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General characteristic

Relevance. Classification is a classical machine learning problem that
consists in predicting, given some fixed set of features, a certain class belonging
to a predefined list. In particular, if the number of classes equals two, the
classification is called binary, and if the number of classes is greater, then it is
multiclass.

To evaluate classification results, it is necessary to compare the predicted
classes with the true labeling of the classified sample. For this purpose,
various functionals, called metrics, are used. Among them, accuracy, sensitivity,
specificity, and others are well known1.

Formally, by a classification metric one means the following functional.
Let n ∈ N be the size of the classified sample, and m ≥ 2 the number of classes.
Denote by C the confusion matrix, where each element cij is the number of
elements of the sample corresponding to the true label i ≤ m and the predicted
label j ≤ m. Then a metric is understood as an arbitrary mapping from the set
of confusion matrices into R. However, from this definition it does not follow
that the value of the metric is related to how much the predicted labeling
coincides with the true one.

In [2; 3] it was shown that popular metrics rank classification results in
different ways. For example, in the case of strong class imbalance, accuracy
poorly accounts for errors in smaller classes. As a consequence, choosing an
appropriate metric is an important task, since it determines which of the
classification algorithms will be considered the best.

A natural way to compare different metrics with each other is to
check whether they satisfy certain properties, called axioms. In [4] some of
these properties are described informally. Then, in [5], they receive a formal
definition. For example, the property FIX corresponds to our maximality
and minimality, SYM corresponds to symmetry, and MON is related to
monotonicity. The properties CON, SDE, and WDE are not investigated in
our work, since they describe the behavior of a metric in cases when some
classes are empty, while the metrics we analyze are naturally extended to such
border cases.

Another important property considered in [5] is IMB. It requires that the
value of a metric for a classifier that always predicts only one class does not
depend on the size of the classified sample. If we additionally require that this
value does not depend on the predicted class, then this property corresponds
to our unbiasedness.

Using the proposed axioms, the authors of [5] compare different metrics.
In particular, they criticize Matthews correlation, although, as we show later,
with proper extension it is one of the optimal metrics.

1A survey of existing metrics can be found in [1].
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Our work differs substantially from [5]. First, we consider a more extensive
list of metrics and properties, and we verify the validity of each property for
each metric individually. Second, we analyze the possibility of simultaneous
satisfaction of the most important properties and propose a new family of
metrics satisfying most of them. Finally, we investigate different ways of
extending metrics to the case of multiclass classification.

A similar analysis was carried out in [6], where the authors tested some
metrics for symmetry and scale invariance. However, such important and, as we
will see later, the most difficult properties to verify as distance, monotonicity,
and unbiasedness, were not considered in that work at all.

There also exists a number of works that study properties of individual
metrics in detail, for example, Cohen’s kappa [7; 8], the entropy of the confusion
matrix [9], or balanced accuracy [10]. At the same time, some works are devoted
to the study of the AUC metric, defined as the area under the ROC curve. For
example, [11] provides a theoretical analysis of how the value of AUC relates
to accuracy. Another work [12], devoted to the relationship between AUC and
accuracy, formally introduces the notion of consistency of a pair of metrics. Note
that although AUC is a widely used classification metric, we do not analyze its
properties in our work, since it is not a threshold metric.

In the context of studying properties of individual metrics, the authors
of [8] conclude that Matthews correlation is preferable to Cohen’s kappa, since
the latter does not satisfy the property of strong monotonicity. In [13] it is
proposed to use Matthews correlation instead of F-measure and accuracy. This
proposal is motivated by practical considerations, which ultimately amount
to checking unbiasedness. In our work we also conclude that correlation is
preferable to F-measure, accuracy, or Cohen’s kappa, but unlike previous works,
this conclusion is the result of formal verification of all the properties mentioned
above.

There are also studies devoted to empirical comparison of different metrics
(see, e.g., [3; 14; 15]). In particular, [3] focuses on the behavior of metrics
on imbalanced classes. In our work we also conduct a number of experiments
ranking metrics, including on the basis of consistency.

Our study is partly motivated by [16], which carried out a systematic
analysis of metrics for evaluating clustering. We transfer many properties
proposed there to the classification task, add new properties, metrics, and
theoretical results. As we noted earlier, some of the properties we consider are
quite intuitive and easy to check (e.g., symmetry, maximality, and minimality),
while others are much more complex. Among such properties we highlight
unbiasedness, also considered earlier in [16].

Analyzing properties together, we conclude: there is no metric that is
simultaneously monotone and unbiased and at the same time a distance.
However, by abandoning the distance property, we propose a new family of
metrics generalizing Matthews correlation and satisfying all the remaining
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properties, including unbiasedness. In addition to correlation, this family also
includes a new metric that we called symmetric balanced accuracy. To the
best of our knowledge, it has not previously been used in the classification
problem, but has been widely applied in clustering evaluation, where it is known
as the Sokal––Sneath measure. We also show that if, instead of the distance
property, one abandons unbiasedness while retaining its weakened variant, then
the arccosine of Matthews correlation is a metric satisfying all the remaining
properties.

However, before measuring the quality of a classifier, it must first be
constructed, that is, an appropriate classification method must be chosen and
trained. For biomedical tasks, linear methods are of particular importance. On
the one hand, linear classifiers are unable to capture complex patterns that
arise when working with large volumes of data. On the other hand, training
algorithms for such classifiers are less demanding in terms of computational
resources. However, the most important advantage of linear classifiers is their
interpretability. Indeed, linear classifiers assign a certain weight to each feature,
reflecting its significance. As a result, this procedure makes it possible to
identify the most important features that separate the classified groups.

Earlier we mentioned a number of properties that classification metrics
should satisfy. There exists a large number of metrics satisfying one or another
property, but among them accuracy is considered the simplest and, as a
consequence, the most frequently used in applied tasks and, in particular, in
biomedical applications.

Many test systems developed in this field and based on linear classifiers
use a small number of gene-features to detect specific pathologies (see, for
example, [17––19]). As a result, pairs of genes are often used as a starting
point for constructing classifiers with a limited number of features2. From the
perspective of bioinformatics, the construction of such classifiers begins with
the analysis of expression matrices, which include data on the concentration
of thousands of genes in the studied samples. Based on this matrix, one can
identify one or several gene pairs minimizing the number of classification errors:
they can be found by exhaustively searching over all pairs, while this approach
becomes infeasible in higher dimensions due to the combinatorial explosion of
possible gene interactions.

However, an important question arises: do the selected classifiers truly
reflect differences between classes, or is the observed number of errors measured
by a metric explained by large number of pairs? We show that upper bounds
of the probability of almost linear separability can be used to answer this
question in practical cases. Moreover, we relate this probability to the p-value
of the corresponding statistical test and reduce the problem of verifying the
“randomness” of a linear classifier to the problem of testing the hypothesis of
homogeneity.

2This approach was used in [20].
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The best classifiers (i.e., those optimizing the given metric) are often
tested on an independent test dataset. In this case, the problem of multiple
testing does not arise, but another problem does. Usually the size of the test
data is much smaller than that of the training data, which reduces the reliability
of classification quality. We show that in real scenarios even a small test sample
may be sufficient to confirm the statistical significance of the “non-randomness”
of a classifier.

Formally, let Y = (Yi, i ≤ k), k ∈ N, and Z = (Zi, i ≤ l), l ∈ N be two
independent samples belonging to Rd, d ∈ N. Assume that Y and Z consist of
independent identically distributed random vectors drawn from distributions
FY and FZ , respectively. Denote X = {Xi, i ≤ n} the union of these sets,
where n = k + l. Assume that Y and Z are linearly separable, i.e., there exists
a linear classifier that separates the classes Y and Z without error. In this
case, it is natural to assume that FY ̸= FZ . But what is the probability of
the event A0, in which two sets are linearly separable under the condition that
their distributions are equal?

Linear separability of gene expression data was previously studied in [21].
The authors developed an algorithm that tests this property for any pair of
genes in constant average time. Moreover, they showed that the number of gene
pairs whose expression separates normal and tumor samples was significantly
higher than expected.

Compared to [21], we generalize the linear separability problem in several
directions. We consider more general events Am and A≤m =

⋃
i≤m Ai, which

define almost linear separability with exactlym and with no more thanm errors,
where m ∈ N, and we establish upper bounds for the probability P (A≤m) in
the two-dimensional case using two approaches.

In the first approach, we analyze the conditional probability
P (A≤m |X = S), where S = {xi ∈ R2, i ≤ n} is a fixed set of observations.
Under the assumption of homogeneity FY = FZ , all

(
n
k

)
possible partitions of

S into classes Y and Z are equiprobable. In this case we establish upper bounds
for the conditional probability P (A≤m |X = S) and construct a conditional
statistical test, assuming S fixed.

In the second approach, we propose upper bounds for the unconditional
probability P (A≤m) and construct an integral statistical test, assuming that
the set S is drawn from some known class of distributions. Although the
obtained bounds rely heavily on the results of [22––26], we propose a new
statistical perspective on the problem of the “randomness” of linear classifiers.
Moreover, in our work we establish a new upper bound for the probability
P (A≤m) in the case of normally distributed samples, which are of particular
interest in biomedical applications. This is explained by the fact that most
genes have normal or log-normal distributions of expression levels3.

3This observation is consistent with [27].
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We also develop an algorithm that computes the probabilities
P
(
A′

≤m

∣∣X = S
)

and P (A≤m |X = S) for a given set S. The event A′
≤m

differs from A≤m in that, while A≤m controls the maximum number of
misclassified points, A′

≤m characterizes classifier accuracy, i.e., the total
number of errors. Compared to the algorithm presented in [21], our algorithm
is applicable to multidimensional data as well as to the case of almost linear
separability.

Using synthetic data, we show that the obtained upper bounds for the
probability of almost linear separability are quite accurate in the case of normal
distribution. Moreover, we apply the developed statistical tests to the classifiers
obtained in [20]. These classifiers are designed to detect breast cancer recurrence
in ER-positive patients. As a result, we confirm the key role of the gene pair
ELOVL5 and IGFBP6 in predicting recurrence, proving the “non-randomness”
of the corresponding classifier.

As a practical application of the developed methods, we choose the
problem of predicting microRNA isoforms. MicroRNAs are short non-coding
RNAs, consisting on average of 22 nucleotides, that play an important role in
the regulation of messenger RNA (mRNA) expression. Specifically, microRNA
molecules bind to mRNA targets, leading to the degradation or suppression
of their translation4. As a consequence, changes in the functional activity
of microRNAs make a substantial contribution to the pathogenesis of many
diseases, including, for example, cancer [29] as well as viral infections [30].

In [31], it was shown that microRNAs are present in cells in several forms,
called isoforms (isomiRs). Isoforms of the same microRNA differ from each
other by 1, 2, or 3 nucleotides at the 5′- and 3′-ends of the molecule.

One of the key factors underlying the necessity of studying isoforms is
that different isoforms of the same microRNA can have completely different
mRNA targets. Indeed, in [32––34] it was demonstrated that the presence
of a sequence in mRNA that is complementary to the seed region of the
microRNA –– nucleotides from the second to the seventh, counted from the
5′-end of the molecule –– determines the microRNA–mRNA interaction. As a
result, a shift of 1–3 nucleotides at the 5′-end alters the seed region sequence,
thereby changing the repertoire of targets. Moreover, according to the recent
study [35], in some human tissues the canonical forms of many microRNAs are
not the most expressed (prevalent). Thus, 5′-isoforms must be considered as
distinct molecules with their own set of targets.

We briefly describe the process of microRNA formation. Mature
microRNAs are generated from primary microRNAs (pri-miRNAs) hairpins as
a result of enzymatic cleavage by the Drosha and Dicer proteins (see Figure 1):
Drosha cleaves the flanking segments (Figure 1, regions to the left of A and C)

4A description of the mechanism of microRNA–mRNA interaction is presented in [28].
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in the nucleus, while Dicer cuts off the loop (Figure 1, region to the right of B
and D) in the cytoplasm5.

Figure 1 –– Scheme of a microRNA hairpin (pri-miRNA). Drosha cleaves the
flanking segments of the hairpin: the 5′-end of the 5′-arm (A) and the 3′-end
of the 3′-arm (C). Dicer cuts off the loop: the 3′-end of the 5′-arm (B) and the

5′-end of the 3′-arm (D).

Instability of cleavage positions leads to the formation of various
microRNA isoforms. The mechanisms determining the choice of these positions
are still not fully understood. For example, in [37] it was shown that nucleotide
sequences near the cleavage sites of Drosha and Dicer proteins significantly
influence whether the cleavage will be stable or lead to the appearance of
isoforms. In another study [38], it was demonstrated that the relative position
of the pri-miRNA loop also affects the accuracy of cleavage by Dicer. However,
we note that these observations are tissue-specific, i.e., related to particular
human tissues.

We analyze microRNA isoform expression using RNA sequencing data6
(RNA-seq). In particular, we investigate how differences in microRNA isoform
expression depend on the type of cancer. Based on the obtained results, we
construct a linear classifier that predicts whether pri-miRNA cleavage by the
Dicer protein will result in the formation of a single mature microRNA or
several isoforms. Using the developed methods, the resulting classifier is tested
for “randomness”. By interpreting significant features of the developed classifier,

5The process of microRNA biogenesis is described in detail in [36].
6The data were collected within the framework of The Cancer Genome Atlas (TCGA, https:

//portal.gdc.cancer.go).
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we identify and experimentally validate a set of nucleotide sequences that may
influence the accuracy of Dicer cleavage.

Aim of this work is the development of methods for evaluating the quality
and verification of linear classifiers and their application to the problem of
predicting microRNA isoforms. To achieve this goal, it was necessary to solve
the following problems:

1. Formalize properties that classification metrics must satisfy.
2. Verify consistency of these properties and check their presence in

popular classification metrics.
3. Improve upper bounds on the probability of almost linear separability,

and assess their accuracy.
4. Develop a statistical homogeneity test related to linear separability

and evaluate its effectiveness.
5. Analyze microRNA isoform expression data in various human tumor

tissues.
6. Develop a linear classifier predicting the presence of isoforms based

on the nucleotide sequence of microRNA and evaluate its quality and
statistical significance.

7. Identify nucleotide sequences that determine the presence of isoforms.
Significance. This work introduces an axiomatic framework for

comparing classification metrics. During the analysis of metric properties,
new estimates were obtained for the growth of central moments of the
hypergeometric distribution. In developing the homogeneity test, novel methods
were proposed for estimating the number of ways a planar set can be partitioned
by a line into groups of specified sizes with a fixed number of errors, extending
classical results in combinatorial geometry. These theoretical contributions
provide tools for ranking linear classifiers and evaluating their statistical
significance.

The linear classifier constructed by the analysis of microRNA sequencing
data can be used in the design of synthetic RNA molecules: by predicting the
presence or absence of isoforms, it is possible to achieve a more accurate effect
on target genes.

Novelty of the research lies in:
1. For the first time, the properties of classification metrics were

formalized and verified.
2. A theorem on the simultaneous incompatibility of the considered

properties was proven.
3. A new class of metrics satisfying most of the properties was proposed.
4. For the first time, the preservation of metric properties under extension

to the multiclass classification case was verified.
5. More precise upper bounds on the probability of almost linear

separability in the two-dimensional case were obtained.
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6. A homogeneity test related to almost linear separability was developed
and implemented, which can be used for verifying linear classifiers.

7. A linear classifier predicting the presence of microRNA isoforms based
on nucleotide sequences near the cleavage site was constructed.

8. A new nucleotide pattern determining isoform formation was
discovered.

The linear classifier built from microRNA sequencing data can also serve
practical purposes in the design of synthetic RNA molecules. By predicting
whether isoforms will or will not be formed, one can achieve more precise control
over the regulation of target genes.

Methodology. The theoretical results of the study were obtained
using methods from probability theory, mathematical statistics, mathematical
analysis, and combinatorial geometry.

For algorithmic implementation, techniques of parallel programming were
employed. For biomedical data analysis, bioinformatics methods for processing
RNA sequencing data were applied.

Propositions to be defended:
1. The properties of classification quality metrics have been formulated

and formally verified: accuracy, balanced accuracy, symmetric
balanced accuracy, and the generalized mean satisfy the largest
number of desired properties.

2. The preservation of metric properties under extension to the multiclass
classification setting has been formally verified: the largest number of
properties is preserved under macro-averaging.

3. An impossibility theorem for the proposed properties has been proven:
there exists no binary classification metric that simultaneously satisfies
the properties of monotonicity and unbiasedness while also being a
distance.

4. A new class of metrics, referred to as the generalized mean, has been
proposed: it satisfies nearly all the desired properties, except for the
property of being a distance.

5. Upper bounds have been obtained for the probability of almost linear
separability in the two-dimensional case: these bounds are tighter than
previously known results. In particular, for independent identically
distributed normal samples of sizes k and l, the probability of almost
linear separability with no more than m ≤ (k+1) / 2 errors is bounded
above as

P (A≤m) ≤
√
2n

(
k
m

)(
l
m

)(
n
k

) , n = k + l.

6. A linear classifier has been constructed that predicts the presence of
microRNA isoforms based on the nucleotide sequence near the cleavage
site: the AGCU nucleotide motif at the 5′-end of the 3′-arm of a pri-
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miRNA is associated with the absence of isoforms, while the CCAG
motif is associated with their formation.

Validity and reliability. The mathematical statements formulated in
the work are accompanied by rigorous proofs. The nucleotide patterns identified
in the analysis of the classifier predicting the presence of microRNA isoforms
were experimentally validated using cell line transduction with short hairpin
RNAs.

Validation and approval. The main results of the dissertation were
reported at the following conferences.

1. The Thirty–Fifth Annual Conference on Neural Information
Processing Systems, December, 2021. Title: “Good classification
measures and how to find them”.

2. Armenian Bioinformatics Institute Workshop in collaboration with
HSE University, April, 2021. Title: “Hairpin sequence and structure
is associated with features of isomiR biogenesis”.

3. St. Petersburg Youth Meeting on Probability and Mathematical
Physics, November, 2024. Title: “Statistical verification of linear
classifiers”.

4. Novosibirsk Seminar on Applied Statistics, October 2025. Topic:
“Evaluation of the statistical significance of a classifier identifying ER-
positive breast cancer recurrence”.

Personal contribution. All the main results of the dissertation were
obtained personally by the applicant. The academic advisors participated in
the development of the ideas for the dissertation research and also supervised
its implementation.

Publications. The main results of the dissertation are presented
in 3 publications, 2 of which appeared in scientific journals indexed in Web
of Science and Scopus, 1 in the proceedings of ACONF conference.

Content

In Introduction, the relevance of the research carried out within the
framework of this dissertation is substantiated. A review of the scientific
literature on the subject is provided, the aim and objectives of the study are
formulated, and the scientific novelty and practical significance of the work are
described.

Chapter one is devoted to the analysis and verification of whether
popular classification metrics (see Table 1) satisfy the required properties (see
Table 2).

In the classical formulation, the classification problem is described as
follows. Let X be a set of objects, and Y a finite set of class labels. Without
loss of generality, we may assume that Y = {1, 2, . . . ,m}, where m ≥ 2 denotes
the number of classes. Suppose there exists an unknown mapping f : X → Y . At
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the same time, we are given a training set {(x1, f(x1)), . . . , (xh, f(xh))} of size
h ∈ N, where xi ∈ X for i ≤ h. The classification problem is then formulated as
follows. Using the training set, it is required to construct a function (classifier)
f̂ : X → Y that approximates the function f .

The quality of the approximation is typically evaluated on an independent
test set {(x1, f̂(x1)), . . . , (xn, f̂(xn))} of size n ∈ N, where xi ∈ X for i ≤ n. Let
A = (f(x1), . . . , f(xn)) denote the true labels, and B = (f̂(x1), . . . , f̂(xn)) the
predicted labels. Define the confusion matrix C as the matrix with elements

cij =

n∑
k=1

I
{
f(xk) = i, f̂(xk) = j

}
,

corresponding to the true label i ≤ m and predicted label j ≤ m. A
classification metric M is then understood as a mapping from the set of all
possible confusion matrices into R, and the quality of a classifier is expressed
by the value M(C).

In the case of binary classification, the number of classes is m = 2, and
c11 is the number of true positives (TP), c22 the number of true negatives (TN),
c12 the number of false negatives (FN), c21 the number of false positives (FP).
Define

ai =

m∑
j=1

cij , bi =

m∑
j=1

cji, i ≤ m,

which represent the sizes of the i-th class in the true and predicted labelings,
respectively.

Let us formulate the properties analyzed in the first chapter.

Definition 1. A metric M satisfies the property of maximality (Max) if there
exists a constant cmax such that for all confusion matrices C the inequality
M(C) ≤ cmax holds, and equality is reached if and only if C is diagonal.

Definition 2. A metricM is said to satisfy the property of minimality (Min) if
there exists a constant cmin such that for all confusion matrices C the inequality
M(C) ≥ cmin holds, and equality is reached if and only if the diagonal of C is
zero.

Definition 3. A metric M is symmetric (Sym) if for all confusion matrices
C, the equality M(C) = M(C⊤) holds.

Definition 4. A metric M is said to be class-symmetric (CSym) if for any
permutation σ of the classes {1, . . . ,m} and any confusion matrix C, the equality
M(C) = M(C̃) holds, where C̃ is defined by its elements c̃ij = cσ(i),σ(j).

Definition 5. A classification metric is a distance (Dist) if it can be linearly
transformed into a distance.
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Table 1 –– Threshold classification metrics used in this work (above the
horizontal line) and newly proposed metrics (below the line)

Metric Binary Multiclass

F-measure (Fβ) (1+β2)c11
(1+β2)c11+β2c12+c21

––
Jaccard coefficient (J) c11

c11+c12+c21
––

Matthews correlation
coefficient (CC)

c11c22−c21c12√
a1a2b1b2

n
∑m

i=1 cii−
∑m

i=1 aibi√
(n2−

∑m
i=1 a2

i )(n2−
∑m

i=1 b2i )

Accuracy (A)
∑m

i=1 cii
n

Balanced
accuracy (BA)

1
m

∑m
i=1

cii
ai

Cohen’s kappa (K) n
∑m

i=1 cii−
∑m

i=1 aibi
n2−

∑m
i=1 aibi

Classification error
entropy (CE) − 1

2n

∑
i ̸=j

(
cij log2m−2

cij
aj+bj

+ cji log2m−2
cji

aj+bj

)

Symmetric
balanced accuracy (SBA)

1
2m

∑m
i=1

(
cii
ai

+ cii
bi

)
Generalized means (GMr) nc11−a1b1

r
√

1
2 (a1a2)r+

1
2 (b1b2)

r
––

Correlation
distance (CD)

1
π arccos(CC)

Definition 6. Let C be a confusion matrix, where no single row or column sums
to n. For i ̸= j, we define an (i, j)-replacement of the matrix C as a replacement
that decreases the element cij by 1 and increases one of the elements cii or cjj by
1. Let C̃ be another confusion matrix obtained from C by an (i, j)-replacement.
We call a metric M monotonic (Mon) if for any such C and C̃, the inequality
M(C) < M(C̃) holds.

Definition 7. Let C and C̃ again be confusion matrices, such that C̃ is obtained
from C by increasing a diagonal element or decreasing an off-diagonal element.
Also, let no row or column of C sum to n, and let C and C̃ not be simultaneously
diagonal or zero. A metric M is strongly monotonic (SMon) if for any such
matrices, the inequality M(C) < M(C̃) holds.

Definition 8. A metric M is unbiased (CB) if there exists a constant cbas,
independent of the sample size n, such that for any true labeling A and non-
degenerate class sizes b1, . . . , bm of a random labeling B ∼ U(b1, . . . , bm) the
equality holds EM(A,B) = cbas.
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Definition 9. Let a1, . . . , an be arbitrary class sizes of the true labeling,
and b1, . . . , bn be arbitrary non-degenerate class sizes of the predicted labeling.
Consider a matrix C with elements cij = aibj / n. If for any such arbitrary
matrix C the equality holdsM(C) = cbas, where cbas is some constant independent
of the sample size n, then we will say that the metric M satisfies the property
of zero-order unbiasedness (ACB).

Table 2 –– Properties of classification metrics

Metric Max Min CSym Sym Dist Mon SMon CB ACB
F∗
β 3 7 7 3 7 3 7 7 7

J∗ 3 7 7 3 3 3 7 7 7
CC 3 3/7 3 3 7 3/7 3/7 3 3
A 3 3 3 3 3 3 3 7 7
BA 3 3 3 7 7 3 3 3 3
K 3 7 3 3 7 3/7 7 3 3
CE 3 7 3 3 7 7 7 7 7

SBA 3 3 3 3 7 3 3 3 3
GM∗

r 3 3 3 3 7 3 3 3 3
CD 3 3/7 3 3 3 3/7 3/7 7 3

The symbol 3 means that the specific property is satisfied, and 7 means
it is not. The symbol 3/7 means that the property is satisfied for binary
classification but not for multi-class. The symbol ∗ means that the metric is
defined only for the binary case.

The first chapter also discusses which of the analyzed properties are
preserved under different types of extensions (micro, macro, and weighted)
of binary metrics to the multiclass classification case (see Table 3).

With micro averaging, all binary confusion matrices are summed, and the
metric value is computed as

M

(
m∑
i=1

cii, n−
m∑
i=1

cii, n−
m∑
i=1

cii, n(m− 2) +

m∑
i=1

cii

)
.

With macro averaging, the metric value is computed as

1

m

m∑
i=1

M(cii, ai − cii, bi − cii, n− ai − bi + cii),

which corresponds to averaging the metric values over the resulting m binary
confusion matrices.
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Unlike macro averaging, weighted averaging takes into account the sizes
of the true classes, i.e., the value is computed as

1

n

m∑
i=1

aiM(cii, ai − cii, bi − cii, n− ai − bi + cii).

Table 3 –– Preservation of classification metric properties under averaging

Averaging Max Min CSym Sym Dist Mon SMon CB ACB
Micro 3 7 3 3 3 3 7 7 7
Macro 3 7 3 3 3 3 7 3 3
Weighted 3 7 3 7 7 3 7 3 3

A theorem on the simultaneous incompatibility of the considered
properties is proved in the first chapter.

Theorem 1. There does not exist a binary classification metric that
simultaneously satisfies the properties of monotonicity and unbiasedness and
is also a distance.

In this context, a new class of metrics is introduced, which includes the
Matthews correlation coefficient and symmetric balanced accuracy, and satisfies
all properties except for being a distance. It is also proved that if one takes
the arccosine of the Matthews correlation coefficient, the resulting metric will
satisfy all properties except for unbiasedness7.

Chapter two is devoted to the verification of the quality of linear
classifiers depending on two features. In this chapter, the question of the
reliability of the accuracy value or another metric measured for a given classifier
is reduced to finding the probability of almost linear separability of two samples
on the plane. We obtain an upper bound for this probability under the condition
that the sample points are fixed.

Namely, let S = {xi, i ≤ n} be a set of n > 0 points in general position
in R2. Consider a random partition of S into two disjoint subsets Y and Z of
given sizes k > 0 and l = n− k > 0, respectively, where k ≤ l. For fixed S, all
such partitions are equiprobable and occur with probability 1 /

(
n
k

)
.

Definition 10. Subsets Y and Z are called almost linearly separable with m
errors if there exists a half-plane H+ such that |H+∩Y | = k−mY , |H−∩Z| =
l − mZ , and max(mY ,mZ) = m, where H− = R2 \ H+. If mY + mZ = m,
then the subsets are called almost separable with accuracy m. If H+ is the

7The results presented in the first chapter are published in [A1].

15



upper half-plane bounded by a directed line (ray) ℓ, then ℓ is called an almost
separating line.

Let Am denote the event that Y and Z are almost linearly separable with
m errors.

Lemma 1. Let A≤m =
⋃

h≤m Ah. Then for k ≥ 2m−1 the following inequality
holds:

P (A≤m |X = S) ≤
(
k

m

)(
l

m

)
P (A0 |X = S) .

Let A′
m denote the event that Y and Z are separable with accuracy m.

Lemma 2. Let A′
≤m =

⋃
h≤m A′

h, and Pn,k
m = maxS P (A′

m |X = S). Then

P
(
A′

≤m

∣∣X = S
)
≤
∑
h≤m

(
n

m

)(
m

h

)
Pn−m,k−h
0 .

Let us denote Pm = P (A≤m |X = S), omitting dependence on S.

Theorem 2. Let S be a set of points in general position in the plane. Then,
in the previous notation, the probability of linear separability is bounded above
by the inequality

P0 ≤ max
(
6.3n

3
√
k, 103n / 8

)
/

(
n

k

)
.

Next, in the second chapter, the case is considered when the samples are
drawn from a certain class of distributions, including the normal distribution.

Theorem 3. C1) Let {Xi, i ≤ n} be independent identically distributed
random points on the plane with a projectively continuous distribution (i.e.,
the distribution of the projection of a sample element X onto any direction is
continuous). Then

P (A0) = klE
(
Rk−1(1− R)l−1

)
, (1)

where R is the probability that X1 lies above the line passing through points X2

and X3.
C2) Under the condition C1, the following inequality holds:

P (A0) ≤ 10n
4
√
k /

(
n

k

)
. (2)
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C3) Additionally, suppose that {Xi, i ≤ n} have a spherically symmetric
distribution (i.e., the sample distribution does not change under any
orientation-preserving orthogonal transformation). Then

P (A0) ≤
8n

π
/

(
n

k

)
. (3)

C4) Finally, let {Xi, i ≤ n} be distributed normally N (µ,Σ), where µ ∈ R2

and Σ is a non-degenerate covariance matrix. Then

P (A0) ≤
√
2n /

(
n

k

)
. (4)

Finally, this chapter contains description of an algorithm computing the
exact probability of separability for a given set of points. Using this algorithm,
we estimate the power of a statistical homogeneity test based on counting the
number of errors produced by the classifier8.

Chapter three is practical in nature and is devoted to the prediction of
microRNA isoform formation. This chapter describes a classifier that takes as
input the nucleotide sequence near the microRNA cleavage site and predicts
whether the cleavage will be precise or isoforms will arise (see Figure 2).

The methods developed in the previous chapters are used to assess the
quality and statistical significance of the resulting classifier: the accuracy of the
classifier is 0.71, while p-value of the linear homogeneity test is less than 0.05
level.

Finally, in the analysis of the classifier’s properties, nucleotide motifs
influencing the formation of microRNA isoforms are identified: the AGCU
nucleotide motif at the 5′-end of the 3′-arm of a pri-miRNA is found to be
associated with the absence of isoforms, while the CCAG motif is associated
with their formation9.

Conclusion

MicroRNA molecules play an important regulatory role in the cell by
binding to messenger RNAs (mRNAs) and suppressing their expression. It
is known that during microRNA biogenesis, isoforms may be formed that
possess mRNA target profiles completely different from those of the canonical
form. Therefore, studies aimed at understanding the mechanisms and causes of
isoform formation are of great scientific and practical importance.

The results obtained in this work make a significant contribution to this
research area. For the first time, it has been demonstrated that the presence of

8The results presented in the second chapter are published in [A2].
9The results presented in the third chapter are published in [A3].
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a) PC4 for homogeneous and
heterogeneous microRNAs

b) ROC curve for the linear classifier
based on PC4

c) Differences between homogeneous and heterogeneous microRNAs at the
5′-end of the 3′-arm

Figure 2 –– Linear classifier distinguishing homogeneous and heterogeneous
cleavage at the 5′-end of the 3′-arm by the nucleotide sequence near the

microRNA cleavage site

isoforms of a given microRNA is not tissue-specific, which implies the existence
of a general mechanism of isoform formation. As a consequence, several short
nucleotide motifs were identified that accurately determine the presence of
isoforms in the Dicer enzyme activity region at the 5′-end of the 3′-arm of a
microRNA: the AGCU motif is associated with the absence of isoforms, while
the CCAG motif is associated with their formation. Based in part on these
motifs, a linear classifier was constructed to predict the presence of isoforms.

A significant part of this work is devoted to the development of theoretical
methods for assessing the quality and statistical significance of linear classifiers,
which were, in particular, applied to the analysis of the proposed classifier. An
approach was introduced for comparing different classification metrics based
on the verification of certain properties, referred to as axioms. It was shown,
for the first time, that the most natural among these properties are mutually
incompatible, meaning that there exists no “ideal” way to measure classification
quality. Furthermore, a homogeneity criterion was proposed to determine the
statistical significance of a linear classifier based on its accuracy. Application of

18



the developed theoretical methods confirmed the statistical significance of the
microRNA isoform classifier and enabled its correct comparison with previously
known test systems: its accuracy reached 0.71, and the p-value of the linear
homogeneity criterion was below the 0.05 threshold.

All theoretical statements presented in this dissertation are supported by
rigorous mathematical proofs, while the practical results are also experimentally
validated: the identified motifs of heterogeneous cleavage were confirmed
through transduction of the MDA-MB-231 cell line with short hairpin RNAs,
which are processed by the Drosha and Dicer enzymes through the same
mechanism as endogenous microRNAs.
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