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The development of new algorithms for simulations in physics is as important as the development of new

analytical methods. In this paper, we present a comparison of the recently developed microcanonical population
annealing (MCPA) algorithm with the rather mature Wang-Landau algorithm. The comparison is performed on
two cases of the Potts model that exhibit a first-order phase transition. We compare the simulation results of
both methods with exactly known results, including the finite-dimensional dependence of the maximum of the
specific heat capacity. We evaluate the Binder cumulant minimum, the ratio of peaks in the energy distribution at
the critical temperature, the energies of the ordered and disordered phases, and interface tension. Both methods
exhibit similar accuracy at selected sets of modeling parameters.
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I. INTRODUCTION

Numerical methods for investigating statistical mechanical
models consist of a wide range of approaches, among them
[1] low- and high-temperature series [2,3], transfer-matrix
methods [4,5], Markov Chain Monte Carlo MCMC) [6,7],
cluster Swendsen-Wang and Wolff methods [8,9], parallel
tempering [10-12], multicanonical methods (MUCA) [13,14],
Wang-Landau method [15,16], simulated annealing methods
[17], population annealing methods [18,19], etc. A recent
systematic review of methods can be found in Ref. [20]. A
common feature of these approaches is the explicit tempera-
ture dependence of the modeling process, with the exception
of the Wang-Landau method. Temperature dependence leads
to a critical slowing down of the simulation in the region
around the critical point of the continuous transition [6],
which leads to a power law dependence of the correlation
time on the system size, ¢ o L?, with the value of z typically
around 2 for local MCMC [21] and an order of magnitude
lower for cluster algorithms [22]. The practical computation
time of a d-dimensional system, measured as the number of
operations per spin, increases as L¢+2. Recent discussions of
the dynamical critical exponent can be found in [23-26].

The modeling of discontinuous phase transitions in the
critical region is determined by the interface between the
regions of ordered and disordered phases. The surface en-
ergy is proportional to the length of the interface, forming
an energy barrier that depends exponentially on the length of
the interface. This makes the simulation unpredictably slow
in the critical region. Parallel tempering methods developed
originally for spin glasses [10] are unfortunately not effective
in the case of first-order phase transitions.

The Wang-Landau algorithm has no temperature-
dependent probabilities and uses the current estimate of
the density of states (DoS) to calculate the probability of
transitions from one energy level to another. This algorithm
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relaxes the system to the true DoS [27]. The relaxation process
converges steadily with an appropriate modification [28] of
the original Wang-Landau algorithm and convergences as
slowly as 1/¢ [29,30], with the time # measured in elementary
steps of a single-spin flip.

There is an interesting relation between microcanonical
and multicanonical algorithms. DoS estimation is an essential
part of the more complex MUCA [13,14] algorithm and DoS
estimation by the Wang-Landau algorithm can be incorpo-
rated into the MUCA scheme for weight estimation [31].

Another algorithm that has no temperature-dependent
probabilities [32] was recently presented, the microcanonical
population algorithm. The special feature of this algorithm is
that it does not use any probabilities in the annealing part.
Instead, it uses the ceiling of energy when moving down
the energy spectrum or the floor of energy when moving up
the energy spectrum [33]. The next feature is the parallel
simulation of a huge number of replicas at a given energy,
which allows us to estimate the energy dependence of ther-
modynamic functions. Together with the DoS estimation, this
gives their temperature dependence. We want to warn readers
against a possible misunderstanding—in this note, we discuss
the microcanonical method of population annealing, in which
energy is used as an annealing parameter. It should not be
taken as an earlier and widely studied method of population
annealing [18,19], in which temperature is used as an anneal-
ing parameter.

It seems that there is no critical slowdown in the usual
sense in microcanonical algorithms because of the absence of
an explicit temperature dependence of the algorithm on the
temperature. In the case of the first-order phase transition, the
condensation and evaporation of droplets in the vicinity of the
critical temperature are still determined by the energy barrier
associated with surface tension and depend exponentially on
the surface length. Microcanonical simulations are probably
less sensitive to this than canonical simulations [32,34]. There
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are examples of comparison of energy barriers in the Lennard-
Jones particle system showing the same scaling behavior, but
the barrier height is almost six times lower for the micro-
canonical ensemble compared to the canonical one [35].

In this paper, a comparative study of two algorithms is
carried out, the modified Wang-Landau algorithm (WL-1/t)
[15,28] and the multicanonical population algorithm (MCPA)
[32,33], is carried out. The reason for the comparative study
is to understand the accuracy of the methods. As an example,
we simulate the Potts model with 10 and 20 components that
undergoes a strong discontinuous transition. We use the ele-
mentary step of a single-spin flip as the Monte Carlo step. The
elementary step is very different in the two models due to the
intrinsic difference of the models. We model a replica of the
system with the WL-1/t algorithm and R parallel replicas of
the system with the MCPA algorithm. So, such defined Monte
Carlo steps are more or less proportional to the simulation
time. The details are discussed in the Conclusions section of
the paper.

II. MODEL

The Potts model [36,37] with ¢ state is a generaliza-
tion of the Ising model consisting of N interacting spins

o; (i=1,...,N), each of which takes values o; € (1, ..., q).
The energy E is given by
E=-JY) i 0)), (1)

()

and for simplicity, we set the ferromagnetic constant J equal
to unity J = 1.
The critical temperature is known analytically (see [38])

Be

"o, 1+ V9 2

For g > 4, the Potts model undergoes a first-order phase
transition and a mixing of ordered and disordered phases is
observed between the respective energies e, and e;. In the
thermodynamic limit L — oo these energies are also known

(see [38])
e, +ey 1 )
22— (1+— 3
= o
and
ey — e, = 2(1 + i) tanh (9) ﬁtanhz(n®) 4)
d o — ﬂ ) 14 }

where © is defined as 2 cosh(®) =, /q.

III. DIRECT ESTIMATION OF DoS

Procedures of calculating thermodynamic quantities from
the DoS are based on the representation of a partition function,
replacing the summation over all possible spin configurations

)

7 = Ze_E({j})/kRT’ (5)
{j}

where kg is the Boltzmann constant, 7' is the temperature, with
the summation over the energy levels n

Z=Y gEye kT, 6)
{n}

The function g(E) is theDoS) that is, g(E,) is the number of
configurations with energy E,.

There are two algorithms for direct estimation of the DoS
(technically the logarithm of the DoS), the Wang-Landau al-
gorithm [15,16] and the microcanonical population annealing
algorithm [32,33], which are the subject of a comparative
study in this paper.

A. Wang-Landau algorithm

The Wang-Landau algorithm [15,16] is applicable to any
system with a given partition function, which can be written as
a sum over n energy levels, as in expression (6). This represen-
tation is key to the Wang-Landau algorithm. Knowing g(E),
one can calculate, for example, the internal energy E(8) and
the heat capacity C(f) at any value of the inverse temperature
B=1/kgT

SN VB, (B e P
SN g(Ey)ePEs

C(B) = B*((E?) — (E)). ®)

The basic idea of the algorithm is to organize a random
walk through the energy space of the system using an ap-
propriate transition probability for a random walk jump from
the level energy k to the energy level m, this Wang-Landau
probability is defined below in expression (9).

During the random walk [15], two histograms H(E) and
S(E) are accumulated. The first histogram S(E) = log(g(E))
contains the current value of the DoS logarithm. The second
is the auxiliary histogram H (E'), which contains information
about the number of visits to each energy level. At the be-
ginning of the algorithm, H (E,) is initialized with zeros and
S(E,) with ones. The initial configuration of the system is
set to the ground state. The initial value of the modification
parameter f = fy = exp(l) ~ 2.71828.

The further steps of the algorithm are as follows: 1) the
state of the system is changed (for the spin model it is a flip
of the random spin) and the energy of the new state E,, is
calculated; 2) the transition from the state with energy Ej to
the state with energy E,, takes place with the Wang-Landau
probability

E(B)=(E) = (N

S(Ek)>’ ©)

Pyr(Ex,E,) =min | 1, <
wi(Ex, Ep) ( S5,

where S(Ej)= log(g(Ey)) is the logarithm of the current
DoS estimate. The next step is to update the auxiliary
histogram H(E;) — H(Ey)+ 1, and the current estimate
S(Ex) = S(E) + In(f).

Steps 1) and 2) are repeated until the histogram H (E})
is sufficiently flat, e.g., at the 5% level [15]). The value of
the parameter f is then updated as a function of the square
root f; =+/fi—1, and the histogram is reset H(E;)=0. Steps
1) and 2) are then repeated again. The algorithm ends when
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the parameter f reaches some desired value of f.q4, €.g.,
fin= exp(lO_g) ~ 1.00000001, as proposed in [15].

1. 1/t-Wang-Landau algorithm

The Wang-Landau algorithm is used in various fields
of science, for example, in modeling polymers [39,40] and
protein chains [41,42], for optimization [29]. However, it
is known that as the number of steps increases, the com-
putational accuracy saturates at some steps. This has been
observed in a number of publications such as [43,44].
Consequently, it affects the accuracy of the calculation of ther-
modynamic functions for relatively large systems, including
those in the critical region. In addition, the choice of Jfi as
the function to change the parameter f was left open until
proposed in [28] modification.

The 1/t-Wang-Landau algorithm is a modification [28] that
emerged as a solution to these problems. The first step of 1/t-
Wang-Landau is similar to the original [15] method, except
that the criterion of histogram H (E) flatness was replaced by
the H(E) # 0O test. It is argued in [28] that practically the
flatness criteria can be replaced by a weaker but still global
property, which is the requirement to visit each energy level
before updating the parameter f.

The algorithm proceeds to the second stage when the con-
dition F; > N/t is satisfied, where F = In f. From this point
on, the parameter F' changes not as F; =F;_; /2 but F; = Ng /t.
Here, ¢ is the number of elementary spin flips and Ng is the
number of levels in the system. In the second stage, the his-
togram H(E) is no longer checked. Theoretical justification
for the convergence of this method was presented in the article
[29].

2. Criterion of convergence

In the original Wang-Landau algorithm [15] and its mod-
ification 1/t-Wang-Landau algorithm [28], no method was
proposed to evaluate the accuracy and convergence of the
algorithm. The only argument for the applicability of the
method is to demonstrate the quality of the data by comparing
them with the exact solution known for the 2d Ising model
[45]. A possible solution to this problem was proposed in [27],
where a square matrix T (Ey, E,,) was additionally introduced
instead of the histogram H (E), and it was shown that the prox-
imity of the matrix 7 to stochastic can be used as an accuracy
criterion for the DoS estimation. The matrix elements are the
transition frequency from configurations with energy Ej to
configurations with energy E,,. The closer the estimated DoS
is to the true DoS, the closer the matrix 7 is to the stochastic
one, and the deviation of the largest eigenvalue of the matrix
from unity can be used as a criterion for the accuracy of the
DoS estimate. Interestingly, this property of the matrix 7T is
consistent with the flatness criteria of the histogram H(E)
proposed by Wang and Landau and with the nonzero visita-
tion criterion of each energy level proposed by Belardinelli
and Pereyra. Thus, the matrix 7 is more informative and,
in addition, provides a clue for evaluating the accuracy and
controlling the convergence of the DoS.

Figure 1 shows the variation of the algorithm parameter
f, which is varied according to the Wang-Landau [15] rule
fi=+/fi—1 until the Belardinelli and Pereyra [28] criteria is
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FIG. 1. Dependence of the algorithm parameter f (dotted blue
line and left axis), convergence criteria § (solid green line and right
axis), and A (dashed yellow line and right axis) on the Monte-Carlo
step ¢ for 10 state Potts model (top panel) and 20 state Potts model
(bottom panel). Linear lattice size L = 30. The values of f, §, and
A are the average over 20 runs. The vertical line is the average time
to for which the algorithm switches the function of the modification
parameter f.

met and then by the f = fy/t rule. Also shown in Fig. 1 is
the difference A, which is calculated as the relative difference
of the DoS at simulation time 7, g(E,;t) and at the final

time 17, g(E,;tr)

Ng

1 E,;t

- (M - 1) (10)
Ne 2= \8(En; ty)

and the convergence criterion & [27]
§=11="A1l, (11)

where A; is the largest eigenvalue of the transition matrix T,
and the two simulation sets presented in Fig. 1 refer to the 10
and 20 components of the Potts model.

The parameter A is well defined for models for which we
have an exact solution for the DoS, such as the Ising model in
one and two dimensions. In our case with an exact DoS that
is not available, we replace the unknown exact DoS values
with the final DoS values g(E,; ts) from the simulations. Time
is measured in units of single-spin flip events. It can be seen
that A decreases inversely with time, as shown by Liang [29],
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and the control parameter § decreases in the same way [27]. It
should be noted that the § convergence criterion can be used
without knowledge of the DoS function and at any time step
in the simulation.

The 1/t dependence appears to be the optimal protocol
for changing the algorithm parameter f [27,28,30] in the last
simulation steps. The fast convergence of the DoS in the initial
simulation steps to the neighborhood of the exact DoS is
still not understood, although the Wang-Landau algorithm is
widely used.

3. Calculation with modified WL-1/t algorithm

We use the Wang-Landau algorithm [15] with 1/t-
modification [28] and compute the convergence criterion &
[27] during the simulation.

We simplify the protocol by fixing an interval of M be-
tween the checks of the Bellardineli and Pereyra H(E)=0
criterion with M = 103, which avoids multiple and unneces-
sary computations. We also use this point to compute the
largest eigenvalue of T (Ey, E,,) using the procedure dgeev ()
from the Intel oneAPI Math Kernel Library LAPACK [46].
The random number generator mt19937 . c [47,48] was used
to generate a new configuration state and decide whether to
accept the new configuration.

B. Equilibrium microcanonical annealing algorithm

A promising framework for simulating equilibrium sys-
tems in a microcanonical ensemble using annealing in an
energy ceiling has been proposed by Rose and Machta and
successfully applied to the first-order thermal transition in a
20-component, two-dimensional Potts model with a demon-
stration of topological transitions in the phase coexistence
region [32].

1. Rose-Machta ceiling procedure

Here, we briefly introduce the Rose and Machta ceiling
population algorithm presented in Sec. II of the paper [32].

In Rose and Machta’s approach to simulating equilibrium
systems in a microcanonical ensemble, there is no relaxation
on temperature decrease; instead, the independent variable of
the algorithm is energy. The MCMC procedure consists of a
single spin-flip. Moves occur in configuration space, changing
arandomly chosen spin, and the transition probability from an
o state with energy E, to a w state with energy E,, is defined
as follows:

1 if E, <E,

Preiting (¢ > ) = {0 if E, > E.’ (12

where E. is the ceiling energy value, the cooling energy value.
An elementary MCMC step consists of updating N of ran-
domly chosen spins, where N is the number of spins in the
system. The number of elementary MCMC steps ny(E) is a
parameter of the algorithm.

The method is in a sense a mixture of three algorithms: the
simulated annealing algorithm [17], the Wang-Landau algo-
rithm [15,16], and the population annealing algorithm [18,19].

2. Floor microcanonical procedure

A practical modification of the Rose-Machta algorithm has
augmented the floor energy [33] in addition to the ceiling

energy, allowing the DoS to be estimated for all energy levels
of the system. Here, we basically repeat the relevant part of the
paper [33]. The idea is to generate random configurations of
the system that are most likely to correspond to energy levels
in the neighborhood of the DoS maximum, which is a convex
function. By applying the ceiling energy algorithm, the left
wing of the DoS can be estimated as the ceiling algorithm
guides the replicas to the ground state. An extension of the
ceiling algorithm, the floor algorithm [33], instead directs
replicas to a higher energy.

In the floor algorithm, the probability of transition from the
o state with energy E, to the w state with energy E,, is defined
as follows:

1 if E,Z2E
Pioor(@ — @) = {O i 5 o £ (13)

where E is the floor energy value.

3. Microcanonical population annealing algorithm

Combining the ceiling and floor procedures, we get the
following algorithm:

First, we need to prepare a pool of replicas, for which we
generate R replicas of the system. The random distribution of
spins in each replica will case the replica energies to have a
value close to the maximum of the energy probability distri-
bution g(E), called the DoS. The first value of the ceiling E.
will be the highest energy in the replica pool and the first value
of the floor E; will be the lowest energy in the replica pool.

In general, we do not know the energy spectrum in ad-
vance, and the next energy ceiling E.(i+ 1) or floor value
E¢(i+1) is chosen as the closest to the current energy from
the energies of the current replica pool. Thus, we compute the
energy spectrum of the system dynamically.

The elementary step i of the algorithm is as follows [33]:

(1) Select the new ceiling (floor) value. This could be the
energy level down E, (i) from the current ceiling procedure or
the energy level up E¢ (i) from the current floor procedure.

(2) Perform the MCMC check ny(E.(i)) or ny(E;(i)),
thereby creating new configurations R that represent a pool
of configurations.

(3) Count the number of replicas in the pool R with
energy E. (i) or E(i), and calculate the culling fraction
€(E.(i))=R'/R or €(E;(i))=R'/R. Filter these R’ configura-
tions from the pool of configurations.

(4) Randomly select with repetitions new replicas R from
the filtered pool of configurations.

The process was terminated if the condition R’ =R was
satisfied, which means that the annealing reached the ground
state in the ceiling protocol or the most symmetric energy
level in the floor protocol.

4. Stitching entropy parts together

To estimate the extensive part of entropy [32], the culling
fractions for the ceiling and floor are used

SY(E) =In(e(E)) + Z In(1 — €(E")), (14)

E'>E

SIE) =In(e(E) + Y _ In(l — e(E)). (15)

E'<E
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FIG. 2. Illustration of the entropy estimation stitching procedure
for the 10-component Potts model on a square lattice with linear size
L =16. The orange squares correspond to the ceiling process and the
blue circles to the floor process. The meaning of the vertical lines
is discussed in the text.

Entropy allows us to add arbitrary constants, which we denote
as S§ and Sg , the entropy constants for the ceiling and floor,
respectively.

As can be observed in a model example in Fig. 2, both
the cooling and heating runs cover only one wing of the
whole spectrum. The intersection, covered by both runs, is
placed near the maximum entropy, where the random replicas
normally reside. We obtain entropy in the full-energy range by
stitching cooling and heating wings in the intersecting region.

Stitching is an arbitrary procedure and is not sensitive to
the exact choice of it. We conduct it as follows:

(1) Select the intersection area bounded by the red lines
in Fig. 2 from the leftmost point of the heating wing to the
rightmost point of the cooling wing.

(2) The ends of the cooling and heating wings are some-
what scattered, so we cut off the outer parts of the region,
leaving the region bounded by the green lines labeled Ej.s and
Eyigne- In this paper, we use a width between green lines three
times smaller than between red lines, although this ratio can
be changed depending on the specific task.

(3) Calculate the average AS =avg(S°(E) — S"(E)) for all
energies in the last green area. This allows us to write cross-
linked S(E) in the form

SL(E) if £ < E]ef[
S(E)=So+ {SME)+ AS if E > Exign -
(SS(E)+ S"(E)+ AS)/2 else
(16)

(4) The last free constant Sy, if required, can be established
by counting the number of all states in the system, which in

the case of the state Potts model is qLZ, and Sy should be
chosen from the relation

P =g (a7
E

102

og

1073

10° 10° 10° 10°
R
FIG. 3. Accuracy illustration for an exactly solvable two-
dimensional Ising model on a square lattice with linear dimension
L =20, average deviation 8g of DoS. Blue circles correspond to
ng = 1, orange squares to n, = 5, green rthombuses to n; = 10, and

red crosses to n, = 50. The dotted line corresponds to the slope
R12,

5. Estimation of the thermodynamic observables

An estimate of the partition function is given as a function
of temperature T measured in the energy units

Z(T) =Y e FITHs®), (18)
E

The estimates of the average internal energy (E(T)), spe-
cific heat (C(T)), Binder cumulant [49], and probability of
energy distribution of P(E; T') at temperature T are calculated
using the following expressions:

—E/T+S(E
_ZEEe JT+S(E)

(E(T)) = 7T , (19)
E2 o—E/T+SE)
(EX(T)) = = ZE(T) : (20)
EX(T)) — (E(T))?
iy = B >>T2< ) on
L (EYD)
V(T)=1— JET (22)
e~ E/T+S(E)

C. Choice of the parameters

Only two parameters can be chosen in the MCPA algo-
rithm, the number of replicas R and the number of Monte
Carlo steps n;. To demonstrate how these parameters affect the
DoS accuracy, we simulate a two-dimensional Ising model for
which the exact DoS g***“'(E,,) is available [45] and compute
the mean deviation §g

Ng
1 E,;t
-y LCIUNEY 24)
NE ot geXdCt(En)
We ran simulations for R varying from 2!'° to 2!, and for
ny=1,5, 10 and 50. The results are shown in Fig. 3 by sym-

bols. The dependence on R looks like 1/R'/?, which supports
the idea that in the limit of sufficiently large R the algorithm
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FIG. 4. Illustration of the lowest energy level achieved. Dots rep-
resent the average over 10 runs and error bars represent the standard
error. Blue circles represent the Ising model with L =20, orange
squares represent the Ising model with L =40, green diamonds rep-
resent the 10-q Potts model with L =20, and red crosses represent
the 10-state Potts model with L =40.

is ergodic near the ground state [32] and works correctly, at
least for the Ising model.

Depending on ng, we sometimes can find ourselves out of
replicas before we reach ground state. Figure 4 shows how
variations of ng influence the termination of the simulations
with the lowest energy. With n; =1 simulation with actually
used number of replicas R = 2!7 always reach ground state
energy e =—2 for the Ising model and 10 state Potts model
(the same is valid for 20 state Potts model, not shown in the
figure.

As we see in Fig. 4, we reach stable runs even before
ny =1, and in this work we use n,=10. We perform test
simulations with the number of n; smaller than unity, which
corresponds to the L? local spin flip attempts. This means that
we use n, < L2, and one can see the linear convergence of
simulation to the ground state as n; goes to 1. To be safe, we
use the following simulations n; = 10 with R = 217,

Calculation with MCPA algorithm

The implementation of the MCPA algorithm is based on
a modification [32] of the accelerated population annealing
algorithm for GPU [50], presented in [33]. The simulations
were performed on an NVIDIA V100 GPU with a typical
replica number R =2'7 = 131072. Spins are represented by a
single number of type C char.

We use the cuRAND [51] package with the Philox ran-
dom number generator from the CUDA SL package, which
allows us to obtain independent sequences of pseudorandom
numbers for R replicas. The largest linear lattice size in our
study is L =70, and about 2 - n, - L> ~ 10° random numbers
per algorithm step are used to simulate the ceiling/floor in a
replica. The total number of steps is equal to the number of
energy levels, which is 2L? — 32 10*. The total number of
random numbers per run of one replica is about 2*°, which is
less than the length of the Philox stream 254

The total actual computation time of the Potts model ranges
from 20 seconds (for L = 10) and 7 minutes (for L =20) to 13
hours (for L = 60).

800
c/p2 80

400

200

(8- B.)L?

FIG. 5. Specific heat as a function of inverse temperature f in
the critical region of the 10-component Potts model near the critical
value B.. Red squares are WL simulations, green circles are MCPA
simulations, and the solid line is the analytical expression (3.18) of
paper [53]. The linear size of the lattice is L = 60.

IV. RESULTS COMPARISON

In this section, we directly compare the simulation results
of the Potts model with 10 and 20 components using the
WL-1/t algorithm [15,28] with control of convergence [27]
and MCPA algorithm [32,33].

We will present a comparison of the energy density dis-
tribution P(E), estimates of the energies in the ordered and
disordered states, estimates of the critical temperature, esti-
mates of the maximum of the specific heat, estimates of the
Binder cumulant minimum, and the ratio of P(E) peaks at
and near the critical temperature. The estimation of the inter-
face tension, which is inversely proportional to the correlation
length, is discussed in detail.

A. Specific heat and Binder cumulant scaling

Finite-size analysis of the specific heat and the Binder
cumulant was carried out in [52] and extended in [53], and
we use these analytical conclusions in the following sections.
We estimate critical temperature from the position of the
specific heat maximum and the Binder cumulant minimum,
the dependence of the magnitude of the specific heat capacity
maximum on the lattice size, and the magnitude of the Binder
cumulant minimum. Other quantities, such as the value of the
coefficients in the L~2 corrections to the above estimates, can
also be evaluated, but such a detailed analysis is beyond the
scope of this paper. A corresponding analysis was presented in
[53] for the cases of the eight- and 10-component Potts model.

1. Specific heat with q = 10

Figure 5 shows the specific heat in the critical region of
the 10-component Potts model calculated with the WL and
MCPA methods and compares it with the analytical estimate
given in [53], expression (3.18). The comparison is very good,
as already noted for the 10-component Potts model in Fig. 10
of the paper [53].

The maximum value of the specific heat C,x of the Potts
model in the case of a first-order phase transition depends on
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TABLE I. Estimation of the maximum C,,x of specific heat and
its position Tep,x for g = 10.

TCmaX Cmax
L WL MCPA WL MCPA
16 0.70695(4) 0.7070(2) 73.7(1) 74(1)
30 0.70298(3) 0.7030(2) 233.1(3) 234(2)
40 0.70223(1) 0.70225(8) 406.1(8) 405(3)
50 0.70187(2) 0.70188(7) 628(1) 629(5)
60 0.70168(1) 0.7016(3) 900(1) 900(9)
o0 0.70124(2) 0.70124(15)
Exact 0.70123 ...

the volume of the system as [52,53]

(eq — €,)?

Crnax/L* X
a/ 47;2

= Qexact - (25)

The data in the fourth and fifth columns of Table I are
shown in Fig. 6 along with the error bars. The fit excluding
the smallest lattice size L = 16 gives an estimate of Cpax
with slope o ~0.2470(3) for WL and for MCPA with slope
o ~0.2465(24), taking into account the correction terms in
the fit, expression (A23) from the paper [53]. Our esti-
mates agree well with the numerical estimate from an earlier
paper [52], «=~0.250, and are closer to the exact value
Oexact = 0.246355 . . ..

The critical temperature 7, can be estimated from the po-
sition 7¢, . of the maximum of the specific heat, and the data
in the second and third columns of the Table I are shown in
Fig. 7 along with the error bars. The fit results in the estimates
given in the penultimate row of the table. The last row gives
the exact known temperature. The estimates match the exact
value to within four digits. Note that the estimates for the data
obtained by the WL and MCPA methods are equally good,
with the MCPA error bars being an order of magnitude larger.

0.260 l\

1
« 0255 IR
Sl
0.250 JJ
0.245

T T
0.0005 0.0010

2
1/L
FIG. 6. The ratio Cpax/L? shown in expression (25) as a function

of 1/L?: green circles correspond to ¢ = 10, black squares to g =20,
and the dashed line is the result of a linear fit.

0.703 4 L

max

T

0.702

[R 1 —
K

0.701

T T
0.0005 0.0010

2
1/L
FIG. 7. Estimate of the critical temperature: green circles corre-

spond to g = 10, black squares to g =20, and the dashed line is the
result of a linear fit.

2. Specific heat with q = 20

Figure 8 shows the specific heat in the critical region of
the 20-component Potts model calculated with the WL and
MCPA methods and compares it with the analytical estimate
given in [53], expression (4.5).

Fitting the data in the fourth and fifth columns of Table II
yields a scaling estimate of Cp,,x with a slope of & & 1.0306(6)
for WL and for MCPA with a slope of o~ 1.0299(4). Our
estimates agree well with the analytical prediction [52,53]
o =1.02987966 . . . calculated from expression (25) using ex-
actly known values of the critical temperature and energies of
the ordered and disordered phases for the 20-component Potts
model, expressions (2)—(4).

3. Binder cumulant with ¢ = 10

The inverse temperature value Bp_, at the minimum of the
Binder cumulant can be used to estimate critical value, which
is presented in the second and third columns of Table III for
the WL and MCPA methods. The magnitude of the minimum

0 18
(8- B:) L

FIG. 8. Specific heat as a function of inverse temperature f in
the critical region of the 20-component Potts model near the critical
value B.. Red squares are WL simulations, green circles are MCPA
simulations, and the solid line is the analytical expression (3.18) of
paper [52]. The linear size of the lattice is L = 60.
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TABLE II. Estimation of the maximum Cy,,x of specific heat and
its position Ty, for g = 20.

TCmux Cmax

L WL MCPA WL MCPA
30 0.58934 0.58926(7) 930.1 931(1)
40 0.58891 0.58886(9) 1651.6 1651(3)
50 0.58869 0.58866(8) 2581.9 2577(5)
60 0.58864 0.58852(5) 3712.1 3713(7)
70 0.58855 0.5885(1) 5049.8 5053(9)
o0 0.58837(2) 0.58829(2)

Exact 0.5883498 ...

value B, was calculated analytically in [53]

2 (eo/eq — eafeo)?
3 12

and are given in the last row of Table III along with the exact
value of B.. The estimates of Bp, and Bni, given in the
last to next row using the linear fit to the data against 1/L?
dependence as given in expression. (26). The values of the
inverse temperature obtained with WL and MCPA methods
agree well with the exact values. Figures 9 and 10 show a
linear fit to the values of the Binder cumulant minimum and
its position, respectively, which are used to estimate the value
of the Binder cumulant and the inverse critical temperature.

Buin = + 0™ (26)

4. Binder cumulant with q = 20

The estimates of the inverse temperature value Bg . and
Binder’s cumulant minimum from the data in Table IV agree
well with the analytically known 8, and B, expressions (2)
and (26) for the 20-component Potts model.

B. Probability distribution of energy

In [53], it is emphasized that in a finite system in the vicin-
ity of a phase transition in the temperature range of order one,
LY(T — T¢)/T ~ O(1), all states contribute significantly to the
energy distribution. Therefore, the contribution of g states to
the ordered phase will give a peak in the probability distribu-
tion of energy P(E) about g times larger than the disordered
state (the state with maximal possible symmetry). Figure 11
shows the probability distribution of the energy P(E) for
linear lattice sizes L = 30 and 60 for the 10-component Potts
model, estimated by the WL and MCPA methods. The ratio

TABLE III. Comparison of By, and g, for g = 10.

L Bo.» WL Bs.,MCPA  Bpn, WL By, MCPA
16 1.4073(8) 1.4072(4) 0.52512)  0.525(1)
30 1.42066(3)  1.4207(3) 0.5478(2)  0.5474(9)
40 1.42301(2)  1.4230(1) 0.55213)  0.5525(9)
50 1.42411(4)  1.4241(1) 0.5542(2)  0.5541(9)
60 1.4247(3) 1.4249(5) 0.5554(2)  0.556(1)
00 1.42604(5)  1.42604(24)  0.5579(2)  0.558(1)
Exact 1.42606 ... 0.55889 ...

e 0—

0.555 - rL

i T

£ .
m b
0.550

l‘.
0.545 : : :
0.0000 0.0005 2 0.0010
1/L

FIG. 9. The Binder cumulant for ¢ = 10. Green circles corre-
spond to g =10, black squares to g =20, and the dashed lines are
the result of a linear fits.

of the amplitudes of the peaks r = P(E))* /P(E)J™ corre-
sponding to the ordered and disordered phases is given in
Table V. In addition, we give estimates of the critical ratio
r. [32]

_ 2 Ee<gP(E)

Ve =
2, PE)

taken with the energy distribution at critical temperature 7
and with the sums divided by the critical energy E. = (E, +
Eq)/2.

The results in Table V show that both computational meth-
ods lead to reasonable estimates of this ratio. As can be seen in
Fig. 12 and Table VI, this is not as good for large lattice sizes
in the case of the 20-component Potts model. This is because
at larger lattice sizes the distributions become narrower, and
the results are exponentially sensitive [54] to small variations
in the computations. The same effect can be seen in Fig. 8 for

27)

1.426

1424 o

min

1.422

Tl

1.420

0.0005 0.0010

il

FIG. 10. Estimation of the critical temperature from the position
of Binder cumulant minimum for ¢ = 10. Green circles correspond
to g = 10, black squares to g = 20, and the dashed line is the result of
a linear fit.
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FIG. 11. Energy probability distribution P(E) for the 10-
component Potts model for two lattice sizes, top: L = 30 and bottom:
L = 60. The solid orange line is estimation by the WL method, the
dashed blue line, by MCPA method.

0.01 A
P(E)
0.00
-2.0 -1.5 -1.0 -0.5
E/L?
0.005
A
P (E) ‘
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FIG. 12. Similar to Fig. 11 for the 20-component Potts model.

TABLE IV. Comparison of By, and B3, for g = 20.

L Bo» WL B, MCPA By, WL By, MCPA
30 1.694792 1.69502)  0.1047 0.103(2)
40 1.696914 1.6971(2)  0.1100 0.111(2)
50 1.697963 1.6981(2)  0.1129 0.115(2)
60 1.698332 1.6987(2)  0.1154 0.117(2)
70 1.698727 1.6990(4)  0.1170 0.118(2)
00 1.6995(2)  1.6999(2)  0.1189(7)  0.1209(1)
Exact 1.699660 ... 0.1197 ...

specific heat in the case of the 20-component model, where
the maximum of specific heat is very close for the WL and
MCPA modeling case and the analytical approximation, and
this is noticeable despite the fact that the difference is only in
the fourth digit (see Table II) and simply because of the tiny
scale of the peak.

1. Estimation of energies of ordered and disordered states

An estimate of the latent heat can be obtained from the
positions eg(L), e;(L) of the maximum P(e) calculated at the
exact critical temperature. Tables VII and VIII summarize the
positions of the peaks. We find that the data fit well with
the ansatz of the form ey = eg(L) + b/L with L — oo and
eq = eq(L) + b/L with L — oo. The fitting results give fairly
good estimates of ¢y and e; compared to the exactly known
results given in the last rows of the tables.

2. Energy barriers and surface tension

The first-order transition strength corresponds to the barrier
height and can be estimated using the bulk-free energy barrier
between the ordered and disordered states as [53]

AF (L) = InP™ (L) — InP™"(L), (28)

where P"™(E, L) and P™"(E, L) are the maximum and mini-
mum of the energy distribution taken at a value of 7" at which
the maximum corresponding to the ordered phase P)"**(L)
coincides with the maximum corresponding to the disordered
phase P (L). Figure 13 shows the scaled free energy barriers
AF(L)/L as a function of the inverse liner system size L,
evaluated models with 10 and 20 states using the WL and
MCPA algorithms. Figure 13 can be compared with Fig. 2
from the article [53].

The scaled barrier limits are 0.0997(7) with MCPA and
0.0993(5) with WL for the 10-state model and 0.3782(50)
with MCPA and 0.3811(52) for the 20-state Potts model.

TABLE V. Comparison for peak ratio and r, at the exact critical
temperature, ¢ = 10.

L Ratio, WL Ratio, MCPA re, WL r., MCPA
16 10.5(2) 10.6(3) 8.0(1) 8.1Q2)
30 10.3(4) 10.5(7) 9.2(3) 9.3(6)
40 10.2(3) 10.7(7) 9.6(2) 10.0(6)
50 10.1(6) 10.7(9) 9.7(6) 10.2(8)
60 10.2(8) 10.0(1) 10.0(7) 9.5(9)
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TABLE VI. Comparison for peak ratio and r. at exact critical

TABLE VIII. As in the table VII for the 20-component Potts

temperature, g = 20. model.
L Ratio, WL Ratio, MCPA re, WL r., MCPA L eo, WL ey, MCPA eqs, WL eqs, MCPA
30 23.7 18(1) 21.8 17(1) 30 —1.8333 —1.8319(9) —0.6156 —0.616(1)
40 243 20(3) 224 18(3) 40 —1.828 —1.828(1) —0.621 —0.620(1)
50 20.5 20(5) 19.0 19(5) 50 —1.8244 —1.8270(9) —0.6220 —0.6208(8)
60 39.9 12(3) 36.5 11(3) 60 —1.8236 —1.8235(7) —0.6239 —0.6239(8)
70 31.3 60(30) 29.0 55(30) 70 —1.8225 —1.8229(6) —0.6241 —0.625(1)
00 —1.815(1) —1.816(1) —0.632(1) —0.631(1)
Exact —1.82068 ... —0.62653 ...

These values are close to the analytical values 0.0947 and
0.371 shown in the Table II of Ref. [55] but deviate with seven
standard errors for the 10-state Potts model. It should be noted
that the scaled free energy barrier AF (L)/L is related to the
interface tension and is inversely proportional to correlation
length [55].

The deviation may be due to the fact that P™(E, L) and
P™"(E L) are taken at the temperature at which P**(L)
and P (L) are equal, as suggested in Ref. [53]. In contrast,
the analytical results are calculated using data at the critical
temperature T... Therefore, we estimated barrier heights in two
different ways using expression (28) taking as the P™*(L) the
P(L) or P;™*(L). Table IX shows three ways of estimating
barrier heights. It seems that the estimates with heights taken
at the critical temperature 7, are in better agreement with the
analytical results, but the scatter of the data is inconclusive.
Thus, the deviations can be explained by the exponential
sensitivity of barrier heights to small changes in temperature
[54]. The same effect can be clearly seen in Figs. 11 and
12, which show the energy probability distributions calculated
from the DoS data accumulated with two different algorithms.
At the same time, the results for thermodynamic quantities
compare well.

V. DISCUSSION

In this paper, two methods for direct estimation of the
DoS in the spin model of statistical mechanics with discrete
spectrum are comparatively analyzed. First, these are compu-
tational results for the modified Wang-Landau [28] algorithm,
a 1/t-WL algorithm, with accuracy control [27]. Second, these
are computational results for the microcanonical population
annealing algorithm [32,33], the MCPA algorithm. MCPA is

TABLE VII. Estimation of ¢, and e, from the position of the
maximum P(e) calculated at the exact critical temperature, g = 10.
These values show too little variance to pinpoint. The penultimate
entry in the table is a fit to the data.

L Ep, WL Eo, MCPA E;, WL E,, MCPA
16 —1.742(1)  —1.742(2)  —0.898(1)  —0.902(2)
30 —1.700(1)  —1.700(2)  —0.934(1)  —0.934(2)
40 —1.691(1)  —1.691(1)  —0.944(2)  —0.946(3)
50 —1.684(1)  —1.684(1)  —0.950(1)  —0.945(1)
60 —1.679(1)  —1.678(1)  —0.954(1)  —0.953(2)
00 —1.6592)  —1.656(3)  —09742)  —0.975(3)
Exact —1.664 ... —0.968 ...

a new algorithm and not much is known about its properties.
Therefore, a direct comparison of the two algorithms is of
some interest.

We stop the simulation with 1/t-WL after the parameter
f reaches the value fz, =1.00000001, as proposed in the
original version of the WL algorithm [15]. We control the
convergence of the DoS by computing the largest eigenvalue
of the transfer matrix in the energy spectrum [27] (see Figs. 1
and 2). The number of spin update operations ranges from
5 x 10" to 72 x 10! for lattice sizes from L =16 to L = 60.

The MCPA simulation is completed using a ceiling/floor
procedure, reaching the lowest/highest energy level. The num-
ber of operations in this case is not random. The number of
spin updates in each replica is equal to the product of the
number of spins L?, the number of MCMC iterations n,, and
the number of energy levels Ny =2L? — 3 for models with 10
and 20 components. For a typical number of iterations n; = 10,
the number of spin flips per replica varies from 16 x 10°
to 480 x 10°, and the linear size of the system varies from
L=30 to L="70. The total number of spin updates must
be multiplied by the number of replicas R =2!"~ 1.3 x 10°.
Thus, the total number of spin updates is comparable with
the WL updates mentioned above to an order-of-magnitude
precision.

The estimates of thermodynamic quantities computed with
the WL and MCPA algorithms have the same accuracy, as
shown in the paper, and the advantage of MCPA is that it
requires fewer operations per thread than the WL algorithm.
Of course, the threads in both cases are different: WL uses
CPU threads, while MCPA uses GPU threads. Therefore, it is
not an easy way to compare the computational effectiveness
of algorithms. The typical time per computational run for
the DoS estimation of a 10-state Potts model on the L = 16 lat-
tice is 5942 seconds with the WL algorithm and 163 seconds
with the MCPA algorithm, with a real-time speedup of about
32. A similar run on the L = 60 lattice is 413 312 s with the
WL algorithm and 47 091 s with the MCPA algorithm, with

TABLE IX. Estimates of barrier heights for the 10-state Potts
model. See text for explanation and discussion.

Algorithm  Equal heights P*(L), T, P;*(L), T. Analitycal

WL 0.0993(5)
MCPA 0.0997(7)

0.0938(19)
0.0957(28)

0.0941(5)
0.0943(16)

0.0947
0.0947
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FIG. 13. The scaled free-energy barriers between disordered and
ordered phases for a 10-state (lower symbols) and 20-state (upper
symbols) Potts model. Open circles correspond to the estimate using
data calculated with WL algorithm and open boxes, with the MCPA
algorithm.

a real-time acceleration of about 9. The decrease in speedup
with increasing lattice size is due to more memory swapping
between on-board and GPU memory.

In addition, MCPA can be used to estimate magnetization
and its moments, i.e., magnetic susceptibility and magnetic
Binder cumulant [49] from a single run and averaging as
functions of the replica pool for energy E’ (the culling pool),
yielding M(E"), £(E"), and B(E’). In contrast, to extract the
magnetic sector of thermodynamic variables using the WL
algorithm, the two-dimensional distribution function g(E, M)
[56] must be evaluated for both energy and magnetization,
which significantly increases the required computation time.
This is another advantage of MCPA over WL.
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