String Vibrations with 
Conditions on the State Functions at Given Intermediate Time 
Moments 

13 Barseghyan V., 
Solodusha S. 

On Optimal Boundary Control of String Vibrations with 
Intermediate Constraints 

14 Belichenko M. On the Stability of Equilibrium Positions of a Rigid Body with a 
Suspension Vibrating along a Vertical Ellipse 

15 Berlin L., Galyaev A., 
Lysenko P. 

About Time-Optimal Control Problem for System of Two Non-
Synchronous Oscillators 

16 Biryukov R., Bubnova E. Generalized H2-Norm of a Linear Impulsive System 

17 Bolotnik N., Korneev V. Control of the Switch-on Instant for a Shock Isolator that 
Protects an Object on a Movable Base from Impact 
Disturbances of Bounded Magnitude 

20
22

 1
6t

h 
In

te
rn

at
io

na
l C

on
fe

re
nc

e 
on

 S
ta

bi
lit

y 
an

d 
O

sc
ill

at
io

ns
 o

f N
on

lin
ea

r C
on

tro
l S

ys
te

m
s (

Py
at

ni
ts

ki
y'

s C
on

fe
re

nc
e)

 (S
TA

B
) |

 9
78

-1
-6

65
4-

65
86

-1
/2

2/
$3

1.
00

 ©
20

22
 IE

EE
 | 

D
O

I: 
10

.1
10

9/
ST

A
B

54
85

8.
20

22
.9

80
75

40



18 Burkin I., Kuznetsov 
N.,Mokaev T. 

Coexisting Chaotic and Periodic Attractors in a Counterexample 
to the Kalman Conjecture 

19 Chichkanov I., Shawin M. Algorithm for Finding the Optimal Obstacle Avoidance 
Maneuver for Wheeled Robot Moving Along Trajectory 

20 Danik Yu., Dmitriev M., 
Murzabekov Z. 

On the Stabilization of a Quasilinear Discrete SDC System with 
Control Constraints 

21 Dmitriev M., Makarov D. An Iterative Method for Regulator Construction in a Weakly 
Nonlinear Singularly Perturbed Control Problem 

22 Dolgii Yu. Approximation of the Problem of Optimal Impulse Stabilization 
for an Autonomous Linear System with Delay 

23 Dolgii Yu., Chupin I. Impulse Control of the Inertial Manipulation Robot 

24 Dosaev M. Influence of Lateral Force on the Sliding of a Body with Elastic 
Supports 

25 Gadzhiev M., Kuleshov A. The Problem of Motion of a Rigid Body with a Fixed Point in a 
Flow of Particles 

26 Glumov V., Ermilov A. Control of a Space Structure during its Assembly in Space 

27 Glumov V., Puchkov A., 
Solovev A. 

Features of Synthesis of a Multi-frequency Digital Control 
System Dynamic Object 

28 Glushchenko A., 
Lastochkin K. 

Neural Network-based Direct Model Reference Adaptive 
Control of Quadrotor Attitude 

29 Golovanov S., Klimina L., 
Dosaev M., Selyutskiy 
Yu.,  Holub A. 

A Trimaran Controlled by an Internal Flywheel 

30 Golubev A. Cerebral Blood Flow Regulation Using Nonlinear Control Theory 
Tools 

31 Golubev Yu., Koryanov 
V., Melkumova E. 

Rescuing a Six-Legged Walking Robot From an Emergency on an 
Uneven Surface 

32 Gusev M., Osipov I. On Local Control Synthesis for Nonlinear Systems under Integral 
Constraints 

33 Holub A., Masterova A., 
Selyutskiy Yu., Zubkov A. 

Characteristics of the Behavior of a Wheeled Cart with a 
Savonius Rotor 

34 Kalashnikova M., Kurina 
G. 

Direct Scheme of Constructing Asymptotic Solution of Three-
tempo Linear-Quadratic Control Problems with Weak Nonlinear 
Perturbations 

35 Kamenetskiy V. New Applications of Pyatnitskiy’s Convolution Theorem for 
Matrix Inequalities in Control Theory 

36 Kayumov O. On the Properties of the Time-Optimal Movement of a Platform 
with Oscillators 

37 Khrustalev M., 
Rumyantsev D. 

Synthesis of Ito’s Equations Systems with a Given Output 
Spectrum 



38 Khrustalev M., Tsarkov K. Global Improvement Methods for State-Linear Controllable 
Dynamical Systems 

39 Khryashchev S. On Application of Multicomponent Continued Fractions to 
Control Problems for Dynamical Systems 

40 Khusanov J., Yusupova Z., 
Akhmatov A. 

On the Motion Control of a Five-Link Manipulator 

41 Klimina L., Formalskii A. On a Control to Pump a Swing 

42 Kochetkov S. Control of the Energy Process Generation of a Vehicle 

43 Kokunko Yu., Krasnova 
S., Pivneva S. 

Dynamic Generator of Permissible Trajectories for UAVs 

44 Kostin G. Optimization of Thermodynamic Processes in Heat-Conducting 
Rods Controlled by a Peltier Element 

45 Kostin G., Gavrikov A. Optimal Motion of an Elastic Rod Controlled by Piezoelectric 
Actuators and Boundary Forces 

46 Krasinskiy A., 
Magomedov M. 

Mathematical Modeling of the Dynamics of a Mechatronic 
System with an Electromagnetic Drive 

47 Kumakshev S. Optimization of the Parameters of the Two-link Leg of a Walking 
Robot 

48 Mashtakov A., 
Podobryaev A. 

Geodesic Flow of the Sub-Riemannian Structure of Engel Type 
with Strictly Abnormal Extremals 

49 Morozov V., Kalenova V. On Stabilization Problem of Magnetic Spacecraft Attitude 
Control 

50 Okunev Yu., Privalova O., 
Samsonov V. 

Isolated Modes of Gliding of a Heavy Finned Body 

51 Palshin G. Stability of Critical Trajectories in One Problem of Vortex 
Dynamics 

52 Pavlenko V., Sesekin A. Ulam-Hyers Stability of First and Second Order Differential 
Equations with Discontinuous Trajectories 

53 Pesterev A., Morozov Yu. Global Stability of a Switched Affine System 

54 Podobryaev A. Attainable Set for Rank 3 Step 2 Free Carnot Group with Positive 
Controls 

55 Poliakov V., Saurin V., 
Demidov I. 

On Extremum of a Quality Functuinal for Beam Briges with 
Optimal Stationary Control 

56 Rapoport L., Generalov 
A. 

On the Stabilization of an Inverted Pendulum With a Suspension 
Point on the Wheel 

57 Rodnikov A. On Stabilization of Bounded Trajectories of a Spacecraft with a 
Solar Sail near an Unstable Libration Point 

58 Sachkova E. Application of the Sub-Riemannian Problem with the Growth 
Vector (2, 3, 5, 8) to the Study of the Elasticity of a 
Homogeneous Beam 



59 Sedova N., Druzhinina O. Stabilization of State Constrained Delayed Systems Using 
Control-Lyapunov and Control-Barrier Functions 

60 Semion A., Presnova A. Optimal Control of Car Active Suspension Control under Delays 

61 Shatov D. Analysis of Stability and Dwell Time of a Certain Class of 
Switched Systems with Second Order Subsystems 

62 Shchepakina E. Unstable Invariant Manifolds in a Control Problem of the 
Combustion Process of a Gas Mixture 

63 Smirnova V., 
Proskurnikov A., Utina N. 

New Criteria for Self-Synchronization of Two Unbalanced Vibro-
Exciters 

64 Sobolev V. Dimensional Reduction of Optimal Tracking Problems with a 
Given Reference Trajectory 

65 Sokolov V. Adaptive Optimal Stabilization of Discrete-Time Plant under 
Uncertainties and Biased Disturbance 

66 Solodusha S. Identification of Symmetric Volterra Kernels Using Piecewise 
Linear Test Signals 

67 Somov Ye., Butyrin S., 
Somov S. 

Control of a Space Robot-manipulator at Replacing the Fuel 
Tanks of a Geostationary Satellite 

68 Somov Ye., Butyrin S., 
Somova T. 

Autonomous Attitude Control of a Geostationary Satellite at 
Preparation for Long-term Conservation 

69 Tkhai V. Spatial Oscillations of a Physical Pendulum 

70 Tormagov T., Rapoport L. Coverage Path Planning with Constraints on Normal Curvature 
for a Three-dimensional Terrain with Obstacles 

71 Tureshbaev A., 
Polyakhova E. 

Stability of Collinear Libration Points in the Three-Body 
Photogravitational Problem under Internal Resonance 

72 Ushakov V., Ershov A., 
Ushakov A., Kuvshinov O. 

The Problem of Guidance the Integral Funnel to the Target Set 

73 Utkin V., Gulyukina S. Autonomous Control of the Rotational Speed of a Synchronous 
Generator by Voltage on the Excitation Winding 

74 Yurchenkov A. Chemical Reactor Estimation Based on Sensors Network with 
Dropouts 

75 Yurchenkov A., Kustov 
A., Timin V. 

Anisotropy-based Approach of Sensors Network Filtration: 
Nonzero Mean Disurbance Case 

76 Yurkevich V., Bui Van 
Tam 

PID Resonant Controller for Suppressing the Oscillations of an 
Elastic Suspension 

77 Zykov I. Approximation of Reachable Sets of Linear Control Systems 
under Different Types Constraints on the Control 

 



Optimal control of car active suspension control
under delays

1st Alexander Semion
Faculty of Applied Mathematics

HSE University
Moscow, Russia

alexander.semion@gmail.com

2nd Anna Presnova
Faculty of Applied Mathematics

HSE University
Moscow, Russia

presnova.a.p@yandex.ru

Abstract—In this paper algorithm of control synthesis for
car active suspension with delays is examined. The problem is
formulated in terms of differential games. External perturbation
such as road surface unevenness is considered as actions of some
opponent. The commonly known model of quarter car active
suspension system will be expanded with delays under 0.5s in
control. Proposed algorithm depends on ”worst” delay value and
calculate robust control for the system. Comparison with LQR
regulator by mathematical modeling will be made.

Index Terms—Optimal control, robust control, delayed sys-
tems, linear quadratic regulator, delay differential equations,
active suspension, Riccati equation.

I. INTRODUCTION

This article considers an actual problem in control theory
related to the synthesis of control algorithm that can work with
models under delays. Such models can describe behaviour of
real world systems more accurately comparing to conventional
linear systems. However, the problem of synthesizing optimal
control for systems with delays still does not have a general
solution [Fridman(2014)]. One of naive methods is to consider
system without delays and use well known methods for control
task optimal solution such as LQR. LQR control is an optimal
control method with quadratic performance indexes. It is rather
simple and can achieve closed loop optimal control with linear
state feedback or output feedback. Unfortunately, there will be
delays in control system caused by various factors as long
computation times and actuator inertia. Thus classical ap-
proach of LQR regulator synthesis doesn’t consider delays in
the system and can give the researcher non optimal coefficients
[Ghiggi(2008)]. Therefore, in this paper, we propose a method
for synthesizing control algorithm that takes into account the
”worst” delay time arising in the system. Worst delay value
in system is selected from the predetermined interval which
can be defined by system physical restrictions and common
sense. Algorithm of ”worst” delay value selection is separate
task and will be considered in this work. A system with
control which is synthesised for the ”worst” scenario case
can be classified as a robust system. Such approach can be
useful in problem of control synthesis for active suspension
of car. Passive suspension systems have been widely applied
to manned vehicles from ancient carriages with flexible leaf
springs to modern automobiles with pneumatic and hydraulic

systems. The main purpose of implementing the suspension
system is to increase comfort the passengers by isolating
them from vibrations due to road unevenness. A common
passive suspension system consists of conventional springs and
dampers with a fixed spring rate and damping parameters.
Selection of such parameters depends on balance between
requirements of ride comfort and vehicle handling. As passive
suspension is not very complex idea as it has no feedback
and actuators. However, modern generation of suspensions
implements passive elements of classic mechanics and add
controlled system with actuators that can apply external force
to the body of the car [Guglielmino(2008)]. In this paper we
will consider model of one of the vehicle wheels suspension
with active actuator installed between wheel base and car
body. The main objective of the control system that drives
the actuator will be to deliver riding comfort and minimise
wheel travel to reduce possibility of loss of grip with road.
Additionally, the disturbance cased by road unevenness will
be considered as actions of another player (opponent).

II. PROBLEM FORMULATION
A. Quarter car model

The model of suspension considered in this paper is pre-
sented on fig. 1. This model is widely used in the active

Fig. 1. Graphical representation of quarter car model

vehicle suspension studies [Guglielmino(2008)] and captures

978-1-6654-6586-1/22/$31.00 ©2022 IEEE



major characteristics of a real suspension system. It consists
of car body or sprung mass where passengers are located.
This part is connected to wheel assembly with conventional
spring and shock-absorber. Tire also provides some dumping
behaviour to the system.

Actuator installed between car body and wheel assembly. It
can apply force to either increase or reduce distance between
this parts. We will consider that force is sufficient for such
task.

The mathematical representation is provided by multiple
articles:

ẍs (t) =
ks
ms

xp (t)−
ks
ms

xs (t) +
ca
ms

ẋp (t)−

− ca
ms

ẋs (t) +
1

ms
F (t) ,

ẍp (t) = − ks
mp

xp (t)−
kt
mp

xp (t) +
ks
mp

xs (t)−

− ca
mp

ẋp (t) +
ca
mp

ẋs (t)+

+
kt
mp

w (t)− 1

mp
F (t) .

(1)

Where ks is suspension stiffness, ca - suspension damping
rate, kt -tire stiffness, ms - mass of car body, mp - mass of
wheel assembly. The coordinates of system are w (t) - road
profile height under the tire, xp (t) - change of position of
wheel assembly, xs (t) - sprung mass position and F (t) -
force applied to sprung mass by actuator.

The delay is introduced by argument of control: F (t) =
u (t− τ), where τ ∈ Υ is delay period. The dynamic equa-
tions (1) can be rewritten:

ẋs (t) = vs(t),

v̇s (t) = − ks

ms
xs (t)− ca

ms
vs (t) +

ks

ms
xp (t)+

+ ca
ms

vp (t) +
1
ms

u (t− τ) ,

ẋp (t) = vp(t),

v̇p (t) =
ks

mp
xs (t) +

ca
mp

vs(t)− ca
mp

vp(t)−
−
[

ks

mp
+ kt

mp

]
xp (t) +

kt

mp
w (t)− 1

mp
u (t− τ) .

(2)

The system (2) can be represented in the form of state space
as

ẋ (t) = A · x (t) +D · w(t) +B · u (t− τ) . (3)

The states of the model are defined as

x(t) =
[
xs(t) vs(t) xp(t) vp(t)

]T
and

A =


0 1 0 0

− ks

ms
− ca

ms

ks

ms

ca
ms

0 0 0 1
ks

mp

ca
mp

[
− ks

mp
− kt

mp

]
− ca

mp

 , (4)

D =
[
0 0 0 kt

mp

]T
, (5)

B =
[
0 1

ms
0 − 1

mp

]T
. (6)

The resulting system (3) can be considered as a system,
where control is implemented with a time delay, this is
reflected in the summand u (t− τ). And (3) also contains an
uncontrolled disturbing effect in the form of a changing road
profile w(t), which can be considered as an enemy acting
against us, but having reasonable restrictions.

Note that it is not always possible to measure all state
coordinates directly or sensors can give only noisy data
[Akbari(2008)]. An observer should be used in real-world
applications, but the synthesis of such filter lays out of the
scope of this work and we consider state vector directly
observable without any noises.

B. Problem Statement

The construction of control actions will be carried out in
two stages. First, the problem of synthesizing control actions
without delay will be solved in the case when there is an
”enemy” in the system. Next, the resulting control will be
rebuilt to compensate for the worst time delay that occurs in
real systems.

The algorithm for constructing the controller is based on
the ideas of differential zero-sum games [Afanasiev(2014)].
Hence let us introduce the cost function:

J (x (·) , u (·) , w (·)) =
lim

tf→∞

∫ tf
t0

{
∥x (t)∥Q + ∥u (t− τ)∥R − ∥w (t)∥P

}
dt. (7)

The goal of our control u(t − τ) is to minimise the cost
function (7), on the other hand enemy control w(t) is trying
to maximize it. We should also compare performance of active
and passive suspensions by measuring RMS of sprung mass
acceleration (v̇s). The recommended by ISO 2631 (ISO, 1997)
RMS sprung mass acceleration must be below 0.315m/s2 to
passengers feel highly comfortable [Ahlin(2001)].

III. CONTROL DEVELOPMENT

We will split the process of regulator development by two
stages.

Initially we will assume that there is no delay of actuator
and synthesize control for both players [Nagarkar(2016)]. As
it stated in earlier studies the controls will be

u (t) = −Ku · x(t) = −R−1BTS · x(t), (8)

w (t) = Kw · x(t) = P−1DTS · x(t), (9)

where S is solution of Riccati equation with matrices (4)-(6):

SA+ATS − S[BR−1BT −DP−1DT ]S +Q = 0. (10)

Then we will use information from previous stage to specify
regulator coefficients for a case of presenting delay.

Note that x (t− τ) = x (t) − τ · ẋ (t) near x (t) = 0 then
control law can be rewritten as

u (t− τ) = −Ku ·x (t− τ) = −Ku ·x (t)+τKuẋ (t) . (11)



Substituting approximation (11) into state space representa-
tion (3):

ẋ (t) = A·x (t)+DKw ·x(t)−B·Ku·x (t)+τBKuẋ (t) (12)

or finally

ẋ (t) =
{
[1− τBKu]

−1
[A−BKu +DKw]

}
· x (t) . (13)

Since the exact value of τ is not specified for the system,
moreover, it can be different depending on the situation, so we
will build the control based on the worst value of τ from the
possible interval. It should be noted that the system (13) can
be both stable and unstable. In the case of a stable system, we
will call the delay value τ∗ the worst case scenario, in which
the system comes to a stable state for as long as possible. In the
case of an unstable system, τ∗ will be considered the worst, at
which the system gains maximum speed when deviating from
equilibrium. Fig. 2 shows abstract graphs of the behavior of
the system in the case a), when the system is stable, and in
the case b), when the system is unstable. In both cases, the
dotted graphs correspond to the worst delay values τ∗.

Fig. 2. Trajectories of stable a) and unstable b) systems

To find exact value τ∗ we can find roots λ (τ) of charac-
teristic equation for matrix

As =
{
[1− τBKu]

−1
[A−BKu +DKw]

}
(14)

and maximize it’s real part: max
τ∈Υ

λ (τ) . The other way to find
τ∗ is to consider norm:

M = ∥x (t, τ)∥2 =
1

2
xT (t, τ)x (t, τ) , (15)

one can notice that τ∗ meets the greatest derivative of (15):
d
dτM (τ∗) > d

dτM (τ) ,∀τ ̸= τ∗.
Substituting value τ = τ∗ in (13), we gain majoring system

for the original system

ż(t) =
{
[1− τ∗BKu]

−1[A−BKu +DKw]
}
· z(t), (16)

or in other form

ż (t) = [1− τ∗BKu]
−1

A · z (t)+
+ [1− τ∗BKu]

−1
Buz(t) + [1− τ∗BKu]

−1
Dwz(t),

(17)
here uz(t) = −Ku · z(t) and wz(t) = Kw · z(t). Let’s rewrite
(17) in general form

ż (t) = Az · z (t) +Bz · uz (t) +Dz · wz(t), (18)

where matrices Az, Bz, Dz are obtained from (17) and have
the following form:

Az = [1− τ∗BKu]
−1 ·A,

Bz = [1− τ∗BKu]
−1 ·B,

Dz = [1− τ∗BKu]
−1 ·D.

This representation of the system in the form (18) makes it
possible to calculate Kz = R−1BT

z Sz , where Sz is solution
of Riccati equation:

SzAz +AT
z Sz − Sz[BzR

−1BT
z −DzP

−1DT
z ]Sz +Q = 0.

(19)

Value of Kz should be substituted as regulator coefficients.
Let us apply suggested algorithm to the system (1).

A. Nondelayed case

On this stage we will assume that τ = 0. This case leads us
to simple LQR problem, where matrices (4), (5) and (6) are
described in previous section. Solving the Riccati equation
(10) with parameters provided in table 1. we receive

Ku = [3.677 · 103, 2.398 · 103,−4.859 · 103, 1.094 · 10−4]

B. Delayed case

As we obtained coefficient Ku for non delayed case we can
now calculate regulator coefficient for delayed case.

For τ∗ selection we will use norm (15).
As shown in fig. 3 the largest delay value is not always

worst scenario for the control task. For this particular object
τ∗ = 0.0152.

M
d

dτ

τ

Fig. 3. Plot of d
dτ

M function used for τ∗ determination

After obtaining Ku and τ∗ we can now solve control task
for (18)-(19) and use Kz as regulator gain

Kz = [3.37853 · 104, 1.00977 · 104,−3.70699 · 104, 0.00565]



Model parameters symbol values unit
suspension stiffness ks 16812 N/m

suspension damping rate ca 1000 N/(m/s)
tire stiffness kt 190000 N/m

mass of car body ms 250 kg
mass of wheel assembly mp 50 kg

delay τ 0.01 s
TABLE I

SIMULATION PARAMETERS

IV. SIMULATION RESULTS

The simulation was made in MATLAB Simulink with
parameters provided in table 1.

Step with size of 0.025 m was chosen to simulate the road
w (t).

We will compare performance of passive (dash-dot line) and
active suspensions (solid and dashed lines) on the given road
section. Dashed line corresponds to behaviour of suspension
under lqr regulator synthesized without delay value consider-
ation. Solid line corresponds to control synthesised for found
τ∗.

The deflection of suspension space (xs) is shown in fig.
4. It is good to have less deflection in suspension for better
handling of the car as it have better grip to the road. Maximum
deflection of system under lqr synthesized for τ∗ is lower that
other cases.

Fig. 4. Sprung mass position (xs(t)) under different controls

The provided in fig. 5 plots show the RMS of car body
acceleration that also affects on passengers.

As one can notice, passengers feel more comfortable when
lqr is synthesized for worst delay value as RMS of sprung
mass acceleration is lower.

V. CONCLUSIONS

This article demonstrates control algorithm development
for the system with delayed control which shows capabilities
to stabilise active suspension under influence of delays. The
control algorithm is based on widely known linear quadratic
regulator and is synthesized for the system with the ”worst”
delay value from possible delays interval. This method was

Fig. 5. RMS of car body acceleration

applied to the active suspension system model extended by
adding delay to the control loop. The active suspension with
provided algorithm improves vehicle handling and comfort
of passengers. Offered approach was tested by modelling
system in MATLAB Simulink. Provided algorithm shows
better results than LQR synthesised for system without taking
delay value in consideration.
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