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Abstract—The paper considers plane-wave solutions of the Yang—Mills equations, which allow one to write
out three systems of equations modeling the Yang—Mills system. An explicit form of all plane-wave solutions
of the Yang—M ills equations with the SU(2) gauge symmetry and zero current in a (pseudo) Euclidean space

of arbitrary finite dimension is presented.
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INTRODUCTION

The Yang—Mills equations were introduced in
1954 and have long been considered fundamental
equations of quantum physics. The Yang—Mills equa-
tions comprise a class of equations depending on a
gauge Lie group and its real Lie algebra. In physics, as
a rule, unitary gauge groups, or (more general) semis-
imple Lie groups, are used. In the Standard Model,
the Yang—Mills equations are used to describe elec-
troweak and strong interactions of elementary parti-
cles [1]. As noted by many authors, the study of the
Yang—Mills equations and their solution involves dif-
ficulties arising from the nonlinearity of the equations.
To simplify the situation, mathematicians introduce
certain additional conditions restricting the class of
solutions of the Yang—Mills equations. In particular,
they consider self-dual (instanton) solutions, as well as
solutions depending on a smaller number of indepen-
dent variables. In this article, we present some plane
wave solutions of the Yang—Mills equations, which
enable one to write out three systems of equations
modeling the Yang—Mills equations.

Particular classes of solutions of the Yang—Mills
equations are presented in classical works [2—7],
review [8], and other works. Particular classes of
plane-wave solutions of the Yang—Mills equations
were considered in [9—16]. In this paper, we present all
plane-wave solutions of the Yang—Mills equations
with the SU(2) gauge symmetry with zero current in a
Euclidean or pseudo-Euclidean space of arbitrary
finite dimension. These results generalize the results
of one of the authors about all constant solutions in
Euclidean and pseudo-Euclidean spaces of arbitrary
finite dimension [17, 18]. Issues concerning constant

and covariantly constant solutions of the Yang—Mills
equations were also considered in [19—21].

1. THE YANG—-MILLS EQUATIONS

Let p, and ¢ be nonnegative integersand n = p + ¢
be a positive integer. We consider equations in a
(pseudo)Euclidean space with Cartesian coordinates

x4, w=1,..,n. Partial derivatives are denoted by

dy = a/ ox". We assume that all functions of x € R”?
considered below are sufficiently smooth (their
smoothness is sufficient for the validity of the reason-
ing).

Let K be a semisimple Lie group (in particular,
K may be a unitary Lie group) and L be a real Lie
algebra of the Lie group K. We assume that the Lie
group K and the Lie algebra L are represented by
square matrices of some dimension N . In this case,
the Lie bracket [A, B] defining the multiplication in
the Lie algebra L is implemented in the form of a
matrix commutator [A, B] = AB — BA.

We denote by LT, the set of tensor fields of the type
(r, s) of the (pseudo)Euclidean space R”? with the val-
uesin L.

Let xe R™, A e LT, J' € LT, F,, € LT,, and
F,, =—F,,. The equations

auAv - avAp - [AuaAv] = Fuv:

1
A F™ A4, F]=J" M
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are called the Yang—Mills equations (the Yang—Mills
system).
It is usually assumed that A4,,,, and £, are unknown

and J" isa known vector with values in the Lie algebra L.
It is said that Egs. (1) define a Yang—Mills field
(A, F,,), where A, is the potential and F,, is the

Yang—Mills field strength. The vector J" is called a
non-Abelian current (in the case of an Abelian group

K, the vector J" is called a current).

We can verify that the system of equations (1)
implies the relationship

auJ” —[Au,J“] =0,
which is called the non-Abelian conservation law (in
the case of an Abelian group K , we have BVJV =0;i.e.,

the divergence of the vector J" is zero).

Let the tensor fields J' satisfy Yang—Mills equa-
tions (1). Take some element U = U(x) € K (a func-

tion U: R”? — K) and consider the transformed ten-
sor fields

; -1 -1
A, =040 -U"9U,

F,=U"RU, )
J =",

Then, these quantities satisfy the same Yang—Mills

equations

OpA, —0yA, —[4,, A, = F,,

oy F™—[A, F™M1J",

i.e., Egs (1) are invariant with respect to transforma-
tions (2). Transformation (2) is called the gauge trans-
formation (or gauge symmetry), and the group K is
called the gauge group of Yang—Mills equations (1).
The components of the skew-symmetric tensor
field £, defined by the first equation (1) can be sub-
stituted into the second equation to obtain a second-

order equation for the covector potential of the Yang—
Mills field:

0,0"4" —0"0,4" —[0,4", 4"] - 2[4",0,4"] 3)
+[A4,,0° A" +[A4,[4", A1 = J".

1. 1. Particular Solutions of the Yang— Mills Equations

The system of Yang—Mills equations (1) (or (3)) is
considered as a system of nonlinear partial differential

equations for unknown tensor fields 4, (x), £, (x) with

a known right-hand side J"(x). The knowledge of the
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theory of partial differential equations suggests that,
for an in-depth analysis of the solutions of the Yang—
Mills equations, it is necessary to consider boundary

value problems in a certain region of space R”Y. The
formulation of boundary value problems (that is,
which boundary conditions should be imposed, and
where they should be imposed) depends on the signa-
ture (p,q) of the pseudo-Euclidean space. A correct
formulation of boundary value problems for the
Yang—Mills equations, first of all, can be obtained in
the case of signatures (1, — 1) and (n — 1,1) hyperbolic
cases, and in the case of signatures (0,n) and (n,0):
elliptic cases.

It is also of interest to search for particular solutions
of the Yang—Mills equations in which the right-hand

side J"(x) has one or another special form (e.g., dic-
tated by the physical formulation of the problem).

If JY =0, we have a zero solution of the Yang—
Mills equations: 4, =0, F,, =0. If U =U(x) € K,
then, using gauge transformation (2), from the zero
solution, we obtain another trivial (gauge equivalent to
zero) solution of the Yang—Mills equations:

A, =-U9U,F,=0J" =0.

2. PLANE-WAVE SOLUTION
OF THE YANG—MILLS EQUATIONS

In the theory of linear partial differential equations

in the (pseudo)Euclidean space R”?, an important
role is played by plane-wave solutions. In such solu-
tions, the dependence on points x of the
(pseudo)Euclidean space reduces to the dependence

on a scalar (invariant) p := ﬁ.“x”, which is defined by a
given constant (independent of points x) covector
field §, (real or complex).

We will seek solutions of the Yang—Mills equa-
tions (3) in the following form

A, = a,e”, where p = & x" 4

and g, are the components of a constant covector field
with values in the Lie algebra L. Partial derivatives act

on the exponential e according to the standard rule
avep = (avp)ep = &vep-

Substituting 4, from (4) into the left-hand side
of (3), we have

0,0"4" —0"0,4" —[0,4", 4" - 2[4",0,4"]
+[A4,,0" A" +[A4,,[4", A"]]
= (Fvu&uav - gviua“)ep

- 3E,[d" ,a'1e™ + [a,[a" ,a'11e™.

&)
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Now assume that the right-hand side of Eq. (3) has
the form

vV _ wvop v 2p v 3p
J'=Joe tioe tise (6)

where j(vk), k =1,2,3, independent of the x compo-
nents of three vectors (vector fields) with values in the
Lie algebra L. Equating the right-hand sides of equal-
ities (5) and (6), we obtain the system of equations

&u&uav - E.;VE.:},Lau = j(\ip (7)
=3E.0a",a"1= Jjo, (®)
[apa[auaav]] = j(\g), (9)

which can be considered a system of algebraic equa-

tions for finding a complex vector &" and a vector a,
with values in the Lie algebra L from the known right-

hand side jy,, k = 1,2,3.

3. ANALYSIS OF SYSTEM (7)—(9)
AND THE SOLUTION IN THE FORM
OF A SUM OF WAVES

Let us discuss in more detail the systems of alge-
braic equations (7)—(9), proposed in the previous sec-
tion. System (9) is a system of equations for finding
constant solutions of the Yang—Mills equations
(asimilar system can be obtained from (3) if we
assume that the solutions are independent of the point
x of the (pseudo)Euclidean space under consider-
ation). The solution of such a system of equations for
an arbitrary current in the case of the Lie group SU(2)
is discussed in [17, 18]. Under certain conditions on
the current, solutions may not exist. For example, in
the case of the Lie group SU(2) in the Euclidean space

R", the condition for the existence of solutions is the

following restriction rank ( jé)k) # 1 on the rank of the
matrix of coefficients of the expansion of the current

j(v3) = j(‘;)ktk via the basis ’ck, k =1,2,3, of the Lie alge-
bra su(2) (see [17]). In the cases in which constant

solutions 4" exist, we can find them from system (9)

and substitute them into (7) and (8). Note that sys-
tem (8) is a system of linear equations for unknowns ‘:u
and the matrix of this system is the skew-symmetric
matrix of the corresponding constant Yang—Mills
field strength:

v _ 1.
épfu = 5./(\/2)’ fLW = _[a}l,a\’].

As is known, the determinant of a skew-symmetric
matrix of an odd order n = 2k + 1 is equal to zero and
the determinant of a skew-symmetric matrix of an
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even order n = 2k is the square of a homogeneous
polynomial of degree k, which is called the Pfaffian.
System (7)—(9) under consideration has solutions

under certain constraints on the currents j(‘{) , j(Vz) , and

j(v3). The existence of the solution and its explicit form
depend on the signature and dimension of the space,
as well as on the Lie group under consideration.

In the case of zero current jjj, = j5, = j =0, we
obtain the system

&uéuav - gvéua“ = Oa (10)
—3E,la",a"]1=0, (11)
la,[a",a"]]=0. (12)

If the Lie algebra L is compact, then, in the case of
a space R”? of the Lorentz signature, (p,q) = (I, n—1)
or (n—1,1), or Euclidean signature (#n,0) or (0,#), for

all solutions @, of system (12), we have f*' =

—a",a"] = 0 (this fact was proved in [22, 23]); i.e., sys-
tem (11) is satisfied automatically for any Z:vu and
expressions E:u should be sought from system (10). This
is not true in the case of other signatures; a counterex-

ample for the case of R”? with p > 2 and ¢ > 2 is given
below.

We restrict ourselves to the case of the Lie group

SU(2) and a (pseudo)Euclidean space R”?, p + g = n,
of arbitrary finite dimension n. To solve system (12),
we use the previously obtained results [17, 18] on all
constant solutions SU(2) of the Yang—Mills equa-

k
tions. Denote by T = %, k =1,2,3, the standard basis
i

of the Lie algebra su(2), constructed using the Pauli
matrices 6* , k =1,2,3. Let us list the explicit form of

all solutions {a",§,} of system (10)—(12). The solu-

tions are written out with an appropriate choice! of the
coordinate system and gauge:

!'In other words, any solution of the system under study can be
reduced using an orthogonal change of coordinates and fixing
the gauge to the solutions listed below (for more details, see
[17, 18]). When listing the solutions, we write out only nonzero
components ", &,. The zero solution d =..=d" =0 with
arbitrary &, is not considered.

2020



592

MARCHUK, SHIROKOV

p21: d =at', ae R\J0}, & € C;

p=1:
qg=>1:
g=1:
p=2lg=>1 a
p=lg=>1 d=a
p2Lg=21: d =a"" =1,

p=22q22: d=d"=1

=a

ad =at, ae R\{0), EE"-EE =0
o’ =at, ae R\{0) §,, eC

a"' =at, ae R\{0}, EE"-E, " =0;

vép+2 = _é2 € (C’ éuéu = 0;

I 1
p=234¢g23: a=d"=1,

P = Tla v&l € (Ca
p+l — Tl, v&]ﬂ_] c (C,

vapﬂ = _gl € Ca &pi“ = 0,

=g’ =1, Ve, =-& €C,
2 — ap+2 — TZ’ a3 — ap+3 — T3,

vép-%—l == eC v§p+2 =-=,eC v§p+3 =-<,eC, éuéu =0.

Note that, in the last two cases, the expression for

the Yang—Mills field strength is nonzero, f*' #0,
and the calculations included Egs. (11).

We also consider a more general formulation of the
problem than that proposed in (4) and (6). Namely,
we consider the solutions of Egs. (3) in the form of the
sum of waves (Fourier series?). Let the current have
the form

2 k k+1 k+1
z(a(vmgugu — ag&E ke — Z Zgu[a&»@vnlké( - 222%”&» ag Ve
k k1 k1
+ 2. 2 Elaraip e ™ + 3> layodaly ag e ™ =D e
k1 kK | m k

This system is split into a system of equations of
the form

E((az)’&v) = .](\;c)’ k = _°°7'~-7_170’1’-“7°°7

where F, are given expressions that are polynomials of

degree not higher than 2 in the unknowns " and poly-
nomials of degree not higher than 3 in the unknowns

a(L,l). We can also consider a more particular formula-
tion of the problem, when the summation in (13) and
(14) is carried out from 0 to o (i.e., j, = ay, = 0 for

all k =—1,-2,...). The system obtained in this case is
split into a system of equations with respect to the

2 In this paper, we do not consider the convergence of series. All
series are considered only if they converge.

oo

J' = z j(vk)ekp’ p ="
f=—c0
We will seek solutions of system (3) in the form

v _ v _kp
A —Za(k)e .

(13)

(14)
k=—c0
‘We obtain the system
(15)

unknowns g, k = 0,1,...,0, and &". The first three
equations of this system have the form:

(16)

v TR
Joy = [au(0)7 [a(O)a a(O)] !
v [TAY Vo [TRAY
Joy = E-'ué aqy — éué agy — ép[a(l)aa(O)]
LoV v v
- 2E,u[a(0),a(1)] +& [au(()),a(ﬁ)] + [%(1),[0&)),0(0)]] (17)

v v
+ lay), [a(%), a1+ lay ), [a(%), apll
A TRY vV u [TRENAY
Joy = 4(&;@ apy — &ué a(z)) - éu[a(l)aa(l)]
[TEY woov [TREAY
= 26 lap), ai)] — 28 laqy, )] — 4E,la00), ai) ]

% n v n
+ & [%(1),0(1)] + 2& [%(0),0(2)]

. v .y (18)
+ [ayo), a0y, a0y 11 + [ay ), Lai), a1
nov uoowv
+ layo) [0y, )11 + L@y Lagy, a)]]
Vv A%
+ [ap(l)a[a(l:))a ag 11+ [ay0)s [a(hl), ap]l
PHYSICS OF PARTICLES AND NUCLEI Vol. 51 No. 4 2020
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The first system (16) is a system for finding all con-
stant solutions a(‘g) of the Yang—M ills equations with a
constant current j(VO). Finding all the constant solu-

tions a(*(l,) (in the case of the Lie group SU(2), such a
problem was solved in [17, 18]), we can substitute them
into the second system (17), which is linear in the

unknowns g;;, and quadratic in the unknowns &". Sys-
tem (18), following it, is linear in a(%) and quadratic in
", etc. The existence and the explicit form of the solu-
tions depend on the considered Lie group &", the
dimension and signature of the space R, and the

currents jy,, k = 0,1,..., 0.

4. ON SYSTEMS OF EQUATIONS MODELING
THE YANG-MILLS EQUATIONS

The reasoning in the previous section, which led us
to algebraic system of equations (7)—(9), leads us to
the idea that we can postulate three systems of equa-
tions, each of which models certain aspects of the
Yang—Mills equations. Namely, it is proposed to con-
sider the following systems of equations:

0,0"4" —9'9, 4" = Jy, (19)
o, A", A" - 2A",0,A" | +[A4,,0"4" | = J 35, (20)
[Ap,[AH’AV]] = J(\:;), (21)

where J(Vk), k =1,2,3, depending on the x components
of three vector fields with values in the Lie algebra L.

The system of equations (19) is just several
instances of Maxwell’s equations, and this number of
instances is equal to the dimension of the Lie algebra
L, considered as a vector space.

The system of equations (21) is called an algebraic
approximation of the Yang—Mills equations. Note
that this system of equations contains, as a particular
class of solutions, all constant solutions of the Yang—
Mills equations. This system also contains other
classes of (nonconstant) solutions of the Yang—Mills
equations, which are both solutions of systems (19)
and (20).

In [17, 18], explicit formulas were presented for all
solutions A, of system (21) in the case in which all the

expressions 4, and J(‘g) in this system do not depend

on the point x of the (pseudo)Euclidean space R”? in
the case of the Lie group SU(2). These results can be
reformulated locally for system (21) in the general case,
since it does not include any differential operators.

It seems interesting to further study the system of
equations (7)—(9) in the general formulation, with an
arbitrary current, as well as for other semisimple Lie
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groups, in particular, the Lie group SU(3). Systems of
equations (19), (20), and (21) are of interest for further
studies. It would be interesting to find particular
classes of solutions to system (20). In the future, it is
planned to generalize the results of this article to the
system of Yang—M ills—Dirac equations in Minkowski
space.
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