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Ðàññìîòðèì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ íåëèíåéíîãî
îïåðàòîðà òèïà Õàðòðè â ïðîñòðàíñòâå L2(R3)
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ãäå ∆q � îïåðàòîð Ëàïëàñà, ε > 0 � ìàëûé ïàðàìåòð, κ > 0, µ �
ïàðàìåòðû, à ïîòåíöèàë ñàìîäåéñòâèÿ ÿâëÿåòñÿ ðàçíîñòüþ êóëîíîâ-
ñêîãî è ýêðàíèðîâàííîãî êóëîíîâñêîãî ïîòåíöèàëîâ. Ïîäîáíûå ïî-
òåíöèàëû ( íàïðèìåð, äâîéíîé ïîòåíöèàë Þêàâû ) âîçíèêàþò ïðè
îïèñàíèè ðåàëüíûõ âçàèìîäåéñòâèé.

Õîðîøî èçâåñòíî, ÷òî ïðè ε = 0 ñîáñòâåííûå çíà÷åíèÿ λ = λn(ε)
çàäà÷è (1), (2) èìåþò âèä
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, n = 1, 2, . . . , (3)

ãäå n � ãëàâíîå êâàíòîâîå ÷èñëî. Ïóñòü òåïåðü ε íå ðàâíî íóëþ. Ðàñ-
ñìîòðèì ñëó÷àé, êîãäà ÷èñëî n âåëèêî. Äëÿ îïðåäåëåííîñòè áóäåì
ñ÷èòàòü, ÷òî λ èìååò ïîðÿäîê ε. Òîãäà n èìååò ïîðÿäîê ε−1/2.

Ïóñòü p = n− | m | −1, ãäå m � ìàãíèòíîå êâàíòîâîå ÷èñëî. Â
äàííîé ðàáîòå äëÿ êàæäîãî p = 0, 1, 2, . . . íàéäåíû àñèìïòîòè÷åñêèå
ñîáñòâåííûå çíà÷åíèÿ
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ãäå i = 0, . . . , Ip, êîòîðûå ðàñïîëîæåíû âáëèçè âåðõíèõ ãðàíèö ñïåê-
òðàëüíûõ êëàñòåðîâ. Â ÷àñòíîñòè, ïðè p = 0 ñóùåñòâóåò îäíî ÷èñëî
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ãäå γ ≈ 0.57 � ïîñòîÿííàÿ Ýéëåðà, b0 = 2κ n3/2ε3/4, f0(x) =
exEi(−x). Çäåñü

Ei(x) =

∫ x
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îáîçíà÷àåò èíòåãðàëüíóþ ïîêàçàòåëüíóþ ôóíêöèþ.
Ïðè p = 1 ñóùåñòâóþò äâà ÷èñëà
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ãäå f1(x) = ex/2W−3/2,0(x), f2(x) = ex/2W−5/2,0(x). Çäåñü Wκ,µ(z) �
âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Óèòòåêåðà. Îíà ñâÿçà-
íà ñ âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé Ψ(a, b; z) ñîîòíî-
øåíèåì Wκ,µ(z) = zµ+1/2e−z/2Ψ(µ− κ + 1/2, 2µ+ 1; z).

Ñîîòâåòñòâóþùèå (4) àñèìïòîòè÷åñêèå ñîáñòâåííûå ôóíêöèè ëî-
êàëèçîâàíû âáëèçè îêðóæíîñòè â ïðîñòðàíñòâå R3, íà êîòîðîé ïî-
òåíöèàë ñàìîäåéñòâèÿ â (1) èìååò ëîãàðèôìè÷åñêóþ îñîáåííîñòü [1].
Ïîýòîìó âòîðîé ÷ëåí â ôîðìóëå (4) ñîäåðæèò lnn. Òàê êàê îí èìå-
åò ïîðÿäîê (ε lnn)/n2, à âíóòðè êëàñòåðà ñîîòâåòñòâóþùàÿ ïîïðàâ-
êà ïðèíèìàåò çíà÷åíèÿ ïîðÿäêà ε/n2, òî ÷èñëà λ(p)n,i(ε) ðàñïîëîæåíû
âáëèçè âåðõíèõ ãðàíèö ñïåêòðàëüíûõ êëàñòåðîâ. Ýòè êëàñòåðû îá-
ðàçóþòñÿ âîêðóã óðîâíåé ýíåðãèè (3) íåâîçìóùåííîãî îïåðàòîðà (
ïðè ε = 0).
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