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1 | INTRODUCTION

Let us consider the real geometric algebra'™ (or the Clifford algebra) G,q = C£pq = CZ(RP9),p+q = n > 1, or the
complex geometric algebra CZ(C"), n > 1. When considering both of these cases, we denote the corresponding algebra
by G.

We denote the identity element of the algebra G by e, the generators by e;, @ = 1, ... , n. In the case of the real geometric
algebra G, 4, the generators satisfy

eq.ep + epey = 21gpe, a,b=1,...,n, (D)

where n = (145) is the diagonal matrix with p times 1 and g times —1 on the diagonal. In the case of the complex geometric
algebra C#(C"), the generators satisfy the same conditions (1) but with the identity matrix = I, of size n. The other
basis elements of G are products of the generators ey, .4, :=¢q, ... €q,, a1 < ... < ai. Anarbitrary element (multivector)
U € G has the form

n
U=ue+ Zuaea + Z Ugp€ap + - -+ UL . n€1.. 0> U,Ug, ... ,U1..n € F.
a=1 a<b

We use IF to denote the field of real numbers R in the case G, 4 and the field of complex numbers C in the case C#(C").

The grade involute of the element U € G is denoted by U, and the reverse of U € G is denoted by U. The superposition of
the grade involution and the reversion is usually called Clifford conjugation. In this paper, we do not use a distinct notation
for the Clifford conjugation, denoting it by the combination of the symbols of the grade involution and the reversion 0.
We have the following well-known properties of these three operations

—
— — —

ov=0V, UV=vVO, UV=VU, VU Vec. )
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Consider the subspaces of fixed grades Gk, k=0, ... ,n, which elements are linear combinations of the basis elements

€q, ...a, With multi-indices of length k. Also consider the even G and the odd ') subspaces

1

¢ =(Ueq¢: U=(-DU)= @ q, k=0,1.

Jj=k mod 2

We call the elements of these subspaces even elements and odd elements, respectively. The product of the elements of the
same parity is even, and the product of the elements of different parities is odd, that is,

g(k)g(l) C g(k+l) mod 2’ k, 1= 0, 1. (3)

Also, we consider the four subspaces determined by the grade involution and the reversion (they are called the subspaces
of quaternion types 0, 1, 2, and 3°77)

&:{Ueg:iﬁ:@DhLU=o4fTU}= P ¢. k=0123 )

Jj=k mod 4

We use the upper multi-index instead of the direct sum symbol in order to denote the direct sum of different subspaces.
For example, GV := ¢V @ G? @ G*. We denote the center of the algebra G by

e if n iseven,
Z'_{QOEBQ” if n is odd. )

Consider the group of invertible elements of the algebra ¢
¢ :={Te¢g: 3T}

In this paper, the subset of invertible elements of any set is denoted with x.
Consider the twisted adjoint representation ad acting on the group G*

ad : G — AutC

as T — ady, where adr(U) = TUT! for any U € G. It differs from the ordinary adjoint representation by the operation
of grade involution. We use the following notation for the regular adjoint representation

ad : ¢ — Autg,

where T — adr and adr(U) = TUT ! for any U € G.

The twisted adjoint representation was introduced in a classic paper of three authors,® and it is an important mathe-
matical notion with respect to both algebra and geometry. When applying this representation to the vector v € G, it is
the reflection across the hyperplane orthogonal to the vector s € G¥!:

1 q@s%
q(s,s)

ad,(v) =Svs ' =v -2

where q(x, y) = %(xy + yx), X, y € G, is a symmetric bilinear form over G'. In our notation, we have g(e,, e,) = #q for the

matrix # (1). In the case of arbitrary dimension n and signature (p, q), the representation ad is a double covering of the
orthogonal groups O(p, q) by the corresponding spin groups Pin(p, q). Namely, for any matrix P = (p2) € O(p, q), there
exist exactly two elements +T € Pin(p, q) in the corresponding spin group that are related in the following way:

Te,T™' = pley.
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The following sets are the kernels of the considered representations (see, e.g., Benn and Tucker?):

ker(ad) = {T € ¢* : adp(U) = U YU} = Z*, (6)

ker(ad) = (T € ¢* : adr(U) = U YU} = G%, @)

where Z* is the set of invertible elements of the center (5) and ¢° is the set of invertible elements of grade 0.
In the previous paper of one of the authors,’ the Lie groups preserving the fixed subspaces were introduced and studied:

¢ k=01,...,n; ¢Y, j=01 ¢" ¢™ ms=0,1,2,3 8)

under the adjoint representation ad.

In the present paper, we consider the similar issue regarding the twisted adjoint representation ad, which is interesting
for studying spin groups, Lipschitz groups, and their generalizations. Namely, in this paper, we introduce and study the
Lie groups preserving the subspaces (8) under the twisted adjoint representation ad. We also introduce the generalized
spin groups based on the mentioned groups. We study the corresponding Lie algebras.

Note that the results of Shirokov® on inner automorphisms can be generalized to the case of graded central simple
algebras!® and graded central simple algebras with involution.! In the current paper, we do not discuss the relations with
these more general algebras because of the specificity of the twisted adjoint representation ad for geometric (Clifford)
algebras.

Let us introduce the following notation. We denote the groups of elements preserving the subspaces (8) under the
representation ad by (as in Shirokov®)

r“ k=01, ... ,n; r"Y’9, j=o0,1; ", ', ms=0,1,2,3, (9)

respectively. For example, we have I'© = {T € ¢* : TGO T~! C ¢9}. We denote with * the groups of elements preserving
the subspaces (8) under the twisted adjoint representation ad

I* k=01, ... ,n; 'Y, j=01; I I m,s=0,1,2,3, (10)

respectively. For example, we have = {Teg*: TClT! C QT}.

In Shirokov,’ there were also introduced the groups P, A, B, and Q. In the present paper, we consider the analogues of
these groups and denote them by P*, A,, B.., QF, respectively (the necessity of considering these groups is discussed in
the next sections of this paper):

P= ZX(Q(O)X U g(l)x)’ + _ Q(O)X U g(l)x CP, (11)
A={Teg: TT € 7¥}, A, ={Teg: TT € ¢} CA, (12)
B={Teg*: ?Tezx}, B, ={Teg": /N’ETGQOX}QB, (13)

Q={T ez ucV) : TT € 7*}, Qt={Tec™yc™™: TTe g™} cQ. (14)

The upper index + in (105) and (112) means that the corresponding groups consist only of even and odd elements. The
lower index =+ in (36) and (44) means that the corresponding groups consist only of elements with positive and negative

values of the corresponding norm functions TT and TT. This notation is convenient for considering generalized spin
groups (see Section 8).

Let us note that the two groups of the types (9) and (10), respectively, which are considered in this paper, are well known.
One of them is the group I'}, which is called the Clifford group and often denoted by I' in the literature. The elements of
this group preserve the subspace of grade 1 under the adjoint representation. The following are the equivalent definitions
of this group:

r:=I''={Teg¢*: TG'T'cd) (15)
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={T e 2% uc™) : TG'T' cG'} (16)
={Wv--v, . m<n, WeZ* v, €G> 17)

The group I is also well known and is often called the Lipschitz group. We have the following (well-known) equivalent
definitions of this group

r+:=M={Tec¢*: T¢'T'c¢g") (18)
={Tec™ugW*: T¢'T ! c ') 19)
={vi-vy: m<n, vjeglx}. (20)

Let us note that the equivalence of the first two definitions (103) and (19) of the Lipschitz group follows from the inclusion
I'' C P* and is the particular case of a more general statement about the equivalence of the two definitions (82) and (89)
of the groups I, k =0,1, ... ,n (see Lemma 10 and the notes after it). The equivalence of these two definitions to the
third one (104) is usually proved using the Cartan-Dieudonné theorem'?; we omit this fact in the present paper. Note
that the Lipschitz group is usually denoted by Fﬁq in the real case; see Benn and Tucker® (or just I', ; see Lounesto*). The
symbol + means that the elements of the Lipschitz group are either even or odd and cannot be the sum of both even and
odd elements; this corresponds to the definition (19).

The rest of the groups (10) and the groups P*, A,, B., Q* (105)-(112) can be interpreted as the generalizations of
the Lipschitz group 1!, as they preserve the other fixed subspaces of the algebra G, different from ¢!, under the twisted
adjoint representation ad. We study these groups in detail in Sections 2-7. We define generalized spin groups as normalized
subgroups of generalized Lipschitz groups and discuss them in Section 8. We study the corresponding Lie algebras in
Section 9. The results of Sections 2-9 are new. The conclusions follow in Section 10.

2 | THE GROUPS P+, 19, [, 1%, IO, AND 'V
Let us consider the group consisting of even and odd invertible elements
P* := g0y gx. (1)
The groups P and P* (105) are related in the following way:
P = ZXP*. (22)
In particular, the groups P and P* coincide if n is even
P* =P, n is even. (23)

In Section 6, we consider the groups I k=0,1,..,n preserving the subspaces of fixed grade k under the twisted
adjoint representation. Let us consider the two of these groups in this section:

[°:={Teg¢*: TST'C),
[":={Teg*: TG"T' C¢"}.

Lemma 1. We have

. .
0 _ Dt T _ * if n isodd,
F=p5 T —{gx if n is even.

Proof. Let us prove I'® C P*. Suppose TG°T~! C ¢°; then TT~! = ae, « € F*. Multiplying both sides of this equation
on the right by T, we obtain T = aT. Suppose T = Ty + T1, where Ty € ¢©, T, € ¢V. We get Ty — Ty = aTp + aTh;
thatis, Ty = aTy, —T; = aTy; therefore,a =1, Ty = 0ora = —1, Ty = 0. Thus, we have T € ¢O% y ¢V* = P=*, Let
us prove [ C P* in the case of odd n in a similar way. Suppose T € ™. Since ¢" C Z in the case of odd n, we get
Te: o T'=TT e, ,=ae n wherea € FX. Thus, TT-! = ae and we obtain T € P*.
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Let us prove P* C I¥ in the case of arbitrary natural n > 1. Suppose T € P*; then TT-! = +TT-! = +e € ¢°. Hence,
Tel foralln > 1.

Let us prove P* C I in the case of odd n. Suppose T € P*; then Te; T\ = +Te, T} =+e;  TT' =+e, .
Thus, T¢"T-! C ¢" if n is odd.

Let us prove I = ¢* in the case of even n. The left set is a subset of the right one. Let us prove G* C I". Suppose
T € G*. Since e; ., commutes with all even elements and anticommutes with all odd elements in the case of even n,
we have Te; , =e; ,T.Therefore, Te, ,T'=e; ,TT ' =e ,and T¢"T-! C G Thus, T € I™. O

In Shirokov,’ the groups I'® and I'™ preserving the subspaces of grades 0 and n, respectively, under the adjoint
representation are considered. Note that we have

¢* if n isodd,

=g, = { " (24)

* if n iseven.

Let us consider the groups preserving the direct sum of the subspaces of grades 0 and n under the adjoint representation
and the twisted adjoint representation respectively

' :={Teg*: T¢"T ' C ¢},
.= (T eg: T¢"T! cc™).

Lemma 2. We have

ron _ G* if n is odd, 25)
T {Teg<: TT' € "%} =P= if n is even,
["={({Teg¢*: TT ' e "} =P. (26)

Proof. Letus prove '™ = ¢¥ if n is odd. The left set is a subset of the right one. The statement ¢* C I'" follows from
C*=T0=1"(24).

Consider the case of even n. Let us prove I'”" = {T € ¢* : TT-! € ¢®}. Note that the condition TUT-! € ¢
with substituting U = e is true for any T € G*; therefore, it is enough to consider it with substituting U = e; __,. The
considered sets are equal because we get Te; . ,T~! = e; . n/TT ~1 € ¢ using that e; ., commutes with all even
elements and anticommutes with all odd elements. Let us prove P* C %", Suppose T € P%;then T € T, T € I'? (24).
Thus, T € I'”". Now let us prove {T € G* : TT-! € ¢} C P=. Suppose TT-! € ¢"; then T = WT, where
W € ¢, Suppose also T = T+ Ty, where Ty € ¢, T; € V. Then we have Ty—T; = W(Ty+T,), thatis, Ty = WT,,
—T: = WT;. Hence, (W — e)Ty = 0, (W + e)T; = 0. If at least one of the two elements W — e and W + e is invertible,
then we obtain either T, = 0 or T; = 0, and T € G©@* U GV*. Assume both W — e and W + e are noninvertible. For
W =ae+ fe;. n, a, p €, weobtain W +e = (a+1)e+ fe;. ,. Let us note that

(@ + e+ fer (@ +1e—fer n) = (a+1)e— e n)

Both W — e and W + e are noninvertible only if either a = 0, f = +1, (e;._ n)> =eora =0, f = +i, (e;._,)* = —e (in
the case F = C). Then we have W = +e;__, or W = +ie; __,; therefore,

T=WT=W(To+Ti)=WTo+WT; = ToW - W = TW,

and we get a contradiction, since Te Gand W #e.

Letus prove [ = {T € ¢~ : TT-! € ¢°*}. The condition TG°T-! C ¢ is equivalent to TT-1 € ¢ In the case
of odd n, the condition T¢"T! C ¢ is equivalent to TT-! € ¢ as well because e1..n € Z*. In the case of even n,
we have /Tel T '=e ,TT ! =e ,, sincee; ,commutes with all even elements and anticommutes with all
odd elements, so the condition T¢"T~! C ¢ holds automatically.

In the case of even n, the equality {T € ¢ : TT-! € ¢} = P follows from (25).
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Let us prove P C 17 in the case of odd n. We have P = ¢"*G©*, Suppose T = WU € P for some W € ¢,
U € ¢©O%; then we get

THT™! = HTT' = HWU)WU)™} = HWUU"'W' = HWW 1 e ¢ VH e ¢

using ¢°* = Z. Thus, T € 1"
Let us prove {T € G* : TT-! € ¢"*} C P in the case of odd n. Suppose TT-! = ae + fer_n, € G, where a,
p € F. Suppose also T = Ty + T;, where Ty € GO, T; € ¢V. Then T = Ty — Ty = (ae + fer . o)(To + T1); therefore,

To=aTy+ per.. nT1,—T1 = aTy + Pey ., To. (27)

If p =0, theneithera =1, Ty =0,and T € ¢9%ora = -1, Ty = 0,and T € ¢WX. If § # 0, then from the first
equality (27), it follows that T; = 1%"'(elu_n)‘lTo. Thus, T=Ty+ T, = T + 1_To’(elmn)‘lTo = (e + 1_70’(61 _“,,)‘1> To,
thatis, T € Z*GO* = zX(GO* y ¢>) = P, since the element e + 1_T“(el )~ lisinvertible. Assume e + 1_T"(el__,n)‘l
is noninvertible; then

_ 2
<€+ ! ; a(el.“n)_1> <€_ 1;(1(31‘..)’1)_1) =e— (1 ﬁza) ((elu.n)_l)z = 07

that is, f%(e; ..n)*> = (1 — @)*e and a # 1. Using this equality and multiplying the first equality (27) by fe; .., we get
(1—-a)fer. nTo = (1 — a)*Ty, that s, pe; . ,To = (1 — a)T;. Substituting this expression into the second equality (27),
we obtain —T; = aT; + (1 — @)T;. Thus, T; = 0. Using (27), we get T = 0 and a contradiction. O

We need Lemma 3 to prove Theorems 1-4 and Lemma 9.

Lemma 3. We have
(Xec¢: Xv=VX, VW eg'}=¢. (28)

Proof. The right set is a subset of the left one, since XV = VX for any X € ¢ and V € G. Let us prove that the
left set is a subset of the right one. Suppose V = e,, Va = 1, ... ,n; then )?ea = e,X. Let us represent X in the
form X = Ag + A; + e,By + e,B;, where Ay, B, € G, A;,B; € ¢V, and Ay, By, A1, B; do not contain e,. We have
(Ap+A1+e.By+eB1) e, = eq(Ag+A1+e,Bo+eyBr), thatis, Agea—Aiea—eqBoey+e Bie, = egAg+e,Ar1+(ey)?By+(ey)?Bs.
Since Age, = egAg, Are, = —ezA;, Boe, = e.By, Bie, = —e,B;, we obtain (e,)?By + (e,)?B; = 0, that is, (e;)?>By = 0 and
(e4)*B; = 0. Therefore, By = B, = 0; then X does not contain e,. Acting similarly to all generatorse;, a =1, ... ,n, we
get X € ¢°. O

We need the following lemma to prove Theorems 1 and 4. The statement (29) is proved in Shirokov,” and the
statement (30) is new. We give the proof of both statements for the reader's convenience.

Lemma 4. We have

Xeg: xXv=vX,Wec® =¢"dc" Vn (29)
. P — 0, _ J G°@®G"if n iseven,
(Xec: XVv=VX, VW eg }—{go i 1 is odd. (30)

Proof. Let us prove that the left set is a subset of the right one in (29). Suppose V = ey, Va < b; then Xeyp = egpX.
Consider the case a = 1, b = 2. Let us represent X in the form X = A + e;B + e,C + e, D, where the elements
A, B, C,D € Gcontain neither e; nor e,. We have (A+eB+e,C+epD)ery = ep(A+e1B+e,C+eppD). Since Aeqpy = epA,
D€12 = €12D, elBelz = —euelB, eZCeu = —elzezc, we obtain 2613612 + 2€2C612 = 0. Multlplylng both sides of this
equation on the right by (e;;)~!, we get e;B = —e,C. Since B and C contain neither e, nor e,, we obtain B = C = 0.
Acting similarly to all other a < b, we get X = ae + fle; . ,, where a, f € F.

Let us prove that the right set is a subset of the left one in (29). Suppose X € ¢° @ ¢". If n is odd, then we have
X €Z,50XV =VXforany V € ¢©.If niseven, then e; ., commutes with all even elements, and we similarly obtain
XV = VX forany V € ¢©.
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Let us prove that in (30), the left set is a subset of ¢° @ G" if n is even and ¢° if n is odd. Substituting V = e € ¢©
into XV = VX, we get X = X and X € ¢©. Therefore, we have XV = VX for any V € G©. Using (29), we obtain
X € ¢° @ ¢" in the case of arbitrary n. Since X € ¢, we have X € ¢* if nis odd, and X € ¢° @ ¢" if n is even.

Let us prove that in the case of even n, the set C° @ " is a subset of the left set in (30). Suppose X € ¢° @ ¢"* € ¢©.
Then we have XV = VX for any V € ¢, since e; ., commutes with all even elements and X=X.

Let us prove that in the case of odd n, the set G° is a subset of the left set in (30). Suppose X € ¢°. Since X =Xand
X € Z, we obtain XV = VX for any V € ¢©. O

Let us use the following notation for the groups preserving the even subspace and the odd subspace under the adjoint
representation:
r®:.=(reg*: T¢P1' cc®}, k=0,1;

and the twisted adjoint representation:
IO .=(reg*: T¢OT 1 cc®y}, k=0,1.

Theorem 1. The following groups coincide:
p* = O — T

Proof Let us prove P C 1@, p* € I'D. If T € ¢©%, then T=TecgO T € ¢gO. Similarly, if T € ¢V%, then
T=-TecW, T-! € ¢V, Therefore, in both cases, we have T¢OT-1 ¢ ¢O, T¢VT-1 c ¢V by (3).
Let us prove I'® C P*. Suppose T € G~ satisfies T¢OT-1 € ¢W; then we obtain

TUT! = -(TUT Y = -TOT-1 = TUT? VU e ¢V (31)

using the property of the grade involution (2). Multiplying both sides of Equation (31) on the left by T-1, on the right
by T, we get U = T-1TUT-1T, which is equivalent to

—

(T'DHUT ' Ty '=U VU eg®,;

therefore,
ad, +(U)=U VU e¢W. (32)
In particular, (32) is true for any generator U = ¢, € GV, a =1, ... ,n. Thus, T-1T € ker(ad) = G (7) by Lemma 3.
We multiply both sides of this equation on the left by T and on the right by T~! and obtain TT! € ¢°%; hence, T € I'°.
Since I'* = P* by Lemma 1, we have T € P*.
Let us prove I'© C P*. Suppose T € G~ satisfies TCOT-1 C ¢O; then we obtain

TUT™! = TUTYY = TOT-1 = TUTT VU € GO (33)

using the property of the grade involution (2). Multiplying both sides of Equation (33) on the left by T! and on the
right by T, we get T~ 17U = UT- 1T which is equivalent to

—

(T-IT)U = UT-IT) YU e ¢©.

In the case of odd n, we get T-1T e ¢° by Lemma 4; hence, T-'T € ¢°. Therefore, we obtain T € 0 = p* using
Lemma 1. In the case of even n, we get f—\lT =ae+ fe,. , € G° @ ¢, where a, f € F, using Lemma 4. We multiply
both sides of this equation on the left by T and on the right by T-! and obtain ?(ae + pe; )T™! = e Sincee;
commutes with all even elements and anticommutes with all odd elements if n is even, a TT~! + pe1 ., = e. Thus,
TT-1 € ¢" and T € I = P* (Lemma 2). O

The group P (105) is related in a similar way to the groups that preserve the even subspace and the odd subspace under
the adjoint representation:
P=r®=r",
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,n, considered further in this paper):

Let us note that the adjoint representation coincides up to a sign with the twisted adjoint representation when applying

it to any element T of the group P* (or of its subgroups Q*, Q/, I, k = 1,

adr(U) = +adr(U) VT € P, VU € G.

3 | THE GROUPS A,, I'2, AND ['®

Let us use the following notation for the groups preserving the subspaces of quaternion types or their direct sums under

the adjoint representation:
TG'T™' C G}, k=0,1,2,3;

TGHT' C ¥, k,1=0.1,2,3;

= {Teg:
FH:={TGQX:

and the twisted adjoint representation:

%= (Teg: T¢"T c k), k=0,1,2,3;

M= (Teg<: THT c iy, k1=0,1,2,3.
We need the following lemma in order to prove the main statements in Sections 3-6.
Lemma 5. Consider an arbitrary element X € G and an arbitrary fixed subset H of the set G® U ¢V, We have

XU =uUx vU e H => XUy ... Up) = (U ... U)X VU, ..., Up€eH

for any odd natural number m.

Proof. We prove this lemma by induction on odd m. For m = 1, there is nothing to prove. Assume we have

XU, ...Up)=(U; ... U)X VUi, ..., Uy €H

for some odd natural m. We obtain

XU=UX < XU=UX <« XU=0X « XU=UX VUeH

using the property of the grade involution (2). Then we get

XU ... UUn1Upiz) = Uy ... UDXUps1Upiz = (Us ... Upi1))XUpyz = (Us ... Upg2)X

for m + 2. This completes the proof of the lemma.

Let us remark that the similar statement

XU ... Up) =0 ... U)X VUy, ... .Uy, €H

XU=UXVUeH >

is true for any natural m and any subset H of the set G.
Let us consider the following two norm functions>#813-15

w(T) =TT, x(T):=TT, VTEG,

which are widely used in the theory of spin groups. It is shown® that

TTe¢, Trecg® VvTec.

(34)

(35)
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Let us consider the group
A, ={Teg*: TT € ¢°}. (36)

Note that the group A, coincides with the group A in the particular cases:

A, =A n=0,2,3 mod 4.

Let us note that, since A = P in the cases n < 3 (see Shirokov®), we have
PE=P=A,=A n=02  P:CcP=A,=A n=3. (37)

Also from the next theorem, it follows that

Theorem 2. The following groups coincide:

Proof. Letus prove A, C re. Suppose TT = JAe, 2 € F*. Then we have

—

TUTY = -TUT = —%/T\UAT‘l - -TuT! VUeg?

using the property of the Clifford conjugation (2). The Clifford conjugation changes the sign of the element TUT Y,
therefore, TUT-! € G forany U € G'2. Thus, T € I''2.
Let us prove A, C I3, We obtain

e~
~ —

TUTYH* =TUT = %/TU/IT‘I =Tur! VU e g%,

Since gle Clifford conjugation does not change the element ?’UT‘l, we have TUT-! € g@ forany U € 00_3; therefore,
T e, B B B
Let us prove I2 C A,. Suppose T € ¢* and TG2T~! C G'?; then

e~

TUuT! = -TUTY = T-UT VU e G2 (38)

Multiplying both sides of Equation (38) on the left by T, on the right by :F\—T we get TTUT-'T1 = U for anyU € G-,
which is equivalent to (T"T) U(T"T)‘1 =Uforany U € Qﬁ. Hence,

adz (U)=U VU € G2 (39)

In particular, (39) is true for all generators U = ¢, € QE, a=1,...,n Thus, TT €l ker(ad) = ¢ (7) by Lemma 3.
Let us prove I'® C A, in the cases n > 4. Suppose T € G* satisfies TC®T~! C ¢%; then

—

TUT = TUT Y =TUT VU e ®. (40)
We multiply both sides of Equation (40) on the left by T and on the right by T-1 and obtain
adz(U)=U VU € G®. (41)

Since n > 4, any generator can always be represented as the product of three elements of grade 3. For instance, we can
get the generator e, by the multiplication of e;3, €124, €234. Now, using Lemma 5, we obtain that any generator U = e,,
a=1, ...,n,satisfies (41). Thus, TT € ker(ad) = ¢ (7) by Lemma 3, and the proof is completed.
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Letusprove I3 C A, in the casesn < 3.In the cases n = 1,2, we have I3 = [0 = P* and we need to prove P* C A,.
Suppose T € P* = ¢O%uy gW*; hence, TT € ¢O% by (3). Since TT € ¢ (35), we obtain TT € Q(°>X me = ¢™ and
T € A,. Let us prove 9 C A, if n = 3. Suppose T € '3, Substituting U = e into the condition TUT! € ¢% for any
U € ¢%, we obtain

TT' =W e 7% (42)
We multiply both sides of Equation (42) on the left by T and on the right by TW=! and obtain TTW~! = TWTW -1,
which is equivalent to

—

TnHW =TT (43)
Since W1 € ¢% = 7% and T T e g°3X = 7* (35), the left part of (43) is in G¥. Since TT € GO (35), the right part
of (43) is in G'%. Therefore, TT € % n QOD( =C¢™and T € A,. O

In Shirokov,’ the group B = {T € ¢* : TT € Z*} (44) is considered. Let us remark that the group A. preserves the
direct sum of the subspaces of the same quaternion types under ad as the group B preserves under ad (Theorem 5.2 in
Shirokov®):

B=r"2=1%

4 | THE GROUPS B,, %, AND '

Let us consider the group
. ={Teg¢: TT e ¢*™}. (44)
Note that it follows from (44) and (35) that
B.=B n=0,1,2 mod 4,

and then from Shirokov,’ it follows that

Biszgx n=1,2. (45)

Lemma 6. We have
PE=A,#B, =0 n=12; (46)
P #£A,, P* #B,, Ay # By n23. (47)

Proof. Let us consider the cases n = 1,2. We have P* = A, by Theorem 2 and B, = G* by (45).
Let us prove P* # B, in the case of arbitrary n > 1. Consider the element

S=e+2e & cOug, S eg”.

We have
S = (e—2e1)(e+2e)=e—4e)* € G
thus, S € B,, S & P*.
Let us prove A, # P* and A, # B. in the cases n > 3. Consider the element

T=e+3ey3 & Q(O) U Q(l), T e QX.
We have
T = (e; — 3exs)(er + 3ex3) = (e1)” — 9(exs)” € G,
TT = (—e; — 3ex3)(e1 + 3e23) = —(e1)% — 9(e23)” — 6e1n3 & G
therefore, T € A,, T ¢ P*,and T ¢ B.. O

Theorem 3. The following groups coincide
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Proof. Let us prove B, C Ior, Suppose TT = Je, 4 € FX. We get

@UTY =T-10T = %?UAT—1 =TuT! vYUed”

using the property of the reversion (2). The reversion does not change the element TUT, so TUT! € ¢ for any
U € ¢". Thus, T € T
Let us prove B, C I3, We obtain

et 1

TUTYHY =T10T = —E/TUAT‘l = -TurT! VUed®

Since the reversign changes the sign of the element i‘iJT‘l, we_have TUT ! € Qﬁ forany U € Gﬁ. Thus, T € 123,
Let us prove I'%! C B,. Suppose T € G satisfies T¢°' T~! C ¢'; then

TUuT! = TUT Y = TIUT VU e L. (48)

Multiplying both sides of Equation (48) on the left by T and on the right by %\—T, we obtain TTUT-1T-L = U for any

Ue Qo_l, which is equivalent to the equation (’T"T)U(fTT)‘1 =Uforany U € Qﬁ; therefore,

ads ()=U VU€ ¢ (49)

In particular, (49) is true for any generator U = e, € Qﬁ, a=1,..,n Thus, TT € ker(ad) = G% (7) by Lemma 3,
and the proof is completed. . .
Let us prove I’ C B, in the cases n > 3. Suppose T € G satisfies TG3T-! C G?3; then

TUT! = —TUT™YY" = T-UT VU e ¢&. (50)
We multiply both sides of Equation (50) on the left by T and on the right by T and obtain
ads (U)=U VU€ G=. (51)

Since n > 3, any generator can always be represented as the product of two elements of grade 2 and one element of
grade 3. For example, we can get the generator e; by the multiplication of e;,, 13, 123. Using Lemma 5, we conclude

that any generator U = e, a = 1, ... , 1, satisfies (51). Hence, TT € ker(aH) = ¢ (7) by Lemma 3, and the proof is

completed. _
In the cases n < 2, we get I 23 C ¢* = B, using (45). O

In Shirokov,’ the group A = {T € G* : TT € Z*} (36) is considered. Let us remark that the group B.. preserves the
direct sum of the subspaces of the same quaternion types under ad as the group A preserves under ad (Theorem 4.2 in
Shirokov®):

A=T =13

5 | THE GROUPS Q* AND I*

Let us consider the group
= {Te¢™ugV: TT € ¢™). (52)

The groups Q* and Q (112) are related in the following way:

Q
T+

Q=2"Q*. (53)
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In particular, these groups coincide in the case of even n:
Q=0Q%, n is even.

Lemma 7. We have

In the particular cases,
Q*=P*=A.#B,=C, n=12

Q*=P*, Q*#B.,, Q*#A., n=3;

Q* # P*, n>4.

(54)

(55)

(56)
(57)
(58)

Proof. The first two equalities in (55) follow from the definitions of the groups A, (36), B, (44), Q* (112). Let us prove
A, N B, = Q*. Suppose that some element T € G* satisfies TT € GO, TT € G%. Then TT = aTT, where a« € F%;

therefore, we obtain TT~! € ¢°¢ and T € I'® = P* using Lemma 1. Thus, A, N B, = Q*.
In the cases n = 1, 2, we get Q* = P* = A, using Lemma 6 and the first equality in (55).
In the case n = 3, since P* C A, (37), we obtain Q* = P* by (55).

Let us prove Q* # P* if n > 4. Consider the element T = e+ 2e;534 € G, which is invertible because (e + 2e1234)(e —

2‘31234) =e— 4(81234)2 (S QOX. ‘We have
TT = (e + 2e1234)(e + 2€1234) = € + 4e1p34 + 4(e1234)° & C°%,

thatis, T€ P*, T ¢ A,,and T ¢ Q=*.

Let us consider the following groups introduced in Shirokov®:

A =(Tec: TT € (& CH*},
B ={Teg": TT € (" ® C"*}.

Note that the groups A’, B’ coincide with the groups A, B, in the particular cases by (35):
A=A, n=23mod4; B'=B,, n=1,2mod4.
Note also that in some cases, the groups A’, B’ coincide with the groups A (36), B (44):
A = A, B' =B, n=1,2,3 mod 4.
Let us consider the group Q' introduced in Shirokov®:
Q ={T€Z ¢ ucY): TT e (" ®¢)}.

We have (Lemma 6.2 in Shirokov®)
Q' =A'nB.

Lemma 8. We have

In the particular cases,

(59)

(60)

(61)

(62)

(63)

(64)
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Proof. The statements Q' C P* in the case of even n and Q* C Q’ in the case of arbitrary n > 1 follow from the
definitions of the groups Q' (112), P* (105), and Q* (112). Consider the case n = 4. For T € P* = 0%y g% we
have TT € ¢OX by (3); therefore, TT € ¢ 0 ¢O% = (¢° @ G*)*. Thus, P* C Q'. In the case n = 2 mod 4, we get
Q* = A nB, = A’'nB' = Q' using Lemma 7, (59), and (62). O

Theorem 4. In the cases n > 3, we have

Q*=I"=1"=1?=1" n=1,23mod4,

Qi:vT:V§¢Q/=VEIV6, n=0m0d4.

In the exceptional cases, we have

As a consequence,
v VE _ 3 VE >
etk k=0123 [ _ =1

Q*=iT={Teg¢ : T¢I c ¢, k=01.2.3}.

Proof. Let us prove Q* C I k=0,1,23. Suppose T € GO%y g% and TT = Ze, A € FX. For an arbitrary element
U e ¢ k=0,1,2,3, we get

Brrm-v~ _ 7T _ Lt aol _ ATl
(TUT™) _T1UET_ETUE/1T L=TUT™,
A —I\~ _ /\/_\_/\/\ —1
(TU T =TU T =TU T,

where we use the properties of the reversion and the grade involution (2). Using the definition of quaternion types (4),
we obtain ?UET‘l € ¢k for any U € ¢F. Thus, Q* C I*, k=0,1,2,3.

Let us prove Q' C 1°,Q' c1?ifn =0 mod 4. Suppose T € COXygW* and TT = W € (¢° @ ¢")*. For an arbitrary
element U; € Q%, we get

AU T Y =T0T = TW ' UWT1 = TU.T1 = TUT™', k=02,
AU T Y =TOT1=T0T,  k=0,1,23,

where we use that W commutes with all even elements. Using the definition of quaternion types (4), we obtain
TUT' € ¢*for k = 0,2. Thus, Q' C I, k = 0,2.
Let us prove I'T C Q*. Suppose T € I'; then Te,T' € G',a =1, ... ,n. We get

—_—

TeaT™' = (Te, T = T-le, T (65)

using the property of the reversion (2). Multiplying both sides of Equation (65) on the left by T and on the right by

T-1, we obtain

—

(TTe,(TT) ' =e, a=1,..,n;

therefore, avd%T(ea) =ez,a=1, ... ,n. Thus, TT € ker(ad) = G°% (7) by Lemma 3, and I'1c B... Also, we get

e~

Te, Tl = —(Te, TV = T1e, T (66)
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using the property of the Clifford conjugation (2). Multiplying both sides of Equation (66) on the left by T and on the
right by F‘T we obtain -
(TTe,TT) ' =e, a=1,..,n;

hence, an?T(ea) =e4,a =1, ...,n Thus, TT € ker(ad) = ¢ (7) by Lemma 3, and I C A,. Using Lemma 7, we
obtainI'! € A, N B, = Q=.

In the exceptlonal cases n = 1, 2, we have I3 = c* ¢ Q*. ~

Let us prove I* C Q+ if n > 3. In the case n = 3, we have I = I'® = P* = Q* by Lemmas 1 and 7. Consider the
cases n > 4. Suppose T Q3 Tl C g3 then

TUT! = —TUT™YY = T-IUT VYU €. 67)

Multiplying both sides of Equation (67) on the left by T and on the right by T, we obtain

—

TTU =UdT) VUed. (68)

Since n > 4, any generator e,, a = 1, ... , n, can always be represented as the product of three elements of grade 3.
For example, we can get the generator e; by the multiplication of e;,3, 124, €134. Using Lemma 5, we conclude that all
generators satisfy (68) and avd%T(ea) =eg,a =1, ...,n Therefore, TT € ker(ad) = ¢ (7) by Lemma 3, and I3 ¢ B..
Also, we have A

TUuT?! = TUTYH = T-IUT VU €&,
and anTT(U) = Uforany U € Qg. Thus, 7T € ker(ad) = ¢ (7) by Lemma 3, and I C A.. Using Lemma 7, we
obtain I C A, N B, = Q*.

In the exceptional case n = 1, we have 12 = G* ¢ Q*. In the case n = 2, we have 12 = =G0* ¢ Q* by Lemma 1.

Letusprove 12 C Q*ifn=1,2,3mod 4,n > 3,and 12 C Q' ifn =0 mod 4, n > 4. Suppose TGT-! C % then we
obtain R B

TUT! = -TUT™YY = T-IUT VU € ¢? (69)
using the property of the reversion (2). Multiplying both sides of Equation (69) on the left by T and on the rightby T,
we get

—

(THU = U(TT) VU € G2
Since n > 3, any even basis element can be represented as the product of an odd number of grade-2 elements. For
example, we can get the element e by the multiplication of e;,, e;3, e,3; the element e;,34 by the multiplication of e,
e13, €14. Using Lemma 5, we obtain

(TT)U = U(TT) VU € ¢O.
We get TTe @ ¢ ifnisevenand TT € ¢ if n is odd using Lemma 4. Also, we have

TUT = —TUTH = TUT YU e

therefore, (TT)U = U(TT) for any U € gf; hence, (TT)U = U(TT) for any U € ¢©. Using Lemma 4, we get TT €
G dghH¥ifn is even and TT € % if n is odd. Since TT € "%, TT € Q°_3X (35), in the cases n = 1,2, 3 mod 4, we

have TT € ¢, TT € ¢™,s0T € A, NB, = Q* by Lemma 7. In the case n = 0 mod 4, we have T € A’nB’ = Q' (62).
Let us prove I C Q* in the cases n = 1,2,3 mod 4 and I'* C Q' in the case n = 0 mod 4. Suppose T¢°T~! C ¢;
then we obtain

TurT = TUTYH” =TWUT, TUuT'=AUTH =TUT VwUed

using the properties of the reversion and the Clifford conjugation (2). Hence,

—
~

@nU =UdT. dnU=UTT) VUed. (70)



FILIMOSHINA AND SHIROKOV WI L EY 15

Consider the cases n > 5. Any even basis element can be represented as the product of an odd number of elements of
the subspace G°. For instance, we can get the element e;, by the multiplication of ej3s, €124s, €1234. Therefore, using
Lemma 5, we obtain

—

anU =vu@n. dDU=UTT) VU e O

Using Lemma 4, we get
(G ® ¢V if n is even,

71
G if n isodd. 71

TT,TT € {

Since %T € ¢ TT e ¢ (35), in the cases n = 1,2, 3 mod 4, it follows from (71) that %T € ¢™, TT e ¢
therefore, T € A, N B, = Q* (Lemma 7). In the case n = 0 mod 4, it follows from (71) that T € A’ n B’ = Q’ (62).
Consider the case n = 4. Substituting U = e € ¢ into Equation (70), we get %T € ¢Ox = ¢02x TT e 2% Since
Tr € 6", TT € ¢"% (35), we obtain (71) againand T € A’ nB’ = Q’. In the cases n < 3, we have [0 = I'0 = P* = Q*
by Lemmas 1 and 7. O

Remark 1. Using Theorem 4 from this paper and Theorem 6.3 from Shirokov,” we get
"cP n24, I¥CP* n>3  k=0,1,23, (72)

since Q C P, Q* C P= in the case of arbitrary n > 1 (Lemma 6.1 from Shirokov® and Lemma 7), Q' C P*in the

case n = 0 mod 4 (Lemma 8). Using (72), we give the equivalent definitions of the groups I'* and lV"E, k=0,1,2,3,
respectively:

¥ = (TeZXCO*uc™) : TGT ' C ¥}, k=0,1,2,3, n#23; (73)

= (Teg™ugV*: T¢T' ¥}, k=0,1,2,3, n>3. (74)

Note that if n = 2, 3, then the definition (73) is true for k = 1,2; if n = 1,2, then the definition (74) is true for
k = 0, 1. Using the definitions (73) and (74), we conclude that the groups I'* and I'* are related in the following way:

F=7<t%  k=0,1,2,3, n>4 (75)

It follows from (75) that in the cases of n > 4

Q=== =FcrP=r'=r’=r’=Q=Q c¢, n=13mod4 (76)
Q=== ==r=r"=r=r=Q=Q c¢, n=2mod4 (77)
Qi:VT:vi:l—‘_:r‘_ngQ,:\/a:VE:F_:F_CQX, n = 0 mod 4. (78)

QizvaszCF =" =I“=TI =v5=v§=Q=Q/=gX’ n:l’ (79)

Q=== =r2=Q=Q cl=r=r=%=¢, n=2 (80)

Q=== =Pcrl=r’=Q=Q cr=r’=¢%, n=3. (81)



16 Wl LEY FILIMOSHINA AND SHIROKOV
6 | THE GROUPS I*

Let us use the following notation for the groups preserving the subspaces of fixed grades or their direct sums under the
adjoint representation:

I*:={Teg¢*: TE"T7' C G}, k=0,1, ... ,n;

M:.=({Teg: TT ' c !, k1=0,1, ... ,n;
and the twisted adjoint representation:

I*:={Teg: T¢'T ' ccy, k=01, ... ,n; (82)

' .=(Teg¢: TiT'cc™y, k1=0,1,...,n. (83)

Let us note that in Section 2, we have already considered the groups I'°, I'*, 0", 1o [, jon preserving the subspaces of
grades 0, n, and their direct sum under ad and ad. We have also shown their relation with P* and P (Lemmas 1 and 2).

Lemma 9. We have

I'* c Q*, k=1,2,3,....,n-1, n=1,23mod 4, (84)
I'* c Q*, k=1,3,5 ....,n—1, n =0 mod 4, (85)
I*cq, k=24,6,..,n-2, n =0mod 4. (86)

Proof. Suppose TU,T-! € Gk for any Uy € G with some fixed k. We obtain

—~
—

TUT = +PUTY = T U T, TuT = +@U TV =TUT, VYU, e (87)

using the properties of the reversion and the Clifford conjugation (2). We multiply both sides of the first equation

in (87) on the left by T and on the right by T, both sides of the second equation in (87) on the left by T and on the right
by T, and get

(TTU, = U(TT),  (TT)Ur = U(TT), VUi € ¢-. (88)
If k is odd and k # n, then any generator e;, a = 1, ... , n, can always be represented as the product of k elements
of grade k. For instance, we can get the generator e; by the multiplication of e;,3, €124, €134 (kK = 3); €12345, €12346, €123565
€12456, €13456 (k = 5). Then, using Lemma 5, we obtain

—

(TT)eg = e,(TT),  (TTeq = e(TT), a=1,....n;

therefore, TT, TT € ker(ad) = ¢° (7) using Lemma 3. Thus, I* C A,, I'* C B,. Using Lemma 7, we get I'* C
A;NnB. =Q*%

If k is even and k # n, k # 0, then we can always represent the identity element e as the product of an odd number
of grade-k elements. For example, we can get e by the multiplication of e;,, 13, €23 (k = 2); 1234, €1235, €1245, €1345 €2345

(k = 4). Using Lemma 5, we conclude that U, = e satisfies the equations in (88). Hence, TT € ¢O% TT € ¢O%, and
(%T)Uk = Uk(%T), (TTU, = U(TT), VU € G~
We can always represent any basis element of grade 2 as the product of grade-k elements; therefore,
(TTews = ean(TT),  (TT)ew = eay(FT).  Va <b.
[AJsing Lemma 4, we obtain %T, TTAE (C° ® ¢M*. Since %T, TT € ¢Ox%, /IN\"T € %, and TT € ¢ (35), we have

TT,TT € ¢™ ifn = 1,2,3mod 4, TT,TT € (¢° ® ") if n = 0 mod 4. Thus, we have I'* C A, N B, = Q% in the
cases n = 1,2,3 mod 4 (Lemma 7), I* C A’ n B’ = Q' in the case n = 0 mod 4 (62). O
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Remark 2. Note that
I ¢ Q*, k=246, ..,n—2, n =0 mod 4.

Let us give the following example. Consider the element T = e + 2e;,34 in the case n = 4. It is invertible because
(e + 2e1234)(e — 2e1234) = € — 4(61234)2 € QOX. Wehave T € I\L‘Z, since

TewT ™ = Texy T = ey TT ' =eqy € G2, Va < b,
where we use that e;;34 commutes with all even elements. We have
TT = (e + 2e1534)(e + 2€1234) = € + 41234 + 4(e1234)° & C%;

thus, T ¢ Q<.

Lemma 10. We have
I'* c p=, k=1,...,n—1.

Proof. We have Q' C P* in the case n = 0 mod 4 by Lemma 8, Q* C P* in the case of arbitrary n > 1 by Lemma 7.

Using Lemma 9, we obtain I'* C P*ifk # 0, k # n. 0
Using the previous lemma for k =1, ... ,n — 1 and Lemma 1 for k = 0, we give the equivalent definition of the groups
Ik
= (T e g ug®* . T¢kT! C ¢k}, k=0,1,...,n—1. (89)

Using the definition (89), we conclude that the groups “andI*, k=1, ... ,n—1, are related in the following way:
rc = z7x1*, k=1,...,n—1. (90)

Note that
I cr*, k=0,1, ... ,n—1.

In particular, these groups coincide if n is even:
I =r¥*, k=1, ...,n-1, n is even. 91)

Note also that in the case k = 1, from the definition (89), it follows that the Lipschitz group definitions (103) and (19) are
equivalent.

We know that the Clifford group is a subgroup of the groups I'¥, k = 0, 1, ... , n, preserving the subspaces of fixed grades
under the adjoint representation (see, for example, Theorem 2.2 from Shirokov®):

rcr, k=o,1, ... ,n (92)

In the next lemma, we prove the similar statement about the Lipschitz group and the groups I'*.

Lemma 11. We have
I cr¥, k=01, ...,n

Asa consequence,
n

I = ﬂf" ={TecPucV*: T¢'T ' Cc ¢ k=0,1, ... ,n}.
k=0

Proof. Wehavel? CT CTI¥,k=0,1, ... n,by(11) and the definitions of the groups I"* (19) and I' (16). Since I"! C P+
by Lemma 10, we get I CT* NPt =1% k=01, ... n. O
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The Clifford group coincides with the group Q in the cases n < 5 (this statement is proved in Theorem 7.3 from
Shirokov®):
'=Q, n<5 I'#Q, n=6. 93)

In the next lemma, we prove that the Lipschitz group and the group Q* are related in a similar way.
Lemma 12. We have

=Q% n<s; I'"+Q* n=6. (94)

Proof We have I'! C Q* in the case of arbitrary n > 1 by Lemma 9. Consider the cases n < 5. Let us prove Q* C I,
Since Q* C Q (112), we obtain Q* C I' using (93). Since Q* C P* by Lemma 7, we obtain Q* CI'nP* =1,
In the case n = p = 6, q = 0, consider the element

1
T = —(e12 + exs6) € GO*.
2

We have 1
TT = 5(—312 + e3456)(€12 + €3456) = e,
A 1
Te,T™' = 5 (€12 + esse)er(—erz + esase) = —€asas & g,
thatis, T € Q*, T ¢ I'; thus, I # Q. )

Lemma 13. We have
Ik =1n*k, k=1,..,n-1.

Proof. Let us prove that the condition TG*T~! C ¥ is equivalent to T¢"*T~! € ¢"* k = 1, ... ,n — 1. We can
multiply both sides of these equations by e; .. In the case of odd n, we use e; .., € Z*; in the case of even n, we use
that T € G9* u¢W* (89) and e; ., commutes with all even elements and anticommutes with all odd elements. Also,
we apply the fact ke, , = g" . O

Let us remark that we have the similar statement about the groups I'* from Shirokov®

rk =k k=1, ..,n-1.

7 | THE CASES OF SMALL DIMENSIONS

Lemma 14. In the cases n < 4, we have the following (two, two, three, and three, respectively) different groups :

P="=pP*=A,=Q*cI’=I"=Q=Q'=¢%, n=1
M= =r'=r?=prf=A,=Q0*=Q=Q cI?=1°=¢*, n=2;
P="=0r=r=Q*=pPrcl'=r’=Q=Q cr’'=r‘=¢%, n=3;

v >0

=T'==Q*=QcI"="=r’*=r'=Q=pPcl’=0"=¢%, n=4

Proof. We have I'" = P* in the case of arbitrary n > 1 and I = ¢¥ in the case of even n by Lemma 1, I = §* by (24).
We have Q* = P*ifn < 3and Q* = A, if n = 1,2 by Lemma 7. In the case n = 4, Q' = P* by Lemma 8. The other
statements follow from (78)—(81) (see Remark 1). O

Lemma 15. In the case n = 5, we have the following four different groups:

v ~.

MN=r=r==Q '=r*=r’=r‘=Q=q, (95)

[0=15=p* [0=05=¢X, (96)
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and

Q* Cc P* c g%, Q*cQ=0Q c¢g~. 97)

Proof. We have I'! = Q* if n = 5 by Lemma 12. Since I'! C I'* C Q= for some fixed k = 1,2, 3,4 (Lemmas 9 and 11),
we obtain I'! = I'* = Q*, and the proof of the first four equalities in (95) is completed. We have the first two equalities
in (96) by Lemma 1. The last five equalities in (95) and the last two equalities in (96) are proved in the paper.’ The
four considered groups are different by (58), (53), (112), and (105). O

Lemma 16. In the case n = 6, we have the following four different groups:

v

’=r1°=¢gx, I°=r1°=p*, M=r=r=10°=r* (98)

P==r*=r=r=r1=Q=0% (99)

and
I'* c Q* c Pt c g

Proof. 'We have the first two different groups in (98) by Lemma 1 and the statement (24). We have I'' =T = =15,
2 =T* =12 = I"* by Lemma 13, by the remark after it, and by (91). We obtain I = I = Q = I'® = I'* = Q* using
Theorem 6.3 from Shirokov,’ Theorem 4, and the statement (54). ~

Let us prove I'2 = Q*. We have I'2 C Q* by Lemma 9. We need to prove Q* C I'2. Suppose T € Q=. Since Q* = [ 2
by Theorem 4, we have TG?T~! C gZ G* @ ¢°. Suppose that

TU, T =V, + de; g, U,,V, € G2, reF.

Then we get
le=(e1. 6) 'TUT ' —(e1..6) ' Va=((e1..6) ' TU T = (e1..6) ' Va)o

=((e1..6) ' TULT ) = +(e1. U)o =0

using the property (AB), = (BA), of the projection ( ), onto the subspace ¢° and the fact that the element e;
commutes with all even elements and anticommutes with all odd elements. Thus, TG?T~! C ¢? and the proof is
completed. The four considered groups are different by Lemma 12 and Lemma 7. O

Let us write down all of the groups considered in Shirokov® and in this paper in the cases of small dimensions n < 6.

If n = 1, then we have the following two different groups:

1—*6 — FO — I‘*T — Fl — FOI — FOI — I!‘O_l — I“*Ol — F03 FlZ F(O) _ F(l) =T=P=A=B= B+ — Q Q gx

v ~ ~

Fozl—‘ozf :I\L‘lz 03 _ _Z_F(O)_F(l) Fi=P+:A i

If n = 2, then we have the following two different groups:

F0:F0:F3:F3=F03=F3_F12 B gX
2o =P o =0 PO = = pE = QF,

Flzl—\l:r :1—*2:]\‘*0321—*2321—*01:1\‘*03:VE:r(O):1—*(1):F:Q:Q/:P:A:Aizzxgox‘
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If n = 4, then we have the following five different groups:

f*4_r0_g)<
S L U
[T=fl=r'=r

If n = 5, then we have the following eight different groups:

FO=F5=FOS=QX
FO = S = O = FO _ pe,

fOS — F(O) — F(l) —P= ZXg(O)X’

rP=r=qQ=q.

5= = A,
2 =19 = A,
IOl — 123 _ 03 _ 12 _ B, =B

If n = 6, then we have the following six different groups:

8

fﬁ =F0 =g><’

1“*0 - F6 — 1“*06 — F06 — f(O) — f(l) — F(O) — F(l) = P = P,

MNM=r"=r'=r°=r+=r,

| THE GENERALIZED SPIN GROUPS

Let us consider the well-known Lipschitz group

£={Teg¢*:

={T e g ugH*:

={V] ... Vpy :

We have the following well-known even subgroup of I'*:

" ={Tec®:

= {Vl

Vom -

T¢'T' C ¢}

TG'T c G}

m<n, v; € G}

TG'T' c ¢!}

2m < n, v; € G}

(100)

(101)

(102)

(103)

(104)
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The symbol + in the notation of the group I'* means that this group consists only of even elements. In the same way, we
can consider the even subgroup of the group P* = g% y gx:

Pt = g% c p*. (105)
Let us consider the following subgroups of the groups
A, ={Teg¢: TTeg¢™}, B,={Te¢: TT e g™}, (106)

respectively,
A, ={Te¢: TT>0}CA,, B,={Tec¢*: TT>0}cCB,. (107)

The symbol + in the notation of these two groups means that these groups consist only of elements with positive values

of the corresponding norm functions TT and TT.
We also introduce the following subgroups of the group

Q*={Te¢™ucW: TT e ¢} (108)

(compare with the notation for spin groups in Benn and Tucker?):

t ={Teg™ugP*: TT >0} c A,, (109)

Qt, = (T €GO ugW<: TT >0} CB,, (110)

QL ={Te¢”: TTe¢™) ={Te¢”: TTe ¢y c P, (111)
Q= (Te¢™ : TT>0)={Tec" : TT >0} c P*. 112)

The standard spin groups are defined as normalized subgroups of the Lipschitz group I'* (103) and its even subgroup
'+ (103):

Pin= {Tel*: TT=+e} = (TET* : TT = e}, (113)
Pinsa = {T€T* : TT = +e}, (114)
Pingg={T eTl*: %T: +e}, (115)

Spin= (T el : TT=+e} = (TeT" : TT = +e}, (116)

Spin, = {T€T* : TT=+e} = {T€T* : TT = +e}. 117)

In the real case F = R, the spin groups (113)-(117) are two-sheeted coverings of the corresponding orthogonal group
O(p, q), orthochorous (or parity preserving) group O.(p, q), orthochronous group O.g(p, q), special (or proper) orthogo-
nal group SO(p. q), and special orthochronous group SO (p, q), respectively, under the twisted adjoint action ad. Namely,
for any matrix P = (p2) € O(p, q), there exist exactly two elements +T € Pin(p, q) in the corresponding spin group that
are related in the following way (and similarly for the other orthogonal groups and spin groups, respectively):

Te T~ = pley.

We can consider the following normalized subgroups of the groups A, and B.. (106):

Pin® ={T e ¢ : TT = +e} C A,, (118)

Pin® = {Te¢*: TT = +e} CB,, (119)
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Pin? = (T e ¢*: TT =+e} C A,, (120)
Pin® = (T € < : TT = +e} C B,. (121)
The groups Pin% and Pin® are considered in previous works,'®"'8 where they are denoted by G?* and G'2 in the real case
F = R and G***3 and G'?'2 in the complex case I = C, respectively. In these three papers, isomorphisms between Pin?,

Pin®, and classical matrix Lie groups are proved in the case of arbitrary dimension and signature.
We can also consider the following normalized subgroups of the group Q* (108) and its subgroups (109)-(112):

PinQ = {T € CO<UGV* : TT = +e} = (T € GO*UCV* : TT = +e} C Q%, (122)
Pin{, = {T € ¢V ug: TT = +e} c Q%,, (123)

Pind, = {T € COX UGV : TT =+e} C Q%,, (124)
ﬁmﬁ={Teg@X:TT=ia={Teg@X:?T:iﬂcQ; (125)
Spind = (T € GO% : TT = +e} = {T € GO : TT = +¢} c Q. (126)

We call the groups (122)—(126) generalized spin groups. The group Sping is also considered in previous studies,'®"'8 where

it is denoted by G? in the real case F = R and G?? in the complex case F = C. In these three papers, isomorphisms
between Sping and classical matrix Lie groups are proved in the case of arbitrary dimension and signature.

Note that the generalized spin groups (122)-(126) coincide with the corresponding spin groups (113)-(117) in the cases
of small dimensions n < 5. In the cases n > 6, spin groups are subgroups of the corresponding generalized spin groups.
Some of the considered groups are related to automorphism groups of the scalar products on the spinor spaces.>*1° The
relation between the generalized spin groups and the orthogonal groups (or their generalizations) in the cases n > 6
requires further research.

9 | THE CORRESPONDING LIE ALGEBRAS

The group ¢* of all invertible elements of the geometric algebra G can be considered as a Lie group. The corresponding
Lie algebra is the geometric algebra G with respect to the operation of commutator [U, V] = UV — VU for U,V € G. We
have dim ¢* = 2".

It is well known (see, e.g., previous works®>*!1320) that the Lie algebra of the Lipschitz group I'! is

yi=0ad (127)

of dimension
nn-1
L -1
2
Moreover, it is well known (see, e.g., previous studies>*!321) that the Lie algebra of the spin groups Pin, Pin, s, Pin,s,
Spin, Spin,, which are the subgroups of I, is

dimy =dimI! =1 (128)

3=, mmgzﬂilg.

(129)
Let us write down in Table 1 the Lie groups considered in this paper and the corresponding Lie algebras with their dimen-
sions. For the reader’s convenience, we write down in this table the mentioned well-known facts (127)-(129). The second
column of the table is empty for the Lie groups that have the same Lie algebra for any natural n > 1.
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TABLE 1 The Lie groups and the corresponding Lie algebras

Lie group

O — fo

=, B,

B/

IV*I’ It

Pin, Pin, A, Pin,g, Spin, Spin__
Q Q Q

Pin P1n+A, P1n+B,

Pin®, Pin?

- B . B
Pin”, Pin}

2Note that in the cases n > 3, we have Q* =
n =0 mod 4 (see Theorem 4). In the cases n = 1,2, we have Q*

Spin©, Sping

n Lie algebra
g
Q(O)
0 mod 2
1 mod 2 Gon
90?3
goﬁ
goi
2 mod 4
0,1,3mod 4 ¢
0,1 mod 4  ¢"n
2,3mod 4 "3
0,3mod 4 g0
1,2 mod 4 oo
gOZ
gZ
QE
gﬁ
gﬁ
0= =2 =ifn =

— 10 _ 1T

Dimension
2n—1

14271
1+21 - 287 (i
1+2m1 42370 (

n(2)+
n (%

1+2"2 25 cos =

24272 237 cos ”T

:\/ \_/

|
(@]
o
7]

/

n—-1 _ -1 zn zh
2427 287 (sin (2 ) 4 cos (2))
n-1 _o5-1 n n
1+2 22 ( (4)+cos<4))
2421 423! (sm(%") cos(”T"))
1+2m 142570 (sm(%") cos(%"))

1_’_n(n 1)
n(n-1)
2
n_q n zn
2nt - 23 (s1n<7>+cos<7>)
n-1 _ »5-1 (i [ zn zn
2 22 sm<4)+c0s(4))
zn n
4 4

145! (sm (

\/
~—"

123m0d4andQ’—l"°—l"2 Qt=1T=13if
and 1?2 =

= G (see Remark 1).

Theorem 5. Let us denote the Lie algebras of the Lie groups P*, A, B,, Q*%, Q', A/, and B’ by

pt =g — goﬁ b, = goﬁ . goi
o = { ¢, n=0,13mod4, ,._ { ¢ n=0,1mod4,  ._ { ¢, n=0,3 mod 4,
Ll ¢” n=2mod4, L™, n=23mod4, ¢, n=1,2mod4,
respectively. We use the following notation:
82:=¢?,  shi=¢P, P i=("
for the Lie algebras of the five Lie groups Pin%, Pm+A, Pll’l+B, Spin?, Spln ; the two Lie groups Pin®, Pin’, and the two Lie

groups Pin®, Pin® 4 respectively.

The Lie algebras of the considered Lie groups are presented in Table 1 with corresponding dimensions. We have

FCqTCpt, g Cay, ¢TChy,  g"=a:npT=b.npT=a.nby; (130)
qi:pizai?ébi» n=132? q__p #ai?éh+’ n:3 (131)

q* # p*, n4 (132)

¥ =q%, n<s; v # 9%, n=6; (133)

qt C ¢ Cp7, n = 0mod 2 =1, n =2 mod 4; q = p*, n=4; (134)
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(135)
3 =32 n<s. (136)

Note that the statements (130)—-(134) for the Lie algebras are similar to the statements (84), (85),
(55),(56), (57), (58), (94), (63), and (64) for the corresponding Lie groups. Every relation between the Lie algebras in (135)
and (136) is similar to the relation (or the relations) between the corresponding Lie groups.

Proof. We use the well-known facts about the relation between an arbitrary group Lie and the corresponding Lie
algebra in order to prove these statements. We calculate the dimensions of the considered Lie algebras using (see, e.g.,
Shirokov'®)

dim ¢© =21, mmgk=<”),

k
. 1 n-2 n_1 . n . 2 n-2 hq n . 3 n-2 L [ n
dimG =2"""+2: sm(T), dimGg® =2""" - 22 cos<7>, dim g’ =2""7° - 23 sm(T>,
where < Z ) = ﬁlk)‘ is the binomial coefficient. One can easily verify the statements (130)-(136) using the definitions
of the corresponding Lie algebras. O

10 | CONCLUSIONS

In this paper, we study the Lie groups preserving the various fixed subspaces under the twisted adjoint representation
in the case of the real and complex geometric algebras and give their several equivalent definitions. These groups are
interesting for consideration because the twisted adjoint representation is an important mathematical notion that is used
to describe the relation between the orthogonal groups and the corresponding spin groups. The Lie groups introduced
in this paper can be interpreted as generalizations of the spin groups and the Lipschitz groups. The Lipschitz group I
and the standard spin groups Pin, Pin, 4, Pin.g, Spin, and Spin, are subgroups of the groups considered in Sections 2-7.
Moreover, the Lipschitz group I'! coincides with the group Q% in the case n < 5, with the group P* in the case n < 3, and
with some other groups, depending on n (see Section 7).

We consider the groups preserving the subspaces of fixed parity (I"® = I' = P*; see Section 2), the subspaces of
fixed qua_terni@ types (Iv“m = 91 or Q’ ,m=0,1,2,3; see Section 5), the direct sum of the subspaces of fixed quaternion
types (I =12 = A, and "' = I'® = B,; see Sections 3 and 4), and the subspaces of fixed grades (I*, k = 0,1 ... n;
see Section 6) under the twisted adjoint representation. Also, we study the groups that leave invariant the direct sum of
the grade-0 and grade-n subspaces under the adjoint representation and the twisted adjoint representation ('™ = P=*
or G* and I'™" = P, respectively; see Section 2). We study the Lie algebras of all these Lie groups and calculate their
dimensions (the Lie groups with the corresponding Lie algebras and dimensions are presented in Section 9 and Table 1).
Using the definitions of the introduced groups P*, Q*, A, and B.., we conclude that many of the considered groups, which
leave invariant the fixed subspaces under the twisted adjoint representation, coincide in the cases of small dimension
(see Section 7). We define all the different groups preserving the subspaces of fixed grades under the twisted adjoint
representation in the case n < 6 (and under the standard adjoint representation as well in the case n = 6 for the first
time). Moreover, we conclude that the groups preserving the fixed subspaces under the twisted adjoint representation are
related with the groups preserving the fixed subspaces under the standard adjoint representation, which were considered
in Shirokov.’ In the cases of small dimension (n < 6), we study these relations in detail and write down all the different
groups that we have. The groups P, Q, and I’ k=1, ... ,n-1,(in the case of arbitrary n) and the groups rm (in the case
n > 4) coincide with the groups P%, Q*, I'¥, and I'™, respectively, up to the multiplication by the invertible elements of
the center Z* (see (22), (53), (90), and (75)). The particular case I'' = Z*I"! of the statement (90) is well known, and it
describes the relation between the Clifford group I'" and the Lipschitz group I"".

This paper presents the groups Pin<, Ping " PingB, Spin®, and Spin?, which we call the generalized spin groups (see
Section 8). Namely, the generalized spin groups are defined as normalized subgroups of Q* and its subgroups Q%,, Q%},

1, and Q7. The generalized spin groups coincide with the corresponding standard spin groups in the cases of small
dimensions n < 5. These groups can also be considered as subgroups of the groups Pin®, Pin®, Pin%, and Pin®, which
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are normalized subgroups of the groups A, and B... We study the Lie algebras of all the introduced Lie groups. The rela-
tion between the generalized spin groups and the orthogonal groups (or their generalizations) in the cases n > 6 requires
further research. Study of the corresponding Lie groups in degenerate geometric algebras G, , ., which are widely used
in different applications, is another interesting problem for further research. Being the generalizations of the standard
Lipschitz and spin groups, the groups introduced in this paper may be useful for various applications in physics,!-21-24
engineering,>>2® computer science?®27-2%-31 (in particular, for neural networks? and image processing®*), and other
sciences.
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