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1 INTRODUCTION

Let us consider the real geometric algebra1–4 (or the Clifford algebra) p,q = C𝓁p,q = C𝓁(Rp,q), p + q = n ≥ 1, or the
complex geometric algebra C𝓁(Cn), n ≥ 1. When considering both of these cases, we denote the corresponding algebra
by .

We denote the identity element of the algebra  by e, the generators by ea, a = 1, … ,n. In the case of the real geometric
algebra p,q, the generators satisfy

eaeb + ebea = 2𝜂abe, a, b = 1, … ,n, (1)

where 𝜂 = (𝜂ab) is the diagonal matrix with p times 1 and q times −1 on the diagonal. In the case of the complex geometric
algebra C𝓁(Cn), the generators satisfy the same conditions (1) but with the identity matrix 𝜂 = In of size n. The other
basis elements of  are products of the generators ea1 … ak ∶= ea1 … eak , a1 ≤ … ≤ ak. An arbitrary element (multivector)
U ∈  has the form

U = ue +
n∑

a=1
uaea +

∑
a<b

uabeab + · · · + u1…ne1…n, u,ua, … ,u1…n ∈ F.

We use F to denote the field of real numbers R in the case p,q and the field of complex numbers C in the case C𝓁(Cn).
The grade involute of the element U ∈  is denoted by Û, and the reverse of U ∈  is denoted by Ũ. The superposition of

the grade involution and the reversion is usually called Clifford conjugation. In this paper, we do not use a distinct notation
for the Clifford conjugation, denoting it by the combination of the symbols of the grade involution and the reversion ̂̃U.
We have the following well-known properties of these three operations

ÛV = ÛV̂ , ŨV = ṼŨ, ̂̃UV = ̂̃V ̂̃U, ∀U,V ∈ . (2)
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Consider the subspaces of fixed grades k, k = 0, … ,n, which elements are linear combinations of the basis elements
ea1 … ak with multi-indices of length k. Also consider the even (0) and the odd (1) subspaces

(k) = {U ∈  ∶ Û = (−1)kU}=
⨁

𝑗=k mod 2
𝑗 , k = 0, 1.

We call the elements of these subspaces even elements and odd elements, respectively. The product of the elements of the
same parity is even, and the product of the elements of different parities is odd, that is,

(k)(l) ⊂ (k+l) mod 2, k, l = 0, 1. (3)

Also, we consider the four subspaces determined by the grade involution and the reversion (they are called the subspaces
of quaternion types 0, 1, 2, and 35–7)

k =
{

U ∈  ∶ Û = (−1)kU, Ũ = (−1)
k(k−1)

2 U
}
=

⨁
𝑗=k mod 4

𝑗 , k = 0, 1, 2, 3. (4)

We use the upper multi-index instead of the direct sum symbol in order to denote the direct sum of different subspaces.
For example, (1)24 ∶= (1) ⊕ 2 ⊕ 4. We denote the center of the algebra  by

Z ∶=
{

0 if n is even,
0 ⊕ n if n is odd. (5)

Consider the group of invertible elements of the algebra 

× ∶= {T ∈  ∶ ∃T−1}.

In this paper, the subset of invertible elements of any set is denoted with ×.
Consider the twisted adjoint representation ǎd acting on the group ×

ǎd ∶ × → Aut

as T → ǎdT , where ǎdT(U) = T̂UT−1 for any U ∈ . It differs from the ordinary adjoint representation by the operation
of grade involution. We use the following notation for the regular adjoint representation

ad ∶ × → Aut,

where T → adT and adT(U) = TUT−1 for any U ∈ .
The twisted adjoint representation was introduced in a classic paper of three authors,8 and it is an important mathe-

matical notion with respect to both algebra and geometry. When applying this representation to the vector v ∈ 1, it is
the reflection across the hyperplane orthogonal to the vector s ∈ ×1:

ǎds(v) = ŝvs−1 = v − 2
q(v, s)
q(s, s)

s,

where q(x, 𝑦) = 1
2
(x𝑦 + 𝑦x), x, 𝑦 ∈ 1, is a symmetric bilinear form over 1. In our notation, we have q(ea, eb) = 𝜂ab for the

matrix 𝜂 (1). In the case of arbitrary dimension n and signature (p, q), the representation ǎd is a double covering of the
orthogonal groups O(p, q) by the corresponding spin groups Pin(p, q). Namely, for any matrix P = (pb

a) ∈ O(p, q), there
exist exactly two elements ±T ∈ Pin(p, q) in the corresponding spin group that are related in the following way:

T̂eaT−1 = pb
aeb.
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The following sets are the kernels of the considered representations (see, e.g., Benn and Tucker3):

ker(ad) = {T ∈ × ∶ adT(U) = U ∀U} = Z×, (6)

ker(ǎd) = {T ∈ × ∶ ǎdT(U) = U ∀U} = 0×, (7)

where Z× is the set of invertible elements of the center (5) and 0× is the set of invertible elements of grade 0.
In the previous paper of one of the authors,9 the Lie groups preserving the fixed subspaces were introduced and studied:

k, k = 0, 1, … ,n; ( 𝑗), 𝑗 = 0, 1; m, ms, m, s = 0, 1, 2, 3 (8)

under the adjoint representation ad.
In the present paper, we consider the similar issue regarding the twisted adjoint representation ǎd, which is interesting

for studying spin groups, Lipschitz groups, and their generalizations. Namely, in this paper, we introduce and study the
Lie groups preserving the subspaces (8) under the twisted adjoint representation ǎd. We also introduce the generalized
spin groups based on the mentioned groups. We study the corresponding Lie algebras.

Note that the results of Shirokov9 on inner automorphisms can be generalized to the case of graded central simple
algebras10 and graded central simple algebras with involution.11 In the current paper, we do not discuss the relations with
these more general algebras because of the specificity of the twisted adjoint representation ǎd for geometric (Clifford)
algebras.

Let us introduce the following notation. We denote the groups of elements preserving the subspaces (8) under the
representation ad by (as in Shirokov9)

Γk, k = 0, 1, … ,n; Γ( 𝑗), 𝑗 = 0, 1; Γm, Γms, m, s = 0, 1, 2, 3, (9)

respectively. For example, we have Γ(0) = {T ∈ × ∶ T(0)T−1 ⊆ (0)}. We denote with ̌ the groups of elements preserving
the subspaces (8) under the twisted adjoint representation ǎd

Γ̌k, k = 0, 1, … ,n; Γ̌( 𝑗), 𝑗 = 0, 1; Γ̌m, Γ̌ms, m, s = 0, 1, 2, 3, (10)

respectively. For example, we have Γ̌1 = {T ∈ × ∶ T̂1T−1 ⊆ 1}.
In Shirokov,9 there were also introduced the groups P, A, B, and Q. In the present paper, we consider the analogues of

these groups and denote them by P±, A±, B±, Q±, respectively (the necessity of considering these groups is discussed in
the next sections of this paper):

P = Z×((0)× ∪ (1)×), P± = (0)× ∪ (1)× ⊆ P, (11)

A = {T ∈ × ∶ T̃T ∈ Z×}, A± = {T ∈ × ∶ T̃T ∈ 0×} ⊆ A, (12)

B = {T ∈ × ∶ ̂̃TT ∈ Z×}, B± = {T ∈ × ∶ ̂̃TT ∈ 0×} ⊆ B, (13)

Q = {T ∈ Z×((0)× ∪ (1)×) ∶ T̃T ∈ Z×}, Q± = {T ∈ (0)× ∪ (1)× ∶ T̃T ∈ 0×} ⊆ Q. (14)

The upper index ± in (105) and (112) means that the corresponding groups consist only of even and odd elements. The
lower index ± in (36) and (44) means that the corresponding groups consist only of elements with positive and negative
values of the corresponding norm functions T̃T and ̂̃TT. This notation is convenient for considering generalized spin
groups (see Section 8).

Let us note that the two groups of the types (9) and (10), respectively, which are considered in this paper, are well known.
One of them is the group Γ1, which is called the Clifford group and often denoted by Γ in the literature. The elements of
this group preserve the subspace of grade 1 under the adjoint representation. The following are the equivalent definitions
of this group:

Γ ∶= Γ1 = {T ∈ × ∶ T1T−1 ⊆ 1} (15)



4 FILIMOSHINA AND SHIROKOV

= {T ∈ Z×((0)× ∪ (1)×) ∶ T1T−1 ⊆ 1} (16)

= {Wv1 · · · vm ∶ m ≤ n, W ∈ Z×, v𝑗 ∈ 1×}. (17)

The group Γ̌1 is also well known and is often called the Lipschitz group. We have the following (well-known) equivalent
definitions of this group

Γ± ∶= Γ̌1 = {T ∈ × ∶ T̂1T−1 ⊆ 1} (18)

= {T ∈ (0)× ∪ (1)× ∶ T1T−1 ⊆ 1} (19)

= {v1 · · · vm ∶ m ≤ n, v𝑗 ∈ 1×}. (20)

Let us note that the equivalence of the first two definitions (103) and (19) of the Lipschitz group follows from the inclusion
Γ̌1 ⊆ P± and is the particular case of a more general statement about the equivalence of the two definitions (82) and (89)
of the groups Γ̌k, k = 0, 1, … ,n (see Lemma 10 and the notes after it). The equivalence of these two definitions to the
third one (104) is usually proved using the Cartan–Dieudonné theorem12; we omit this fact in the present paper. Note
that the Lipschitz group is usually denoted by Γ±

p,q in the real case; see Benn and Tucker3 (or just Γp,q; see Lounesto4). The
symbol ± means that the elements of the Lipschitz group are either even or odd and cannot be the sum of both even and
odd elements; this corresponds to the definition (19).

The rest of the groups (10) and the groups P±, A±, B±, Q± (105)–(112) can be interpreted as the generalizations of
the Lipschitz group Γ̌1, as they preserve the other fixed subspaces of the algebra , different from 1, under the twisted
adjoint representation ǎd. We study these groups in detail in Sections 2–7. We define generalized spin groups as normalized
subgroups of generalized Lipschitz groups and discuss them in Section 8. We study the corresponding Lie algebras in
Section 9. The results of Sections 2–9 are new. The conclusions follow in Section 10.

2 THE GROUPS P±, Γ̌0, Γ̌n, Γ̌0n, Γ̌(0), AND Γ̌(1)

Let us consider the group consisting of even and odd invertible elements

P± ∶= (0)× ∪ (1)×. (21)

The groups P and P± (105) are related in the following way:

P = Z×P±. (22)

In particular, the groups P and P± coincide if n is even

P± = P, n is even. (23)

In Section 6, we consider the groups Γ̌k, k = 0, 1, … ,n, preserving the subspaces of fixed grade k under the twisted
adjoint representation. Let us consider the two of these groups in this section:

Γ̌0 ∶= {T ∈ × ∶ T̂0T−1 ⊆ 0},

Γ̌n ∶= {T ∈ × ∶ T̂nT−1 ⊆ n}.

Lemma 1. We have
Γ̌0 = P±, Γ̌n =

{
P± if n is odd,
× if n is even.

Proof. Let us prove Γ̌0 ⊆ P±. Suppose T̂0T−1 ⊆ 0; then T̂T−1 = 𝛼e, 𝛼 ∈ F×. Multiplying both sides of this equation
on the right by T, we obtain T̂ = 𝛼T. Suppose T = T0 + T1, where T0 ∈ (0), T1 ∈ (1). We get T0 − T1 = 𝛼T0 + 𝛼T1;
that is, T0 = 𝛼T0, −T1 = 𝛼T1; therefore, 𝛼 = 1, T1 = 0 or 𝛼 = −1, T0 = 0. Thus, we have T ∈ (0)× ∪ (1)× = P±. Let
us prove Γ̌n ⊆ P± in the case of odd n in a similar way. Suppose T ∈ Γ̌n. Since n ⊂ Z in the case of odd n, we get
T̂e1…nT−1 = T̂T−1e1…n = 𝛼e1…n, where 𝛼 ∈ F×. Thus, T̂T−1 = 𝛼e and we obtain T ∈ P±.
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Let us prove P± ⊆ Γ̌0 in the case of arbitrary natural n ≥ 1. Suppose T ∈ P±; then T̂T−1 = ±TT−1 = ±e ∈ 0. Hence,
T ∈ Γ̌0 for all n ≥ 1.

Let us prove P± ⊆ Γ̌n in the case of odd n. Suppose T ∈ P±; then T̂e1…nT−1 = ±Te1…nT−1 = ±e1…nTT−1 = ±e1…n.
Thus, T̂nT−1 ⊆ n if n is odd.

Let us prove Γ̌n = × in the case of even n. The left set is a subset of the right one. Let us prove × ⊆ Γ̌n. Suppose
T ∈ ×. Since e1…n commutes with all even elements and anticommutes with all odd elements in the case of even n,
we have T̂e1…n = e1…nT. Therefore, T̂e1…nT−1 = e1…nTT−1 = e1…n and T̂nT−1 ⊆ n. Thus, T ∈ Γ̌n.

In Shirokov,9 the groups Γ0 and Γn preserving the subspaces of grades 0 and n, respectively, under the adjoint
representation are considered. Note that we have

Γ0 = ×, Γn =
{

× if n is odd,
P± if n is even. (24)

Let us consider the groups preserving the direct sum of the subspaces of grades 0 and n under the adjoint representation
and the twisted adjoint representation respectively

Γ0n ∶= {T ∈ × ∶ T0nT−1 ⊆ 0n},

Γ̌0n ∶= {T ∈ × ∶ T̂0nT−1 ⊆ 0n}.

Lemma 2. We have

Γ0n =
{

× if n is odd,
{T ∈ × ∶ T̂T−1 ∈ 0n×} = P± if n is even, (25)

Γ̌0n = {T ∈ × ∶ T̂T−1 ∈ 0n×} = P. (26)

Proof. Let us prove Γ0n = × if n is odd. The left set is a subset of the right one. The statement × ⊆ Γ0n follows from
× = Γ0 = Γn (24).

Consider the case of even n. Let us prove Γ0n = {T ∈ × ∶ T̂T−1 ∈ 0n×}. Note that the condition TUT−1 ∈ 0n

with substituting U = e is true for any T ∈ ×; therefore, it is enough to consider it with substituting U = e1…n. The
considered sets are equal because we get Te1…nT−1 = e1…nT̂T−1 ∈ 0n× using that e1…n commutes with all even
elements and anticommutes with all odd elements. Let us prove P± ⊆ Γ0n. Suppose T ∈ P±; then T ∈ Γn, T ∈ Γ0 (24).
Thus, T ∈ Γ0n. Now let us prove {T ∈ × ∶ T̂T−1 ∈ 0n×} ⊆ P±. Suppose T̂T−1 ∈ 0n×; then T̂ = WT, where
W ∈ 0n×. Suppose also T = T0+T1, where T0 ∈ (0), T1 ∈ (1). Then we have T0−T1 = W(T0+T1), that is, T0 = WT0,
−T1 = WT1. Hence, (W − e)T0 = 0, (W + e)T1 = 0. If at least one of the two elements W − e and W + e is invertible,
then we obtain either T0 = 0 or T1 = 0, and T ∈ (0)× ∪ (1)×. Assume both W − e and W + e are noninvertible. For
W = 𝛼e + 𝛽e1…n, 𝛼, 𝛽 ∈ F, we obtain W ± e = (𝛼 ± 1)e + 𝛽e1…n. Let us note that

((𝛼 ± 1)e + 𝛽e1…n)((𝛼 ± 1)e − 𝛽e1…n) = (𝛼 ± 1)2e − 𝛽2(e1…n)2.

Both W − e and W + e are noninvertible only if either 𝛼 = 0, 𝛽 = ±1, (e1…n)2 = e or 𝛼 = 0, 𝛽 = ±i, (e1…n)2 = −e (in
the case F = C). Then we have W = ±e1…n or W = ±ie1…n; therefore,

T̂ = WT = W(T0 + T1) = WT0 + WT1 = T0W − T1W = T̂W ,

and we get a contradiction, since T̂ ∈ × and W ≠ e.
Let us prove Γ̌0n = {T ∈ × ∶ T̂T−1 ∈ 0n×}. The condition T̂0T−1 ⊆ 0n is equivalent to T̂T−1 ∈ 0n×. In the case

of odd n, the condition T̂nT−1 ⊆ 0n is equivalent to T̂T−1 ∈ 0n× as well because e1…n ∈ Z×. In the case of even n,
we have T̂e1…nT−1 = e1…nTT−1 = e1…n, since e1…n commutes with all even elements and anticommutes with all
odd elements, so the condition T̂nT−1 ⊆ 0n holds automatically.

In the case of even n, the equality {T ∈ × ∶ T̂T−1 ∈ 0n×} = P follows from (25).
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Let us prove P ⊆ Γ̌0n in the case of odd n. We have P = 0n×(0)×. Suppose T = WU ∈ P for some W ∈ 0n×,
U ∈ (0)×; then we get

T̂HT−1 = HT̂T−1 = H(̂WU)(WU)−1 = HŴUU−1W−1 = HŴW−1 ∈ 0n ∀H ∈ 0n

using 0n = Z. Thus, T ∈ Γ̌0n.
Let us prove {T ∈ × ∶ T̂T−1 ∈ 0n×} ⊆ P in the case of odd n. Suppose T̂T−1 = 𝛼e + 𝛽e1…n ∈ 0n×, where 𝛼,

𝛽 ∈ F. Suppose also T = T0 + T1, where T0 ∈ (0), T1 ∈ (1). Then T̂ = T0 − T1 = (𝛼e + 𝛽e1…n)(T0 + T1); therefore,

T0 = 𝛼T0 + 𝛽e1…nT1,−T1 = 𝛼T1 + 𝛽e1…nT0. (27)

If 𝛽 = 0, then either 𝛼 = 1, T1 = 0, and T ∈ (0)× or 𝛼 = −1, T0 = 0, and T ∈ (1)×. If 𝛽 ≠ 0, then from the first
equality (27), it follows that T1 = 1−𝛼

𝛽
(e1…n)−1T0. Thus, T = T0 + T1 = T0 + 1−𝛼

𝛽
(e1…n)−1T0 =

(
e + 1−𝛼

𝛽
(e1…n)−1

)
T0,

that is, T ∈ Z×(0)× = Z×((0)× ∪ (1)×) = P, since the element e + 1−𝛼
𝛽
(e1…n)−1 is invertible. Assume e + 1−𝛼

𝛽
(e1…n)−1

is noninvertible; then
(

e + 1 − 𝛼
𝛽

(e1…n)−1
)(

e − 1 − 𝛼
𝛽

(e1…n)−1
)

= e − (1 − 𝛼)2

𝛽2 ((e1…n)−1)2 = 0,

that is, 𝛽2(e1…n)2 = (1 − 𝛼)2e and 𝛼 ≠ 1. Using this equality and multiplying the first equality (27) by 𝛽e1…n, we get
(1 − 𝛼)𝛽e1…nT0 = (1 − 𝛼)2T1, that is, 𝛽e1…nT0 = (1 − 𝛼)T1. Substituting this expression into the second equality (27),
we obtain −T1 = 𝛼T1 + (1 − 𝛼)T1. Thus, T1 = 0. Using (27), we get T = 0 and a contradiction.

We need Lemma 3 to prove Theorems 1–4 and Lemma 9.

Lemma 3. We have
{X ∈  ∶ X̂V = VX , ∀V ∈ 1} = 0. (28)

Proof. The right set is a subset of the left one, since X̂V = VX for any X ∈ 0 and V ∈ . Let us prove that the
left set is a subset of the right one. Suppose V = ea, ∀a = 1, … ,n; then X̂ea = eaX . Let us represent X in the
form X = A0 + A1 + eaB0 + eaB1, where A0,B0 ∈ (0), A1,B1 ∈ (1), and A0,B0,A1,B1 do not contain ea. We have
(A0+A1+eaB0+eaB1)̂ea = ea(A0+A1+eaB0+eaB1), that is, A0ea−A1ea−eaB0ea+eaB1ea = eaA0+eaA1+(ea)2B0+(ea)2B1.
Since A0ea = eaA0, A1ea = −eaA1, B0ea = eaB0, B1ea = −eaB1, we obtain (ea)2B0 + (ea)2B1 = 0, that is, (ea)2B0 = 0 and
(ea)2B1 = 0. Therefore, B0 = B1 = 0; then X does not contain ea. Acting similarly to all generators ea, a = 1, … ,n, we
get X ∈ 0.

We need the following lemma to prove Theorems 1 and 4. The statement (29) is proved in Shirokov,9 and the
statement (30) is new. We give the proof of both statements for the reader's convenience.

Lemma 4. We have

{X ∈  ∶ XV = VX , ∀V ∈ (0)} = 0 ⊕ n ∀n; (29)

{X ∈  ∶ X̂V = VX , ∀V ∈ (0)} =
{

0 ⊕ n if n is even,
0 if n is odd. (30)

Proof. Let us prove that the left set is a subset of the right one in (29). Suppose V = eab, ∀a < b; then Xeab = eabX .
Consider the case a = 1, b = 2. Let us represent X in the form X = A + e1B + e2C + e12D, where the elements
A,B,C,D ∈  contain neither e1 nor e2. We have (A+e1B+e2C+e12D)e12 = e12(A+e1B+e2C+e12D). Since Ae12 = e12A,
De12 = e12D, e1Be12 = −e12e1B, e2Ce12 = −e12e2C, we obtain 2e1Be12 + 2e2Ce12 = 0. Multiplying both sides of this
equation on the right by (e12)−1, we get e1B = −e2C. Since B and C contain neither e1 nor e2, we obtain B = C = 0.
Acting similarly to all other a < b, we get X = 𝛼e + 𝛽e1…n, where 𝛼, 𝛽 ∈ F.

Let us prove that the right set is a subset of the left one in (29). Suppose X ∈ 0 ⊕ n. If n is odd, then we have
X ∈ Z, so XV = VX for any V ∈ (0). If n is even, then e1…n commutes with all even elements, and we similarly obtain
XV = VX for any V ∈ (0).
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Let us prove that in (30), the left set is a subset of 0 ⊕ n if n is even and 0 if n is odd. Substituting V = e ∈ (0)

into X̂V = VX , we get X̂ = X and X ∈ (0). Therefore, we have XV = VX for any V ∈ (0). Using (29), we obtain
X ∈ 0 ⊕ n in the case of arbitrary n. Since X ∈ (0), we have X ∈ 0 if n is odd, and X ∈ 0 ⊕ n if n is even.

Let us prove that in the case of even n, the set 0 ⊕ n is a subset of the left set in (30). Suppose X ∈ 0 ⊕ n ⊆ (0).
Then we have X̂V = VX for any V ∈ (0), since e1…n commutes with all even elements and X̂ = X .

Let us prove that in the case of odd n, the set 0 is a subset of the left set in (30). Suppose X ∈ 0. Since X̂ = X and
X ∈ Z, we obtain X̂V = VX for any V ∈ (0).

Let us use the following notation for the groups preserving the even subspace and the odd subspace under the adjoint
representation:

Γ(k) ∶= {T ∈ × ∶ T(k)T−1 ⊆ (k)}, k = 0, 1;
and the twisted adjoint representation:

Γ̌(k) ∶= {T ∈ × ∶ T̂(k)T−1 ⊆ (k)}, k = 0, 1.

Theorem 1. The following groups coincide:
P± = Γ̌(0) = Γ̌(1).

Proof. Let us prove P± ⊆ Γ̌(0), P± ⊆ Γ̌(1). If T ∈ (0)×, then T̂ = T ∈ (0), T−1 ∈ (0). Similarly, if T ∈ (1)×, then
T̂ = −T ∈ (1), T−1 ∈ (1). Therefore, in both cases, we have T̂(0)T−1 ⊆ (0), T̂(1)T−1 ⊆ (1) by (3).

Let us prove Γ̌(1) ⊆ P±. Suppose T ∈ × satisfies T̂(1)T−1 ⊆ (1); then we obtain

T̂UT−1 = −(T̂UT−1)̂ = −TÛT̂−1 = TUT̂−1 ∀U ∈ (1) (31)

using the property of the grade involution (2). Multiplying both sides of Equation (31) on the left by T̂−1, on the right
by T, we get U = T̂−1TUT̂−1T, which is equivalent to

̂(T−1T̂)U(T−1T̂)−1 = U ∀U ∈ (1);

therefore,
ǎdT−1T̂(U) = U ∀U ∈ (1). (32)

In particular, (32) is true for any generator U = ea ∈ (1), a = 1, … ,n. Thus, T−1T̂ ∈ ker(ǎd) = 0× (7) by Lemma 3.
We multiply both sides of this equation on the left by T and on the right by T−1 and obtain T̂T−1 ∈ 0×; hence, T ∈ Γ̌0.
Since Γ̌0 = P± by Lemma 1, we have T ∈ P±.

Let us prove Γ̌(0) ⊆ P±. Suppose T ∈ × satisfies T̂(0)T−1 ⊆ (0); then we obtain

T̂UT−1 = (T̂UT−1)̂ = TÛT̂−1 = TUT̂−1 ∀U ∈ (0) (33)

using the property of the grade involution (2). Multiplying both sides of Equation (33) on the left by T−1 and on the
right by T, we get T−1T̂U = UT̂−1T, which is equivalent to

̂(T̂−1T)U = U(T̂−1T) ∀U ∈ (0).

In the case of odd n, we get T̂−1T ∈ 0 by Lemma 4; hence, T−1T̂ ∈ 0. Therefore, we obtain T ∈ Γ̌0 = P± using
Lemma 1. In the case of even n, we get T̂−1T = 𝛼e + 𝛽e1…n ∈ 0 ⊕ n, where 𝛼, 𝛽 ∈ F, using Lemma 4. We multiply
both sides of this equation on the left by T̂ and on the right by T−1 and obtain T̂(𝛼e + 𝛽e1…n)T−1 = e. Since e1…n
commutes with all even elements and anticommutes with all odd elements if n is even, 𝛼T̂T−1 + 𝛽e1…n = e. Thus,
T̂T−1 ∈ 0n× and T ∈ Γ̌0n = P± (Lemma 2).

The group P (105) is related in a similar way to the groups that preserve the even subspace and the odd subspace under
the adjoint representation:

P = Γ(0) = Γ(1).
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Let us note that the adjoint representation coincides up to a sign with the twisted adjoint representation when applying
it to any element T of the group P± (or of its subgroups Q±, Q′, Γ̌k, k = 1, … ,n, considered further in this paper):

ǎdT(U) = ±adT(U) ∀T ∈ P±, ∀U ∈ .

3 THE GROUPS A±, Γ̌12, AND Γ̌03

Let us use the following notation for the groups preserving the subspaces of quaternion types or their direct sums under
the adjoint representation:

Γk ∶= {T ∈ × ∶ TkT−1 ⊆ k}, k = 0, 1, 2, 3;

Γkl ∶= {T ∈ × ∶ TklT−1 ⊆ kl}, k, l = 0, 1, 2, 3;
and the twisted adjoint representation:

Γ̌k ∶= {T ∈ × ∶ T̂kT−1 ⊆ k}, k = 0, 1, 2, 3;

Γ̌kl ∶= {T ∈ × ∶ T̂klT−1 ⊆ kl}, k, l = 0, 1, 2, 3.

We need the following lemma in order to prove the main statements in Sections 3–6.

Lemma 5. Consider an arbitrary element X ∈  and an arbitrary fixed subset H of the set (0) ∪ (1). We have

X̂U = UX ∀U ∈ H ⇒ X̂(U1 … Um) = (U1 … Um)X ∀U1, … ,Um ∈ H

for any odd natural number m.

Proof. We prove this lemma by induction on odd m. For m = 1, there is nothing to prove. Assume we have

X̂(U1 … Um) = (U1 … Um)X ∀U1, … ,Um ∈ H

for some odd natural m. We obtain

X̂U = UX ⇐⇒ ̂̂XU = ÛX ⇐⇒ XÛ = ÛX̂ ⇐⇒ XU = UX̂ ∀U ∈ H

using the property of the grade involution (2). Then we get

X̂(U1 … UlUm+1Um+2) = (U1 … Ul)XUm+1Um+2 = (U1 … Um+1)X̂Um+2 = (U1 … Um+2)X

for m + 2. This completes the proof of the lemma.

Let us remark that the similar statement

XU = UX ∀U ∈ H ⇒ X(U1 … Um) = (U1 … Um)X ∀U1, … ,Um ∈ H

is true for any natural m and any subset H of the set .
Let us consider the following two norm functions3,4,8,13–15

𝜓(T) ∶= T̃T, 𝜒(T) ∶= ̂̃TT, ∀T ∈ , (34)

which are widely used in the theory of spin groups. It is shown9 that

T̃T ∈ 01, ̂̃TT ∈ 03, ∀T ∈ . (35)
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Let us consider the group
A± ∶= {T ∈ × ∶ T̃T ∈ 0×}. (36)

Note that the group A± coincides with the group A in the particular cases:

A± = A n = 0, 2, 3 mod 4.

Let us note that, since A = P in the cases n ≤ 3 (see Shirokov9), we have

P± = P = A± = A n = 0, 2; P± ⊂ P = A± = A n = 3. (37)

Also from the next theorem, it follows that
A± = P± n = 1.

Theorem 2. The following groups coincide:
A± = Γ̌12 = Γ̌03.

Proof. Let us prove A± ⊆ Γ̌12. Suppose T̃T = 𝜆e, 𝜆 ∈ F×. Then we have

(T̂UT−1)̂̃ = −̂̃T−1UT̃ = −1
𝜆

T̂U𝜆T−1 = −T̂UT−1 ∀U ∈ 12

using the property of the Clifford conjugation (2). The Clifford conjugation changes the sign of the element T̂UT−1;
therefore, T̂UT−1 ∈ 12 for any U ∈ 12. Thus, T ∈ Γ̌12.

Let us prove A± ⊆ Γ̌03. We obtain

(T̂UT−1)̂̃ = ̂̃T−1UT̃ = 1
𝜆

T̂U𝜆T−1 = T̂UT−1 ∀U ∈ 03.

Since the Clifford conjugation does not change the element T̂UT−1, we have T̂UT−1 ∈ 03 for any U ∈ 03; therefore,
T ∈ Γ̌03.

Let us prove Γ̌12 ⊆ A±. Suppose T ∈ × and T̂12T−1 ⊆ 12; then

T̂UT−1 = −(T̂UT−1)̂̃ = ̂̃T−1UT̃ ∀U ∈ 12. (38)

Multiplying both sides of Equation (38) on the left by ̂̃T, on the right by T̃−1, we get ̂̃TT̂UT−1T̃−1 = U for any U ∈ 12,
which is equivalent to (̂T̃T)U(T̃T)−1 = U for any U ∈ 12. Hence,

ǎdT̃T(U) = U ∀U ∈ 12. (39)

In particular, (39) is true for all generators U = ea ∈ 12, a = 1, … ,n. Thus, T̃T ∈ ker(ǎd) = 0× (7) by Lemma 3.
Let us prove Γ̌03 ⊆ A± in the cases n ≥ 4. Suppose T ∈ × satisfies T̂03T−1 ⊆ 03; then

T̂UT−1 = (T̂UT−1)̂̃ = ̂̃T−1UT̃ ∀U ∈ 03. (40)

We multiply both sides of Equation (40) on the left by ̂̃T and on the right by T̃−1 and obtain

ǎdT̃T(U) = U ∀U ∈ 03. (41)

Since n ≥ 4, any generator can always be represented as the product of three elements of grade 3. For instance, we can
get the generator e2 by the multiplication of e123, e124, e234. Now, using Lemma 5, we obtain that any generator U = ea,
a = 1, … ,n, satisfies (41). Thus, T̃T ∈ ker(ǎd) = 0× (7) by Lemma 3, and the proof is completed.
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Let us prove Γ̌03 ⊆ A± in the cases n ≤ 3. In the cases n = 1, 2, we have Γ̌03 = Γ̌0 = P±, and we need to prove P± ⊆ A±.
Suppose T ∈ P± = (0)× ∪(1)×; hence, T̃T ∈ (0)× by (3). Since T̃T ∈ 01× (35), we obtain T̃T ∈ (0)× ∩01× = 0× and
T ∈ A±. Let us prove Γ̌03 ⊆ A± if n = 3. Suppose T ∈ Γ̌03. Substituting U = e into the condition T̂UT−1 ∈ 03 for any
U ∈ 03, we obtain

T̂T−1 = W ∈ Z×. (42)
We multiply both sides of Equation (42) on the left by T̃ and on the right by TW−1 and obtain T̃T̂W−1 = T̃WTW−1,
which is equivalent to

̂
(̂̃TT)W−1 = T̃T. (43)

Since W−1 ∈ 03× = Z× and ̂̃TT ∈ 03× = Z× (35), the left part of (43) is in 03×. Since T̃T ∈ 01× (35), the right part
of (43) is in 01×. Therefore, T̃T ∈ 03× ∩ 01× = 0× and T ∈ A±.

In Shirokov,9 the group B = {T ∈ × ∶ ̂̃TT ∈ Z×} (44) is considered. Let us remark that the group A± preserves the
direct sum of the subspaces of the same quaternion types under ǎd as the group B preserves under ad (Theorem 5.2 in
Shirokov9):

B = Γ12 = Γ03.

4 THE GROUPS B±, Γ̌01, AND Γ̌23

Let us consider the group
B± ∶= {T ∈ × ∶ ̂̃TT ∈ 0×}. (44)

Note that it follows from (44) and (35) that

B± = B n = 0, 1, 2 mod 4,

and then from Shirokov,9 it follows that
B± = B = × n = 1, 2. (45)

Lemma 6. We have
P± = A± ≠ B± = × n = 1, 2; (46)

P± ≠ A±, P± ≠ B±, A± ≠ B± n ≥ 3. (47)

Proof. Let us consider the cases n = 1, 2. We have P± = A± by Theorem 2 and B± = × by (45).
Let us prove P± ≠ B± in the case of arbitrary n ≥ 1. Consider the element

S = e + 2e1 ∉ (0) ∪ (1), S ∈ ×.

We have
̂̃SS = (e − 2e1)(e + 2e1) = e − 4(e1)2 ∈ 0×;

thus, S ∈ B±, S ∉ P±.
Let us prove A± ≠ P± and A± ≠ B± in the cases n ≥ 3. Consider the element

T = e1 + 3e23 ∉ (0) ∪ (1), T ∈ ×.

We have
T̃T = (e1 − 3e23)(e1 + 3e23) = (e1)2 − 9(e23)2 ∈ 0×,

̂̃TT = (−e1 − 3e23)(e1 + 3e23) = −(e1)2 − 9(e23)2 − 6e123 ∉ 0×;
therefore, T ∈ A±, T ∉ P±, and T ∉ B±.

Theorem 3. The following groups coincide
B± = Γ̌01 = Γ̌23.
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Proof. Let us prove B± ⊆ Γ̌01. Suppose ̂̃TT = 𝜆e, 𝜆 ∈ F×. We get

(T̂UT−1)̃ = T̃−1Ũ ̂̃T = 1
𝜆

T̂U𝜆T−1 = T̂UT−1 ∀U ∈ 01

using the property of the reversion (2). The reversion does not change the element T̂UT−1, so T̂UT−1 ∈ 01 for any
U ∈ 01. Thus, T ∈ Γ̌01.

Let us prove B± ⊆ Γ̌23. We obtain

(T̂UT−1)̃ = T̃−1Ũ ̂̃T = −1
𝜆

T̂U𝜆T−1 = −T̂UT−1 ∀U ∈ 23.

Since the reversion changes the sign of the element T̂UT−1, we have T̂UT−1 ∈ 23 for any U ∈ 23. Thus, T ∈ Γ̌23.
Let us prove Γ̌01 ⊆ B±. Suppose T ∈ × satisfies T̂01T−1 ⊆ 01; then

T̂UT−1 = (T̂UT−1)̃ = T̃−1U ̂̃T ∀U ∈ 01. (48)

Multiplying both sides of Equation (48) on the left by T̃ and on the right by ̂̃T−1, we obtain T̃T̂UT−1̂̃T−1 = U for any

U ∈ 01, which is equivalent to the equation
̂
(̂̃TT)U(̂̃TT)−1 = U for any U ∈ 01; therefore,

ǎd̂̃TT
(U) = U ∀U ∈ 01. (49)

In particular, (49) is true for any generator U = ea ∈ 01, a = 1, … ,n. Thus, ̂̃TT ∈ ker(ǎd) = 0× (7) by Lemma 3,
and the proof is completed.

Let us prove Γ̌23 ⊆ B± in the cases n ≥ 3. Suppose T ∈ × satisfies T̂23T−1 ⊆ 23; then

T̂UT−1 = −(T̂UT−1)̃ = T̃−1U ̂̃T ∀U ∈ 23. (50)

We multiply both sides of Equation (50) on the left by T̃ and on the right by ̂̃T−1 and obtain

ǎd̂̃TT
(U) = U ∀U ∈ 23. (51)

Since n ≥ 3, any generator can always be represented as the product of two elements of grade 2 and one element of
grade 3. For example, we can get the generator e1 by the multiplication of e12, e13, e123. Using Lemma 5, we conclude
that any generator U = ea, a = 1, … ,n, satisfies (51). Hence, ̂̃TT ∈ ker(ǎd) = 0× (7) by Lemma 3, and the proof is
completed.

In the cases n ≤ 2, we get Γ̌23 ⊆ × = B± using (45).

In Shirokov,9 the group A = {T ∈ × ∶ T̃T ∈ Z×} (36) is considered. Let us remark that the group B± preserves the
direct sum of the subspaces of the same quaternion types under ǎd as the group A preserves under ad (Theorem 4.2 in
Shirokov9):

A = Γ01 = Γ23.

5 THE GROUPS Q± AND Γ̌k

Let us consider the group
Q± ∶= {T ∈ (0)× ∪ (1)× ∶ T̃T ∈ 0×}. (52)

The groups Q± and Q (112) are related in the following way:

Q = Z×Q±. (53)



12 FILIMOSHINA AND SHIROKOV

In particular, these groups coincide in the case of even n:

Q = Q±, n is even. (54)

Lemma 7. We have

Q± = A± ∩ P± = B± ∩ P± = A± ∩ B±, Q± ⊆ P±, Q± ⊆ A±, Q± ⊂ B±. (55)

In the particular cases,
Q± = P± = A± ≠ B± = ×, n = 1, 2; (56)

Q± = P±, Q± ≠ B±, Q± ≠ A±, n = 3; (57)

Q± ≠ P±, n ≥ 4. (58)

Proof. The first two equalities in (55) follow from the definitions of the groups A± (36), B± (44), Q± (112). Let us prove
A± ∩ B± = Q±. Suppose that some element T ∈ × satisfies T̃T ∈ 0×, ̂̃TT ∈ 0×. Then ̂̃TT = 𝛼T̃T, where 𝛼 ∈ F×;
therefore, we obtain T̂T−1 ∈ 0× and T ∈ Γ̌0 = P± using Lemma 1. Thus, A± ∩ B± = Q±.

In the cases n = 1, 2, we get Q± = P± = A± using Lemma 6 and the first equality in (55).
In the case n = 3, since P± ⊂ A± (37), we obtain Q± = P± by (55).
Let us prove Q± ≠ P± if n ≥ 4. Consider the element T = e+2e1234 ∈ (0), which is invertible because (e+2e1234)(e−

2e1234) = e − 4(e1234)2 ∈ 0×. We have

T̃T = (e + 2e1234)(e + 2e1234) = e + 4e1234 + 4(e1234)2 ∉ 0×,

that is, T ∈ P±, T ∉ A±, and T ∉ Q±.

Let us consider the following groups introduced in Shirokov9:

A′ = {T ∈ × ∶ T̃T ∈ (0 ⊕ n)×},

B′ = {T ∈ × ∶ ̂̃TT ∈ (0 ⊕ n)×}.

Note that the groups A′, B′ coincide with the groups A±, B± in the particular cases by (35):

A′ = A±, n = 2, 3 mod 4; B′ = B±, n = 1, 2 mod 4. (59)

Note also that in some cases, the groups A′, B′ coincide with the groups A (36), B (44):

A′ = A, B′ = B, n = 1, 2, 3 mod 4. (60)

Let us consider the group Q′ introduced in Shirokov9:

Q′ = {T ∈ Z×((0)× ∪ (1)×) ∶ T̃T ∈ (0 ⊕ n)×}. (61)

We have (Lemma 6.2 in Shirokov9)
Q′ = A′ ∩ B′. (62)

Lemma 8. We have
Q± ⊆ Q′ ⊆ P±, n is even. (63)

In the particular cases,
Q± = Q′, n = 2 mod 4; Q′ = P±, n = 4. (64)
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Proof. The statements Q′ ⊆ P± in the case of even n and Q± ⊆ Q′ in the case of arbitrary n ≥ 1 follow from the
definitions of the groups Q′ (112), P± (105), and Q± (112). Consider the case n = 4. For T ∈ P± = (0)× ∪ (1)×, we
have T̃T ∈ (0)× by (3); therefore, T̃T ∈ 01× ∩ (0)× = (0 ⊕ 4)×. Thus, P± ⊆ Q′. In the case n = 2 mod 4, we get
Q± = A± ∩ B± = A′ ∩ B′ = Q′ using Lemma 7, (59), and (62).

Theorem 4. In the cases n ≥ 3, we have

Q± = Γ̌1 = Γ̌3 = Γ̌2 = Γ̌0, n = 1, 2, 3 mod 4,

Q± = Γ̌1 = Γ̌3 ≠ Q′ = Γ̌2 = Γ̌0, n = 0 mod 4.

In the exceptional cases, we have

Γ̌0 = Γ̌1 = Q± = P± ≠ Γ̌2 = Γ̌3 = ×, n = 1, 2.

As a consequence,

Γ̌1 ⊆ Γ̌k, k = 0, 1, 2, 3,
⋂3

k=0
Γ̌k = Γ̌1,

Q± = Γ̌1 = {T ∈ × ∶ T̂kT−1 ⊆ k, k = 0, 1, 2, 3}.

Proof. Let us prove Q± ⊆ Γ̌k, k = 0, 1, 2, 3. Suppose T ∈ (0)× ∪ (1)× and T̃T = 𝜆e, 𝜆 ∈ F×. For an arbitrary element
Uk ∈ k, k = 0, 1, 2, 3, we get

(T̂UkT−1)̃ = T̃−1Ũk
̂̃T = 1

𝜆
TŨk𝜆T̂−1 = T̂ŨkT−1,

(T̂UkT−1)̂ = TÛkT̂−1 = T̂ÛkT−1,

where we use the properties of the reversion and the grade involution (2). Using the definition of quaternion types (4),
we obtain T̂UkT−1 ∈ k for any U ∈ k. Thus, Q± ⊆ Γ̌k, k = 0, 1, 2, 3.

Let us prove Q′ ⊆ Γ̌0, Q′ ⊆ Γ̌2 if n = 0 mod 4. Suppose T ∈ (0)× ∪ (1)× and T̃T = W ∈ (0 ⊕ n)×. For an arbitrary
element Uk ∈ k, we get

(T̂UkT−1)̃ = T̃−1Ũk
̂̃T = TW−1ŨkWT̂−1 = TŨkT̂−1 = T̂ŨkT−1, k = 0, 2,

(T̂UkT−1)̂ = TÛkT̂−1 = T̂ÛkT−1, k = 0, 1, 2, 3,

where we use that W commutes with all even elements. Using the definition of quaternion types (4), we obtain
T̂UkT−1 ∈ k for k = 0, 2. Thus, Q′ ⊆ Γ̌k, k = 0, 2.

Let us prove Γ̌1 ⊆ Q±. Suppose T ∈ Γ̌1; then T̂eaT−1 ∈ 1, a = 1, … ,n. We get

T̂eaT−1 = (T̂eaT−1)̃ = T̃−1ea
̂̃T (65)

using the property of the reversion (2). Multiplying both sides of Equation (65) on the left by T̃ and on the right by
̂̃T−1, we obtain

̂
(̂̃TT)ea(̂̃TT)−1 = ea a = 1, … ,n;

therefore, ǎd̂̃TT
(ea) = ea, a = 1, … ,n. Thus, ̂̃TT ∈ ker(ǎd) = 0× (7) by Lemma 3, and Γ̌1 ⊆ B±. Also, we get

T̂eaT−1 = −(T̂eaT−1)̂̃ = ̂̃T−1eaT̃ (66)
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using the property of the Clifford conjugation (2). Multiplying both sides of Equation (66) on the left by ̂̃T and on the
right by T̃−1, we obtain

(̂T̃T)ea(T̃T)−1 = ea a = 1, … ,n;
hence, ǎdT̃T(ea) = ea, a = 1, … ,n. Thus, T̃T ∈ ker(ǎd) = 0× (7) by Lemma 3, and Γ̌1 ⊆ A±. Using Lemma 7, we
obtain Γ̌1 ⊆ A± ∩ B± = Q±.

In the exceptional cases n = 1, 2, we have Γ̌3 = × ⊄ Q±.
Let us prove Γ̌3 ⊆ Q± if n ≥ 3. In the case n = 3, we have Γ̌3 = Γ̌3 = P± = Q± by Lemmas 1 and 7. Consider the

cases n ≥ 4. Suppose T̂3T−1 ⊆ 3; then

T̂UT−1 = −(T̂UT−1)̃ = T̃−1U ̂̃T ∀U ∈ 3. (67)

Multiplying both sides of Equation (67) on the left by T̃ and on the right by T, we obtain

̂
(̂̃TT)U = U(̂̃TT) ∀U ∈ 3. (68)

Since n ≥ 4, any generator ea, a = 1, … ,n, can always be represented as the product of three elements of grade 3.
For example, we can get the generator e1 by the multiplication of e123, e124, e134. Using Lemma 5, we conclude that all
generators satisfy (68) and ǎd̂̃TT

(ea) = ea, a = 1, … ,n. Therefore, ̂̃TT ∈ ker(ǎd) = 0× (7) by Lemma 3, and Γ̌3 ⊆ B±.
Also, we have

T̂UT−1 = (T̂UT−1)̂̃ = ̂̃T−1UT̃ ∀U ∈ 3,

and ǎdT̃T(U) = U for any U ∈ 3. Thus, T̃T ∈ ker(ǎd) = 0× (7) by Lemma 3, and Γ̌3 ⊆ A±. Using Lemma 7, we
obtain Γ̌3 ⊆ A± ∩ B± = Q±.

In the exceptional case n = 1, we have Γ̌2 = × ⊄ Q±. In the case n = 2, we have Γ̌2 = Γ̌2 = × ⊄ Q± by Lemma 1.
Let us prove Γ̌2 ⊆ Q± if n = 1, 2, 3 mod 4, n ≥ 3, and Γ̌2 ⊆ Q′ if n = 0 mod 4, n ≥ 4. Suppose T̂2T−1 ⊆ 2; then we

obtain
T̂UT−1 = −(T̂UT−1)̃ = T̃−1U ̂̃T ∀U ∈ 2 (69)

using the property of the reversion (2). Multiplying both sides of Equation (69) on the left by T̃ and on the right by T,
we get

̂
(̂̃TT)U = U(̂̃TT) ∀U ∈ 2.

Since n ≥ 3, any even basis element can be represented as the product of an odd number of grade-2 elements. For
example, we can get the element e by the multiplication of e12, e13, e23; the element e1234 by the multiplication of e12,
e13, e14. Using Lemma 5, we obtain

̂
(̂̃TT)U = U(̂̃TT) ∀U ∈ (0).

We get ̂̃TT ∈ 0 ⊕ n if n is even and ̂̃TT ∈ 0 if n is odd using Lemma 4. Also, we have

T̂UT−1 = −(T̂UT−1)̂̃ = ̂̃T−1UT̃ ∀U ∈ 2;

therefore, (̂T̃T)U = U(T̃T) for any U ∈ 2; hence, (̂T̃T)U = U(T̃T) for any U ∈ (0). Using Lemma 4, we get T̃T ∈
(0 ⊕ n)× if n is even and T̃T ∈ 0× if n is odd. Since T̃T ∈ 01×, ̂̃TT ∈ 03× (35), in the cases n = 1, 2, 3 mod 4, we
have T̃T ∈ 0×, ̂̃TT ∈ 0×, so T ∈ A± ∩B± = Q± by Lemma 7. In the case n = 0 mod 4, we have T ∈ A′ ∩B′ = Q′ (62).

Let us prove Γ̌0 ⊆ Q± in the cases n = 1, 2, 3 mod 4 and Γ̌0 ⊆ Q′ in the case n = 0 mod 4. Suppose T̂0T−1 ⊆ 0;
then we obtain

T̂UT−1 = (T̂UT−1)̃ = T̃−1U ̂̃T, T̂UT−1 = (T̂UT−1)̂̃ = ̂̃T−1UT̃ ∀U ∈ 0

using the properties of the reversion and the Clifford conjugation (2). Hence,

̂
(̂̃TT)U = U(̂̃TT), (̂T̃T)U = U(T̃T) ∀U ∈ 0. (70)
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Consider the cases n ≥ 5. Any even basis element can be represented as the product of an odd number of elements of
the subspace 0. For instance, we can get the element e12 by the multiplication of e1235, e1245, e1234. Therefore, using
Lemma 5, we obtain

̂
(̂̃TT)U = U(̂̃TT), (̂T̃T)U = U(T̃T) ∀U ∈ (0).

Using Lemma 4, we get

̂̃TT, T̃T ∈
{ (0 ⊕ n)× if n is even,

0× if n is odd.
(71)

Since ̂̃TT ∈ 03×, T̃T ∈ 01× (35), in the cases n = 1, 2, 3 mod 4, it follows from (71) that ̂̃TT ∈ 0×, T̃T ∈ 0×;
therefore, T ∈ A± ∩ B± = Q± (Lemma 7). In the case n = 0 mod 4, it follows from (71) that T ∈ A′ ∩ B′ = Q′ (62).
Consider the case n = 4. Substituting U = e ∈ 0 into Equation (70), we get ̂̃TT ∈ (0)× = 024×, T̃T ∈ 024×. Since
̂̃TT ∈ 03×, T̃T ∈ 01× (35), we obtain (71) again and T ∈ A′ ∩B′ = Q′. In the cases n ≤ 3, we have Γ̌0 = Γ̌0 = P± = Q±

by Lemmas 1 and 7.

Remark 1. Using Theorem 4 from this paper and Theorem 6.3 from Shirokov,9 we get

Γk ⊆ P n ≥ 4, Γ̌k ⊆ P± n ≥ 3, k = 0, 1, 2, 3, (72)

since Q ⊆ P, Q± ⊆ P± in the case of arbitrary n ≥ 1 (Lemma 6.1 from Shirokov9 and Lemma 7), Q′ ⊆ P± in the
case n = 0 mod 4 (Lemma 8). Using (72), we give the equivalent definitions of the groups Γk and Γ̌k, k = 0, 1, 2, 3,
respectively:

Γk ∶= {T ∈ Z×((0)× ∪ (1)×) ∶ TkT−1 ⊆ k}, k = 0, 1, 2, 3, n ≠ 2, 3; (73)

Γ̌k ∶= {T ∈ (0)× ∪ (1)× ∶ TkT−1 ⊆ k}, k = 0, 1, 2, 3, n ≥ 3. (74)

Note that if n = 2, 3, then the definition (73) is true for k = 1, 2; if n = 1, 2, then the definition (74) is true for
k = 0, 1. Using the definitions (73) and (74), we conclude that the groups Γk and Γ̌k are related in the following way:

Γk = Z×Γ̌k, k = 0, 1, 2, 3, n ≥ 4. (75)

It follows from (75) that in the cases of n ≥ 4

Q± = Γ̌0 = Γ̌1 = Γ̌2 = Γ̌3 ⊂ Γ0 = Γ1 = Γ2 = Γ3 = Q = Q′ ⊂ ×, n = 1, 3 mod 4; (76)

Q± = Γ̌0 = Γ̌1 = Γ̌2 = Γ̌3 = Γ0 = Γ1 = Γ2 = Γ3 = Q = Q′ ⊂ ×, n = 2 mod 4; (77)

Q± = Γ̌1 = Γ̌3 = Γ1 = Γ3 = Q ⊆ Q′ = Γ̌0 = Γ̌2 = Γ0 = Γ2 ⊂ ×, n = 0 mod 4. (78)

In the exceptional cases, we have

Q± = Γ̌0 = Γ̌1 ⊂ Γ0 = Γ1 = Γ2 = Γ3 = Γ̌2 = Γ̌3 = Q = Q′ = ×, n = 1; (79)

Q± = Γ̌0 = Γ̌1 = Γ1 = Γ2 = Q = Q′ ⊂ Γ̌2 = Γ0 = Γ3 = Γ̌3 = ×, n = 2; (80)

Q± = Γ̌0 = Γ̌1 = Γ̌2 = Γ̌3 ⊂ Γ1 = Γ2 = Q = Q′ ⊂ Γ0 = Γ3 = ×, n = 3. (81)
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6 THE GROUPS Γ̌k

Let us use the following notation for the groups preserving the subspaces of fixed grades or their direct sums under the
adjoint representation:

Γk ∶= {T ∈ × ∶ TkT−1 ⊆ k}, k = 0, 1, … ,n;
Γkl ∶= {T ∈ × ∶ TklT−1 ⊆ kl}, k, l = 0, 1, … ,n;

and the twisted adjoint representation:

Γ̌k ∶= {T ∈ × ∶ T̂kT−1 ⊆ k}, k = 0, 1, … ,n; (82)

Γ̌kl ∶= {T ∈ × ∶ T̂klT−1 ⊆ kl}, k, l = 0, 1, … ,n. (83)

Let us note that in Section 2, we have already considered the groups Γ0, Γn, Γ0n, Γ̌0, Γ̌n, Γ̌0n preserving the subspaces of
grades 0, n, and their direct sum under ad and ǎd. We have also shown their relation with P± and P (Lemmas 1 and 2).

Lemma 9. We have
Γ̌k ⊆ Q±, k = 1, 2, 3, … ,n − 1, n = 1, 2, 3 mod 4, (84)

Γ̌k ⊆ Q±, k = 1, 3, 5, … ,n − 1, n = 0 mod 4, (85)

Γ̌k ⊆ Q′, k = 2, 4, 6, … ,n − 2, n = 0 mod 4. (86)

Proof. Suppose T̂UkT−1 ∈ k for any Uk ∈ k with some fixed k. We obtain

T̂UkT−1 = ±(T̂UkT−1)̃ = T̃−1Uk
̂̃T, T̂UkT−1 = ±(T̂UkT−1)̂̃ = ̂̃T−1UkT̃, ∀Uk ∈ k (87)

using the properties of the reversion and the Clifford conjugation (2). We multiply both sides of the first equation
in (87) on the left by T̃ and on the right by T, both sides of the second equation in (87) on the left by ̂̃T and on the right
by T, and get

̂
(̂̃TT)Uk = Uk(̂̃TT), (̂T̃T)Uk = Uk(T̃T), ∀Uk ∈ k. (88)

If k is odd and k ≠ n, then any generator ea, a = 1, … ,n, can always be represented as the product of k elements
of grade k. For instance, we can get the generator e1 by the multiplication of e123, e124, e134 (k = 3); e12345, e12346, e12356,
e12456, e13456 (k = 5). Then, using Lemma 5, we obtain

̂
(̂̃TT)ea = ea(̂̃TT), (̂T̃T)ea = ea(T̃T), a = 1, … ,n;

therefore, ̂̃TT, T̃T ∈ ker(ǎd) = 0× (7) using Lemma 3. Thus, Γ̌k ⊆ A±, Γ̌k ⊆ B±. Using Lemma 7, we get Γ̌k ⊆

A± ∩ B± = Q±.
If k is even and k ≠ n, k ≠ 0, then we can always represent the identity element e as the product of an odd number

of grade-k elements. For example, we can get e by the multiplication of e12, e13, e23 (k = 2); e1234, e1235, e1245, e1345, e2345

(k = 4). Using Lemma 5, we conclude that Uk = e satisfies the equations in (88). Hence, T̃T ∈ (0)×, ̂̃TT ∈ (0)×, and

(̂̃TT)Uk = Uk(̂̃TT), (T̃T)Uk = Uk(T̃T), ∀Uk ∈ k.

We can always represent any basis element of grade 2 as the product of grade-k elements; therefore,

(̂̃TT)eab = eab(̂̃TT), (T̃T)eab = eab(T̃T), ∀a < b.

Using Lemma 4, we obtain ̂̃TT, T̃T ∈ (0 ⊕ n)×. Since ̂̃TT, T̃T ∈ (0)×, ̂̃TT ∈ 03×, and T̃T ∈ 01× (35), we have
̂̃TT, T̃T ∈ 0× if n = 1, 2, 3 mod 4, ̂̃TT, T̃T ∈ (0 ⊕ n)× if n = 0 mod 4. Thus, we have Γ̌k ⊆ A± ∩ B± = Q± in the
cases n = 1, 2, 3 mod 4 (Lemma 7), Γ̌k ⊆ A′ ∩ B′ = Q′ in the case n = 0 mod 4 (62).
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Remark 2. Note that
Γ̌k ⊄ Q±, k = 2, 4, 6, … ,n − 2, n = 0 mod 4.

Let us give the following example. Consider the element T = e + 2e1234 in the case n = 4. It is invertible because
(e + 2e1234)(e − 2e1234) = e − 4(e1234)2 ∈ 0×. We have T ∈ Γ̌2, since

T̂eabT−1 = TeabT−1 = eabTT−1 = eab ∈ 2, ∀a < b,

where we use that e1234 commutes with all even elements. We have

T̃T = (e + 2e1234)(e + 2e1234) = e + 4e1234 + 4(e1234)2 ∉ 0×;

thus, T ∉ Q±.

Lemma 10. We have
Γ̌k ⊆ P±, k = 1, … ,n − 1.

Proof. We have Q′ ⊆ P± in the case n = 0 mod 4 by Lemma 8, Q± ⊆ P± in the case of arbitrary n ≥ 1 by Lemma 7.
Using Lemma 9, we obtain Γ̌k ⊆ P± if k ≠ 0, k ≠ n.

Using the previous lemma for k = 1, … ,n − 1 and Lemma 1 for k = 0, we give the equivalent definition of the groups
Γ̌k:

Γ̌k ∶= {T ∈ (0)× ∪ (1)× ∶ TkT−1 ⊆ k}, k = 0, 1, … ,n − 1. (89)

Using the definition (89), we conclude that the groups Γk and Γ̌k, k = 1, … ,n − 1, are related in the following way:

Γk = Z×Γ̌k, k = 1, … ,n − 1. (90)

Note that
Γ̌k ⊆ Γk, k = 0, 1, … ,n − 1.

In particular, these groups coincide if n is even:

Γ̌k = Γk, k = 1, … ,n − 1, n is even. (91)

Note also that in the case k = 1, from the definition (89), it follows that the Lipschitz group definitions (103) and (19) are
equivalent.

We know that the Clifford group is a subgroup of the groups Γk, k = 0, 1, … ,n, preserving the subspaces of fixed grades
under the adjoint representation (see, for example, Theorem 2.2 from Shirokov9):

Γ ⊆ Γk, k = 0, 1, … ,n. (92)

In the next lemma, we prove the similar statement about the Lipschitz group and the groups Γ̌k.

Lemma 11. We have
Γ̌1 ⊆ Γ̌k, k = 0, 1, … ,n.

As a consequence,

Γ̌1 =
n⋂

k=0
Γ̌k = {T ∈ (0)× ∪ (1)× ∶ TkT−1 ⊆ k, k = 0, 1, … ,n}.

Proof. We have Γ̌1 ⊆ Γ ⊆ Γk, k = 0, 1, … n, by (11) and the definitions of the groups Γ̌1 (19) and Γ (16). Since Γ̌1 ⊆ P±

by Lemma 10, we get Γ̌1 ⊆ Γk ∩ P± = Γ̌k, k = 0, 1, … n.



18 FILIMOSHINA AND SHIROKOV

The Clifford group coincides with the group Q in the cases n ≤ 5 (this statement is proved in Theorem 7.3 from
Shirokov9):

Γ = Q, n ≤ 5; Γ ≠ Q, n = 6. (93)
In the next lemma, we prove that the Lipschitz group and the group Q± are related in a similar way.

Lemma 12. We have
Γ̌1 = Q±, n ≤ 5; Γ̌1 ≠ Q±, n = 6. (94)

Proof. We have Γ̌1 ⊆ Q± in the case of arbitrary n ≥ 1 by Lemma 9. Consider the cases n ≤ 5. Let us prove Q± ⊆ Γ̌1.
Since Q± ⊆ Q (112), we obtain Q± ⊆ Γ using (93). Since Q± ⊆ P± by Lemma 7, we obtain Q± ⊆ Γ ∩ P± = Γ̌1.

In the case n = p = 6, q = 0, consider the element

T = 1√
2
(e12 + e3456) ∈ (0)×.

We have
T̃T = 1

2
(−e12 + e3456)(e12 + e3456) = e,

T̂e1T−1 = 1
2
(e12 + e3456)e1(−e12 + e3456) = −e23456 ∉ 1,

that is, T ∈ Q±, T ∉ Γ̌1; thus, Γ̌1 ≠ Q±.

Lemma 13. We have
Γ̌k = Γ̌n−k, k = 1, … ,n − 1.

Proof. Let us prove that the condition TkT−1 ⊆ k is equivalent to Tn−kT−1 ⊆ n−k, k = 1, … ,n − 1. We can
multiply both sides of these equations by e1…n. In the case of odd n, we use e1…n ∈ Z×; in the case of even n, we use
that T ∈ (0)× ∪ (1)× (89) and e1…n commutes with all even elements and anticommutes with all odd elements. Also,
we apply the fact ke1…n = n−k.

Let us remark that we have the similar statement about the groups Γk from Shirokov9

Γk = Γn−k, k = 1, … ,n − 1.

7 THE CASES OF SMALL DIMENSIONS

Lemma 14. In the cases n ≤ 4, we have the following (two, two, three, and three, respectively) different groups :

Γ̌0 = Γ̌1 = P± = A± = Q± ⊂ Γ0 = Γ1 = Q = Q′ = ×, n = 1;
Γ̌0 = Γ̌1 = Γ1 = Γ2 = P± = A± = Q± = Q = Q′ ⊂ Γ̌2 = Γ0 = ×, n = 2;
Γ̌0 = Γ̌1 = Γ̌2 = Γ̌3 = Q± = P± ⊂ Γ1 = Γ2 = Q = Q′ ⊂ Γ0 = Γ3 = ×, n = 3;
Γ̌1 = Γ̌3 = Γ1 = Γ3 = Q± = Q ⊂ Γ̌0 = Γ̌2 = Γ2 = Γ4 = Q′ = P± ⊂ Γ0 = Γ̌4 = ×, n = 4.

Proof. We have Γ̌0 = P± in the case of arbitrary n ≥ 1 and Γ̌n = × in the case of even n by Lemma 1, Γ0 = × by (24).
We have Q± = P± if n ≤ 3 and Q± = A± if n = 1, 2 by Lemma 7. In the case n = 4, Q′ = P± by Lemma 8. The other
statements follow from (78)–(81) (see Remark 1).

Lemma 15. In the case n = 5, we have the following four different groups:

Γ̌1 = Γ̌2 = Γ̌3 = Γ̌4 = Q±, Γ1 = Γ2 = Γ3 = Γ4 = Q = Q′, (95)

Γ̌0 = Γ̌5 = P±, Γ0 = Γ5 = ×, (96)
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and
Q± ⊂ P± ⊂ ×, Q± ⊂ Q = Q′ ⊂ ×. (97)

Proof. We have Γ̌1 = Q± if n = 5 by Lemma 12. Since Γ̌1 ⊆ Γ̌k ⊆ Q± for some fixed k = 1, 2, 3, 4 (Lemmas 9 and 11),
we obtain Γ̌1 = Γ̌k = Q±, and the proof of the first four equalities in (95) is completed. We have the first two equalities
in (96) by Lemma 1. The last five equalities in (95) and the last two equalities in (96) are proved in the paper.9 The
four considered groups are different by (58), (53), (112), and (105).

Lemma 16. In the case n = 6, we have the following four different groups:

Γ0 = Γ̌6 = ×, Γ̌0 = Γ6 = P±, Γ1 = Γ5 = Γ̌1 = Γ̌5 = Γ±, (98)

Γ2 = Γ3 = Γ4 = Γ̌2 = Γ̌3 = Γ̌4 = Q = Q±, (99)
and

Γ± ⊂ Q± ⊂ P± ⊂ ×.

Proof. We have the first two different groups in (98) by Lemma 1 and the statement (24). We have Γ1 = Γ5 = Γ̌1 = Γ̌5,
Γ2 = Γ4 = Γ̌2 = Γ̌4 by Lemma 13, by the remark after it, and by (91). We obtain Γ3 = Γ3 = Q = Γ̌3 = Γ̌3 = Q± using
Theorem 6.3 from Shirokov,9 Theorem 4, and the statement (54).

Let us prove Γ̌2 = Q±. We have Γ̌2 ⊆ Q± by Lemma 9. We need to prove Q± ⊆ Γ̌2. Suppose T ∈ Q±. Since Q± = Γ̌2

by Theorem 4, we have T2T−1 ⊆ 2 = 2 ⊕ 6. Suppose that

TU2T−1 = V2 + 𝜆e1… 6, U2,V2 ∈ 2, 𝜆 ∈ F.

Then we get
𝜆e = (e1… 6)−1TU2T−1 − (e1… 6)−1V2 = ⟨(e1… 6)−1TU2T−1 − (e1… 6)−1V2⟩0

= ⟨(e1… 6)−1TU2T−1⟩0 = ±⟨e1… 6U2⟩0 = 0

using the property ⟨AB⟩0 = ⟨BA⟩0 of the projection ⟨ ⟩0 onto the subspace 0 and the fact that the element e1… 6
commutes with all even elements and anticommutes with all odd elements. Thus, T2T−1 ⊆ 2 and the proof is
completed. The four considered groups are different by Lemma 12 and Lemma 7.

Let us write down all of the groups considered in Shirokov9 and in this paper in the cases of small dimensions n ≤ 6.
If n = 1, then we have the following two different groups:

Γ0 = Γ0 = Γ1 = Γ1 = Γ01 = Γ01 = Γ̌01 = Γ̌01 = Γ03 = Γ12 = Γ(0) = Γ(1) = Γ = P = A = B = B± = Q = Q′ = ×,

Γ̌0 = Γ̌0 = Γ̌1 = Γ̌1 = Γ̌03 = Γ̌12 = Γ̌(0) = Γ̌(1) = Γ± = P± = A± = Q±.

If n = 2, then we have the following two different groups:

Γ0 = Γ0 = Γ̌2 = Γ̌2 = Γ3 = Γ̌3 = Γ̌01 = Γ̌23 = Γ03 = Γ12 = B± = B = ×,

Γ̌0 = Γ̌0 = Γ̌1 = Γ̌1 = Γ1 = Γ1 = Γ2 = Γ2 = Γ̌02 = Γ02 = Γ̌12 = Γ̌03 = Γ23 = Γ01

= Γ̌(0) = Γ̌(1) = Γ(0) = Γ(1) = Γ± = Γ = P± = P = A± = A = Q± = Q = Q′.

If n = 3, then we have the following four different groups:

Γ0 = Γ0 = Γ3 = Γ3 = Γ03 = Γ03 = Γ12 = B = ×,

Γ̌0 = Γ̌0 = Γ̌1 = Γ̌1 = Γ̌2 = Γ̌2 = Γ̌3 = Γ̌3 = Γ̌(0) = Γ̌(1) = Γ± = P± = Q±,

Γ̌01 = Γ̌23 = B±,

Γ1 = Γ1 = Γ2 = Γ2 = Γ̌03 = Γ23 = Γ01 = Γ̌03 = Γ̌12 = Γ(0) = Γ(1) = Γ = Q = Q′ = P = A = A± = Z×0×.
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If n = 4, then we have the following five different groups:

Γ̌4 = Γ0 = ×,

Γ̌0 = Γ̌0 = Γ0 = Γ4 = Γ̌2 = Γ̌2 = Γ2 = Γ2 = Γ̌04 = Γ04 = Γ̌(0) = Γ̌(1) = Γ(0) = Γ(1) = P± = P = Q′,

Γ̌1 = Γ̌1 = Γ1 = Γ1 = Γ̌3 = Γ̌3 = Γ3 = Γ3 = Γ± = Γ = Q± = Q,

Γ̌03 = Γ̌12 = Γ01 = Γ23 = A± = A,

Γ̌01 = Γ̌23 = Γ03 = Γ12 = B± = B.

If n = 5, then we have the following eight different groups:

Γ0 = Γ5 = Γ05 = ×,

Γ̌0 = Γ̌5 = Γ̌(0) = Γ̌(1) = P±,

Γ̌05 = Γ(0) = Γ(1) = P = Z×(0)×,

Γ̌0 = Γ̌1 = Γ̌1 = Γ̌2 = Γ̌2 = Γ̌3 = Γ̌3 = Γ̌4 = Γ± = Q±,

Γ0 = Γ4 = Γ1 = Γ1 = Γ2 = Γ2 = Γ3 = Γ3 = Γ = Q = Q′,

Γ̌03 = Γ̌12 = A±,

Γ23 = Γ01 = A,

Γ̌01 = Γ̌23 = Γ03 = Γ12 = B± = B.

If n = 6, then we have the following six different groups:

Γ̌6 = Γ0 = ×,

Γ̌0 = Γ6 = Γ̌06 = Γ06 = Γ̌(0) = Γ̌(1) = Γ(0) = Γ(1) = P± = P,
Γ̌1 = Γ̌5 = Γ1 = Γ5 = Γ± = Γ,

Γ̌0 = Γ̌4 = Γ0 = Γ4 = Γ̌1 = Γ1 = Γ̌2 = Γ̌2 = Γ2 = Γ2 = Γ̌3 = Γ̌3 = Γ3 = Γ3 = Q± = Q = Q′,

Γ̌03 = Γ̌12 = Γ01 = Γ23 = A± = A,

Γ̌01 = Γ̌23 = Γ03 = Γ12 = B± = B.

8 THE GENERALIZED SPIN GROUPS

Let us consider the well-known Lipschitz group

Γ± = {T ∈ × ∶ T̂1T−1 ⊆ 1} (100)

= {T ∈ (0)× ∪ (1)× ∶ T1T−1 ⊆ 1} (101)

= {v1 … vm ∶ m ≤ n, v𝑗 ∈ 1×}. (102)

We have the following well-known even subgroup of Γ±:

Γ+ = {T ∈ (0)× ∶ T1T−1 ⊆ 1} (103)

= {v1 … v2m ∶ 2m ≤ n, v𝑗 ∈ 1×}. (104)
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The symbol + in the notation of the group Γ+ means that this group consists only of even elements. In the same way, we
can consider the even subgroup of the group P± = (0)× ∪ (1)×:

P+ = (0)× ⊂ P±. (105)

Let us consider the following subgroups of the groups

A± = {T ∈ × ∶ T̃T ∈ 0×}, B± = {T ∈ × ∶ ̂̃TT ∈ 0×}, (106)

respectively,
A+ = {T ∈ × ∶ T̃T > 0} ⊂ A±, B+ = {T ∈ × ∶ ̂̃TT > 0} ⊂ B±. (107)

The symbol + in the notation of these two groups means that these groups consist only of elements with positive values
of the corresponding norm functions T̃T and ̂̃TT.

We also introduce the following subgroups of the group

Q± = {T ∈ (0)× ∪ (1)× ∶ T̃T ∈ 0×} (108)

(compare with the notation for spin groups in Benn and Tucker3):

Q±
+A = {T ∈ (0)× ∪ (1)× ∶ T̃T > 0} ⊂ A+, (109)

Q±
+B = {T ∈ (0)× ∪ (1)× ∶ ̂̃TT > 0} ⊂ B+, (110)

Q+
± = {T ∈ (0)× ∶ T̃T ∈ 0×} = {T ∈ (0)× ∶ ̂̃TT ∈ 0×} ⊂ P+, (111)

Q+
+ = {T ∈ (0)× ∶ T̃T > 0} = {T ∈ (0)× ∶ ̂̃TT > 0} ⊂ P+. (112)

The standard spin groups are defined as normalized subgroups of the Lipschitz group Γ± (103) and its even subgroup
Γ+ (103):

Pin = {T ∈ Γ± ∶ T̃T = ±e} = {T ∈ Γ± ∶ ̂̃TT = ±e}, (113)

Pin+A = {T ∈ Γ± ∶ T̃T = +e}, (114)

Pin+B = {T ∈ Γ± ∶ ̂̃TT = +e}, (115)

Spin = {T ∈ Γ+ ∶ T̃T = ±e} = {T ∈ Γ+ ∶ ̂̃TT = ±e}, (116)

Spin+ = {T ∈ Γ+ ∶ T̃T = +e} = {T ∈ Γ+ ∶ ̂̃TT = +e}. (117)

In the real case F = R, the spin groups (113)–(117) are two-sheeted coverings of the corresponding orthogonal group
O(p, q), orthochorous (or parity preserving) group O+A(p, q), orthochronous group O+B(p, q), special (or proper) orthogo-
nal group SO(p, q), and special orthochronous group SO+(p, q), respectively, under the twisted adjoint action ǎd. Namely,
for any matrix P = (pb

a) ∈ O(p, q), there exist exactly two elements ±T ∈ Pin(p, q) in the corresponding spin group that
are related in the following way (and similarly for the other orthogonal groups and spin groups, respectively):

T̂eaT−1 = pb
aeb.

We can consider the following normalized subgroups of the groups A± and B± (106):

PinA = {T ∈ × ∶ T̃T = ±e} ⊂ A±, (118)

PinB = {T ∈ × ∶ ̂̃TT = ±e} ⊂ B±, (119)



22 FILIMOSHINA AND SHIROKOV

PinA
+ = {T ∈ × ∶ T̃T = +e} ⊂ A+, (120)

PinB
+ = {T ∈ × ∶ ̂̃TT = +e} ⊂ B+. (121)

The groups PinA
+ and PinB

+ are considered in previous works,16–18 where they are denoted by G23 and G12 in the real case
F = R and G23i23 and G12i12 in the complex case F = C, respectively. In these three papers, isomorphisms between PinA

+,
PinB

+, and classical matrix Lie groups are proved in the case of arbitrary dimension and signature.
We can also consider the following normalized subgroups of the group Q± (108) and its subgroups (109)–(112):

PinQ = {T ∈ (0)× ∪ (1)× ∶ T̃T = ±e} = {T ∈ (0)× ∪ (1)× ∶ ̂̃TT = ±e} ⊂ Q±, (122)

PinQ
+A = {T ∈ (0)× ∪ (1)× ∶ T̃T = +e} ⊂ Q±

+A, (123)

PinQ
+B = {T ∈ (0)× ∪ (1)× ∶ ̂̃TT = +e} ⊂ Q±

+B, (124)

SpinQ = {T ∈ (0)× ∶ T̃T = ±e} = {T ∈ (0)× ∶ ̂̃TT = ±e} ⊂ Q+
±, (125)

SpinQ
+ = {T ∈ (0)× ∶ T̃T = +e} = {T ∈ (0)× ∶ ̂̃TT = +e} ⊂ Q+

+. (126)

We call the groups (122)–(126) generalized spin groups. The group SpinQ
+ is also considered in previous studies,16–18 where

it is denoted by G2 in the real case F = R and G2i2 in the complex case F = C. In these three papers, isomorphisms
between SpinQ

+ and classical matrix Lie groups are proved in the case of arbitrary dimension and signature.
Note that the generalized spin groups (122)–(126) coincide with the corresponding spin groups (113)–(117) in the cases

of small dimensions n ≤ 5. In the cases n ≥ 6, spin groups are subgroups of the corresponding generalized spin groups.
Some of the considered groups are related to automorphism groups of the scalar products on the spinor spaces.3,4,19 The
relation between the generalized spin groups and the orthogonal groups (or their generalizations) in the cases n ≥ 6
requires further research.

9 THE CORRESPONDING LIE ALGEBRAS

The group × of all invertible elements of the geometric algebra  can be considered as a Lie group. The corresponding
Lie algebra is the geometric algebra  with respect to the operation of commutator [U,V] = UV − VU for U,V ∈ . We
have dim× = 2n.

It is well known (see, e.g., previous works3,4,13,20) that the Lie algebra of the Lipschitz group Γ̌1 is

�̌� ∶= 0 ⊕ 2 (127)

of dimension

dim �̌� = dim Γ̌1 = 1 + n(n − 1)
2

. (128)

Moreover, it is well known (see, e.g., previous studies3,4,13,21) that the Lie algebra of the spin groups Pin, Pin+A, Pin+B,
Spin, Spin+, which are the subgroups of Γ̌1, is

𝔰 ∶= 2, dim 𝔰 = n(n − 1)
2

. (129)

Let us write down in Table 1 the Lie groups considered in this paper and the corresponding Lie algebras with their dimen-
sions. For the reader's convenience, we write down in this table the mentioned well-known facts (127)–(129). The second
column of the table is empty for the Lie groups that have the same Lie algebra for any natural n ≥ 1.
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TABLE 1 The Lie groups and the corresponding Lie algebras

Lie group n Lie algebra Dimension
×  2n

P± = Γ̌(0) = Γ̌(1) (0) 2n−1

Γ̌0n 0 mod 2
Γ̌0n 1 mod 2 (0)n 1 + 2n−1

A± = Γ̌12 = Γ̌03, A+ 023 1 + 2n−1 − 2
n
2
−1

(
sin

(
𝜋n
4

)
+ cos

(
𝜋n
4

))
B± = Γ̌01 = Γ̌23, B+ 012 1 + 2n−1 + 2

n
2
−1

(
sin

(
𝜋n
4

)
− cos

(
𝜋n
4

))
Q±, Q+

±, Q±
+A, Q±

+B, Q+
+

a 02 1 + 2n−2 − 2
n
2
−1 cos

(
𝜋n
4

)
Q′ 2 mod 4
Q′ 0, 1, 3 mod 4 02n 2 + 2n−2 − 2

n
2
−1 cos

(
𝜋n
4

)
A′ 0, 1 mod 4 023n 2 + 2n−1 − 2

n
2
−1

(
sin

(
𝜋n
4

)
+ cos

(
𝜋n
4

))
2, 3 mod 4 023 1 + 2n−1 − 2

n
2
−1

(
sin

(
𝜋n
4

)
+ cos

(
𝜋n
4

))
B′ 0, 3 mod 4 012n 2 + 2n−1 + 2

n
2
−1

(
sin

(
𝜋n
4

)
− cos

(
𝜋n
4

))
1, 2 mod 4 012 1 + 2n−1 + 2

n
2
−1

(
sin

(
𝜋n
4

)
− cos

(
𝜋n
4

))
Γ̌1, Γ+ 02 1 + n(n−1)

2
Pin, Pin+A, Pin+B, Spin, Spin+ 2 n(n−1)

2

PinQ, PinQ
+A, PinQ

+B, SpinQ, SpinQ
+ 2 2n−1 − 2

n
2
−1

(
sin

(
𝜋n
4

)
+ cos

(
𝜋n
4

))
PinA, PinA

+ 23 2n−1 − 2
n
2
−1

(
sin

(
𝜋n
4

)
+ cos

(
𝜋n
4

))
PinB, PinB

+ 12 2n−1 + 2
n
2
−1

(
sin

(
𝜋n
4

)
− cos

(
𝜋n
4

))
aNote that in the cases n ≥ 3, we have Q± = Γ̌0 = Γ̌1 = Γ̌2 = Γ̌3 if n = 1, 2, 3 mod 4 and Q′ = Γ̌0 = Γ̌2, Q± = Γ̌1 = Γ̌3 if
n = 0 mod 4 (see Theorem 4). In the cases n = 1, 2, we have Q± = Γ̌0 = Γ̌1 and Γ̌2 = Γ̌3 = × (see Remark 1).

Theorem 5. Let us denote the Lie algebras of the Lie groups P±, A±, B±, Q±, Q′, A′, and B′ by

𝔭± ∶= (0), 𝔞± ∶= 023, 𝔟± ∶= 012, 𝔮± ∶= 02,

𝔮′ ∶=
{

02n, n = 0, 1, 3 mod 4,
02, n = 2 mod 4,

𝔞′ ∶=
{

023n, n = 0, 1 mod 4,
023, n = 2, 3 mod 4,

𝔟′ ∶=
{

012n, n = 0, 3 mod 4,
012, n = 1, 2 mod 4,

respectively. We use the following notation:

𝔰Q ∶= 2, 𝔰A ∶= 23, 𝔰B ∶= 12

for the Lie algebras of the five Lie groups PinQ,PinQ
+A,PinQ

+B, SpinQ, SpinQ
+ ; the two Lie groups PinA,PinA

+ , and the two Lie
groups PinB,PinB

+ respectively.
The Lie algebras of the considered Lie groups are presented in Table 1 with corresponding dimensions. We have

�̌� ⊆ 𝔮± ⊆ 𝔭±, 𝔮± ⊆ 𝔞±, 𝔮± ⊂ 𝔟±, 𝔮± = 𝔞± ∩ 𝔭± = 𝔟± ∩ 𝔭± = 𝔞± ∩ 𝔟±; (130)

𝔮± = 𝔭± = 𝔞± ≠ 𝔟±, n = 1, 2; 𝔮± = 𝔭± ≠ 𝔞± ≠ 𝔟±, n = 3; (131)

𝔮± ≠ 𝔭±, n ≥ 4; (132)

�̌� = 𝔮±, n ≤ 5; �̌� ≠ 𝔮±, n = 6; (133)

𝔮± ⊆ 𝔮′ ⊆ 𝔭±, n = 0 mod 2; 𝔮± = 𝔮′, n = 2 mod 4; 𝔮′ = 𝔭±, n = 4; (134)
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𝔰 ⊆ 𝔰Q ⊆ 𝔰A ⊆ 𝔞± ⊆ 𝔞′, 𝔰 ⊆ 𝔰Q ⊆ 𝔰B ⊆ 𝔟± ⊆ 𝔟′; (135)

𝔰 = 𝔰Q, n ≤ 5. (136)

Note that the statements (130)–(134) for the Lie algebras are similar to the statements (84), (85),
(55), (56), (57), (58), (94), (63), and (64) for the corresponding Lie groups. Every relation between the Lie algebras in (135)
and (136) is similar to the relation (or the relations) between the corresponding Lie groups.

Proof. We use the well-known facts about the relation between an arbitrary group Lie and the corresponding Lie
algebra in order to prove these statements. We calculate the dimensions of the considered Lie algebras using (see, e.g.,
Shirokov18)

dim(0) = 2n−1, dimk =
(n

k

)
,

dim1 = 2n−2 + 2
n
2
−1 sin

(
𝜋n
4

)
, dim2 = 2n−2 − 2

n
2
−1 cos

(
𝜋n
4

)
, dim3 = 2n−2 − 2

n
2
−1 sin

(
𝜋n
4

)
,

where
(

n
k

)
= n!

k!(n−k)!
is the binomial coefficient. One can easily verify the statements (130)–(136) using the definitions

of the corresponding Lie algebras.

10 CONCLUSIONS

In this paper, we study the Lie groups preserving the various fixed subspaces under the twisted adjoint representation
in the case of the real and complex geometric algebras and give their several equivalent definitions. These groups are
interesting for consideration because the twisted adjoint representation is an important mathematical notion that is used
to describe the relation between the orthogonal groups and the corresponding spin groups. The Lie groups introduced
in this paper can be interpreted as generalizations of the spin groups and the Lipschitz groups. The Lipschitz group Γ̌1

and the standard spin groups Pin, Pin+A, Pin+B, Spin, and Spin+ are subgroups of the groups considered in Sections 2–7.
Moreover, the Lipschitz group Γ̌1 coincides with the group Q± in the case n ≤ 5, with the group P± in the case n ≤ 3, and
with some other groups, depending on n (see Section 7).

We consider the groups preserving the subspaces of fixed parity (Γ̌(0) = Γ̌(1) = P±; see Section 2), the subspaces of
fixed quaternion types (Γ̌m = Q± or Q′, m = 0, 1, 2, 3; see Section 5), the direct sum of the subspaces of fixed quaternion
types (Γ̌03 = Γ̌12 = A± and Γ̌01 = Γ̌23 = B±; see Sections 3 and 4), and the subspaces of fixed grades (Γ̌k, k = 0, 1 … n;
see Section 6) under the twisted adjoint representation. Also, we study the groups that leave invariant the direct sum of
the grade-0 and grade-n subspaces under the adjoint representation and the twisted adjoint representation (Γ0n = P±

or × and Γ̌0n = P, respectively; see Section 2). We study the Lie algebras of all these Lie groups and calculate their
dimensions (the Lie groups with the corresponding Lie algebras and dimensions are presented in Section 9 and Table 1).
Using the definitions of the introduced groups P±, Q±, A±, and B±, we conclude that many of the considered groups, which
leave invariant the fixed subspaces under the twisted adjoint representation, coincide in the cases of small dimension
(see Section 7). We define all the different groups preserving the subspaces of fixed grades under the twisted adjoint
representation in the case n ≤ 6 (and under the standard adjoint representation as well in the case n = 6 for the first
time). Moreover, we conclude that the groups preserving the fixed subspaces under the twisted adjoint representation are
related with the groups preserving the fixed subspaces under the standard adjoint representation, which were considered
in Shirokov.9 In the cases of small dimension (n ≤ 6), we study these relations in detail and write down all the different
groups that we have. The groups P, Q, and Γk, k = 1, … ,n − 1, (in the case of arbitrary n) and the groups Γm (in the case
n ≥ 4) coincide with the groups P±, Q±, Γ̌k, and Γ̌m, respectively, up to the multiplication by the invertible elements of
the center Z× (see (22), (53), (90), and (75)). The particular case Γ1 = Z×Γ̌1 of the statement (90) is well known, and it
describes the relation between the Clifford group Γ1 and the Lipschitz group Γ̌1.

This paper presents the groups PinQ, PinQ
+A, PinQ

+B, SpinQ, and SpinQ
+ , which we call the generalized spin groups (see

Section 8). Namely, the generalized spin groups are defined as normalized subgroups of Q± and its subgroups Q±
+A, Q±

+B,
Q+

±, and Q+
+. The generalized spin groups coincide with the corresponding standard spin groups in the cases of small

dimensions n ≤ 5. These groups can also be considered as subgroups of the groups PinA, PinB, PinA
+, and PinB

+, which
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are normalized subgroups of the groups A± and B±. We study the Lie algebras of all the introduced Lie groups. The rela-
tion between the generalized spin groups and the orthogonal groups (or their generalizations) in the cases n ≥ 6 requires
further research. Study of the corresponding Lie groups in degenerate geometric algebras p,q,r, which are widely used
in different applications, is another interesting problem for further research. Being the generalizations of the standard
Lipschitz and spin groups, the groups introduced in this paper may be useful for various applications in physics,1,21–24

engineering,25–28 computer science26,27,29–31 (in particular, for neural networks32 and image processing33), and other
sciences.
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