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Abstract⎯The problem of distributed controllability for the Gurtin–Pipkin equation with a kernel
represented by some series of decreasing exponential functions is considered, while certain conditions
are imposed on the coefficients and exponents. It is proved that this system cannot be brought to rest
even if the control action is applied to the entire region.
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INTRODUCTION
This study is devoted to the problems of the distributed control of oscillations of a system described by

the Gurtin–Pipkin equation. This equation contains a convolutional (variable in time) term, often
referred to as memory. For the first time this equation appears in the article [1]. The question is raised
about the possibility of bringing such systems to a state of rest. Note that, generally speaking, this concept
for systems with memory is not equivalent to bringing the system to the zero state. As will be made clear
below, controllability at rest is not always possible for such models, even if the control action is applied to
the entire area occupied by the mechanical system. In the course of the proof, we will not observe due rigor
in the part concerning the solvability of the initial boundary value problems, but will pay more attention
to the qualitative side of the controllability issue.

We consider an important class of kernels that has the form of a series of a countably series of decreas-
ing exponential functions. We will also mention the abelian-type kernel (a kernel with a singularity). These
kernels are used in various models of mechanics, in particular, to describe some oscillatory processes.

1. THE PROBLEM OF IRREDUCIBILITY TO A STATE OF REST OF A SYSTEM DESCRIBED 
BY THE GURTIN–PIPKIN EQUATION AND THE KERNEL IN THE FORM 

OF A SERIES OF DECREASING EXPONENTIAL FUNCTIONS 
We consider the initial boundary value problem
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In this case Ω is a limited singly connected area in  with an infinitely smooth border and Δ is the
Laplace operator with domain

and  is the control function. The existence and uniqueness of a solution to problem (1.1)–(1.3) under
the additional conditions imposed on the kernel  and the right-hand side of  were proved in [2].

For equations similar to (1.1) and in a number of particular cases (for example, [3–5]), it is possible to
prove that the oscillations of the system can be completely stopped in a finite time if the control is applied
to the entire domain Ω. In [6], it is proved that a mechanical system described by the Gurtin–Pipkin equa-
tion for two-dimensional domains and a wide class of continuous kernels cannot be brought to rest by the
control being applied only to a subdomain whose closure is contained in Ω. Note that  is an example
of such a kernel.

Now let the kernel have the form

(1.4)

where  is the gamma function. This is the Abel kernel. In [7], for a one-dimensional heat equation
with integral memory and kernel (1.4), it is proved that the given system is uncontrollable at rest if the con-
trol is applied to one end of the segment and the other end is fixed. Note that controllability at rest in this
case is unattainable even if we control the entire region [8].

Hereinafter, for the kernel , we require the following condition to be satisfied:

(1.5)

Equation (1.1) is the Gurtin–Pipkin integrodifferential equation that describes the process of heat
propagation in media with memory and the process of sound propagation in viscoelastic media; it also
arises in averaging problems in perforated media (Darcy’s law). Note that in some models the derivative

 from the kernel has a singularity at t = 0, i.e.,

(1.6)

A detailed description of models for conditions (1.5) and (1.6), as well as physical laws, can be found
in the article [2].

We will consider the system to be manageable at rest, if for all the initial conditions ϕ there is a control
 and point in time  such that  is identically zero for  and the corresponding solution

 of problem (1.1)–(1.3) is also identically zero for . Note that for systems with memory, the
concepts of controllability in the state of rest and controllability in the zero state are not identical. In many
cases, the solution, having reached the zero value at some point in time can then exit from this value.

For equations of form (1.1) and various types of kernels, we can pose, for example, the following con-
trol problems: bring to rest a moving compact or for the entire domain Ω by controlling a fixed subdomain.
It is also possible to pose a problem of boundary control, as is done, for example, in [6, 7]. This article will
show that for the kernel  there is no controllability at rest for system (1.1)–(1.3) even if the control is
performed over the entire domain. Questions remain about the possibility of bring some other types of ker-
nels to a state of rest. For similar equations, it is sometimes possible to achieve controllability at rest if the
control is applied to a compact moving according to a certain law (there is no controllability beyond a
fixed subdomain). For example, the problem of controllability at rest for the one-dimensional equation
of the oscillation of a string with memory was considered in [9]. In this case, the kernel in the integral term
of the equation is identically equal to unity, and the control is concentrated on a subsegment (part of the
string) that moves at a constant speed.

Let us show that in the control problem (1.1)–(1.3) for the kernel  it is (generally speaking) impos-
sible to bring the system to rest. We consider the control
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continued by zero at . Next, we prove that there exists such an initial condition  at which the
motion of the system cannot be stopped. More precisely, there is an initial condition , such that for
each control function , which is identically equal to zero for  for some , and the corre-
sponding solution cannot be identically equal to zero outside the bounded segment (with respect to the
variable t).

Definition. The following number is called the convergence index of a sequence of complex num-
bers {zk},

Theorem. Let us assume that condition (1.5) is also satisfied for the sequence of exponents  of the kernel
 . Then controllability in the state of rest for the system (1.1)–(1.3) does not take place.

Proof. We consider the orthonormal system of eigenfunctions  and eigenvalues  ( ) of
the operator Δ with respect to the boundary condition (1.3). Let

where . Let us decompose the solution  and control action  into Fourier series in the
mentioned system of eigenfunctions (this is the basis in ). The result is a countable system of inte-
grodifferential equations:

(1.7)

Obviously, due to the choice of ϕ, only the first equation in system (1.7) has a nonzero initial condition.
Let us make the Laplace transform of both parts in equality (1.7) for n = 1:

(1.8)

Recall the definition of space  as a linear space of images of the Laplace transforms from elements
from  such that they are zero on the set  for some T > 0. It is known that 
if and only if it is an entire function such that

(1) there are real numbers C and T, such that  (note that C and T depend on );

(2) .

Assume that system (1.1)–(1.3) is controllable in a state of rest, then the functions  and  are
elements of space . Therefore, these are entire functions of the exponential type.

We now consider the roots of the equation

(1.9)

It is proved in [2] that Eq. (1.9) has (among other things) a countable number of real roots , for
which the following inequalities hold:

(1.10)
It follows from (1.10) and the conditions of the theorem that the convergence index τ for a sequence of

roots  is greater than one.
By definition, an entire function  has a finite order of growth if there is a number  such that

(1.11)

At the same time, the order of growth ρ of the entire function  is called the lower bound those
 for which (1.11) is true.

Obviously, for an entire function of the exponential type, the order of growth ρ is 1. It is well known in
complex analysis that the index of convergence of a sequence of zeros of an entire function does not exceed
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its order of growth . It follows from (1.8) that the sequence  is a null function . How-
ever, this is an entire function of the exponential type; hence, its growth order is 1 and the convergence
index of the sequence of its zeros does not exceed 1. It was established above that for  number τ is
greater than one. The established contradiction proves the theorem.

CONCLUSIONS
The instability of controllability for a kernel consisting of a finite number of exponentials. If the kernel in

Eq. (1.1) consists of only a finite number of decreasing exponential functions, then, using the methods of
[3, 4], we can prove that the considered mechanical system can be brought to rest in finite time if the con-
trol is applied to the entire region. Therefore, from the proved theorem, we can obtain an important cor-
ollary about the instability of the controllability of this system. Note that this instability is related to the
addition of a small disturbance to the new kernel; i.e., according to the proved theorem, controllability is
lost if this disturbance is the remainder of the series .
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