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Relevance of the Research Topic

Computational physics is an important tool for understanding and modeling complex
physical processes. It allows investigating phenomena that are difficult or impossible to
study experimentally or analytically, as well as developing new methods and approaches to
solving physical problems.

Although the history of computational physics spans almost eighty years [1], interest in
developing new approaches in this field is growing along with the increasing computational
power of available computers. This is due to the necessity and increasing possibility of
solving complex problems requiring high accuracy and computational efficiency.

The study of statistical physics models near phase transition points is precisely such a
task. The high demand for computational efficiency arises because when modeling physical
systems near phase transition points, most known algorithms experience critical slowing
down [2] - a catastrophic increase in the required number of computations as one approaches
the phase transition point.

In the dissertation, we present to the reader a new computational method - the microcanonical
population annealing method, also known as MCPA, test it on analytically solved Ising
models, compare it with the related Wang-Landau algorithm, and test it on the Blume-
Capel model.

Degree of Elaboration of the Topic

The work by N. Rose and D. Machta [3] describes the microcanonical population annealing
algorithm, which originates from the work [4]. The algorithm allows direct estimation of
the density of states g(E) of a physical system and, consequently, computation of values
for a large number of thermodynamic quantities (e.g., average energy and its powers, heat
capacity, entropy, etc.) for any temperature. However, the method has several drawbacks,
discussed in the dissertation and corrected in the MCPA method. The MCPA method was
tested on analytically solved one-dimensional and two-dimensional Ising models [5] and
compared with the related and well-studied Wang-Landau method using the Potts model
in the work [6].

Purpose

e Development and testing of a new method for the numerical investigation of statistical
physics problems.

e Investigation of the Blume-Capel model using the newly developed method.

Research Objectives

e To develop a new numerical method for investigating statistical physics problems.
e To investigate the accuracy and characteristics of the new method.

2



e To extract new knowledge for the Blume-Capel model using the new method.

Scientific Novelty

1. A modified Machta-Rose algorithm - MCPA (microcanonical population annealing) -
has been developed.

2. The convergence and accuracy of the MCPA algorithm have been established on analytically
solvable one-dimensional and two-dimensional Ising models.

3. Using the MCPA algorithm, values of entropy S, magnetization m, and concentration X
for the Blume-Capel model have been obtained over a wide range of system parameters.

4. Critical exponent values for the Blume-Capel model have been established using finite-
size scaling analysis of entropy S, magnetization m, and concentration X.

5. The phase diagram of the Blume-Capel model has been constructed.

6. Thanks to a feature of the MCPA method, it became possible to investigate phase
transitions in the Potts model using machine learning - ternary classification of spin
configurations.

Approbation of Research Results

e “Numerical investigation of critical behavior in the Blume-Capel model by direct entropy
estimation”, Interuniversity Scientific and Technical Conference of Students, Postgraduates,
and Young Specialists named after E.V. Armensky, February 27 - March 7, 2023,
Moscow.

e “Investigation of magnetization in the Blume-Capel model using the microcanonical
population annealing method”, All-Russian Scientific Conference of Student-Physicists
and Young Scientists, April 14 - 20, 2025, Moscow.

Software Registration Certificates:

e “Library for estimating density of states of the Blume-Capel model”, No. 5.0010-2025,
Vyacheslav Konstantinovich Mozolenko.

Author’s Publications on the Dissertation Topic:

Publications on the dissertation topic in peer-reviewed scientific journals included in the
international citation system WoS/Scopus:

e V.K. Mozolenko and L.N. Shchur, Blume-Capel model analysis with a microcanonical
population annealing method //Physical Review E. - 2024. - V. 109. - No. 4. - P. 045306.
(Scopus/WoS Q1, HSE List A) [5]



e V.K. Mozolenko, M.Fadeeva and L.N. Shchur, Comparison of the microcanonical population
annealing algorithm with the Wang-Landau algorithm //Physical Review E. - 2024. -
V. 110. - No. 4. - P. 045301. (Scopus/WoS Q1, HSE List A) |6]

e D.D. Sukhoverkhova, V.K. Mozolenko, and L.N. Shchur, Latent heat estimation with
machine learning // [7]

Main Results Presented for Defense

e The microcanonical population annealing algorithm has been developed and it is shown
that the relative error in computing the density of energy states decreases inversely
proportional to the square root of the number of replicas [5].

e The equality of the MCPA algorithm in accuracy and superiority in computational
scalability compared to the widespread Wang-Landau algorithm has been established
using the Potts model as an example [6].

e Features of the algorithm’s implementation allowed the development of a new ternary
machine classification algorithm and its use to investigate the phase transition in the
Potts model |[7].

e Using the microcanonical population annealing algorithm, the critical behavior of the
Blume-Capel model along the entire curve of the phase diagram has been investigated.
The values of thermodynamic quantities of the Blume-Capel model over a wide range
of model parameters have been established. The values of critical exponents of the
Blume-Capel model along the phase transition line have been established.

Brief Content of the Work

The first chapter describes definitions and relations important for understanding the
dissertation: macro- and microstates, partition function, density of states, first- and second-
order phase transitions, critical exponents, finite-size scaling, magnetization, concentration,
Binder cumulants. The phenomenon of critical slowing down is described and discussed.
The first chapter also provides an overview of classical methods in computational physics
important for the context of the dissertation: the transfer matrix method, the Monte Carlo
method, the population annealing method, and the Wang-Landau method.

The second chapter is devoted to a detailed description of the MCPA method. The
chapter describes the predecessor of the MCPA method - the Rose-Machta algorithm [3], its
advantages and disadvantages. Two procedures are presented: cooling (ceiling) and heating
(floor), as well as the relation for computing the density of states g(E). The procedure
of splicing the results of the cooling and heating procedures into a common density of
states across the entire energy spectrum of the model is presented. Relations for computing
thermodynamic quantities are given, and technical details of the algorithm are described.



The chapter also investigates the accuracy of the thermodynamic quantities obtained
as a result of modeling using the example of analytically solved one-dimensional and two-
dimensional Ising models.

The third chapter provides a detailed comparison of the results of the MCPA method
and the Wang-Landau algorithm using the Potts model as an example: the computational
resources spent, time, and accuracy of the obtained results are compared. The computed
thermodynamic quantities show similar accuracy and dynamics for both methods (with
some advantage for WL, the root mean square deviations of thermodynamic quantities are,
on average, 3-9 times smaller for the WL method). The methods coincide especially well in
estimating the phase transition temperature. However, the absolute values of thermodynamic
quantities are noisier, especially for the Potts model with a large number of components.

All this is achieved with a WL advantage in computational costs of 1-10 times and an
MCPA advantage in real simulation time of 10-30 times. Moreover, MCPA allows painless
additional calculation of parameters such as magnetization and concentration, while WL
would require operating with a histogram over energies and magnetization instead of just
energy, which would lead to a significant increase in modeling time.

The fourth chapter is devoted to the history and investigation of the Blume-Capel
model using the MCPA method. The first excited states of the model are studied in
detail, a comparison of modeling results with an exhaustive search solution is provided,
and the complex structure of the levels of the Blume-Capel model for fractional values of
the parameter D is illustrated.

Critical temperatures for specific heat capacity, magnetic and hole susceptibility, and
magnetic Binder cumulant have been investigated over a wide range of the parameter
D € [—2,1.99]. Finite-size scaling analysis has been performed in the region of the second-
and first-order phase transition, critical exponents have been estimated over the entire
spectrum of D values, and the behavior of phase energies and latent heat for the first-order
phase transition region has been illustrated.

Personal Contribution of the Author to the Development of the
Problem

The idea of the MCPA method and hypotheses about the behavior of the Blume-Capel
model were developed jointly with the scientific supervisor. The implementation of the
MCPA method, processing of modeling results, verification, finite-size scaling analysis,
comparison of MCPA results with results from classical methods (Wang-Landau, analytical
solutions) were carried out personally by the applicant. The applicant’s contribution in the
publications is determining. Section reports at conferences were made personally by the
applicant.



General Conclusions of the Research

The main result of the dissertation is the development of the microcanonical population
annealing method (MCPA), designed for direct estimation of the entropy of a physical
system. The method demonstrates high accuracy in computations and remarkable scalability
compared to traditional algorithms such as the Wang-Landau algorithm.

The relationship between computational accuracy and the number of replicas has been
established: ¢ oc R~1/2.

A comparative analysis of the MCPA and Wang-Landau methods using the Potts model
confirmed that the new approach not only maintains accuracy but also surpasses traditional
methods in terms of computational scalability. This opens new horizons for the application
of MCPA in complex systems where high computational speed is critical.

It is also worth noting that features of the algorithm’s implementation allowed the
development of a new ternary machine classification algorithm, which was successfully used
to investigate the phase transition in the Potts model. This indicates that MCPA can be
adapted to solve a wide range of problems in statistical physics and machine learning.

Finally, the application of microcanonical population annealing to investigate the critical
behavior of the Blume-Capel model made it possible to obtain accurate values of thermodynamic
quantities and critical exponents along the phase transition line. These results not only
confirm the predictions of theory but also open new directions for further research.

Thus, the results presented for defense emphasize the significance of the developed
method and its contribution to the understanding of complex physical systems. This work
lays the foundation for future research in the field of thermodynamics and statistical physics,
and can also be used to develop new algorithms and analysis methods in related fields.
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