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Plan

For a simplicial complex K, we study the spaces ZK and DJ(K).
1 K is any complex

▶ De�nition of ZK and DJ(K)
▶ Cohomology rings
▶ Loop spaces: ΩDJ(K) ≃ ΩZK × Tm

▶ Loop homology: H∗(ΩZK;k) ⊂ H∗(ΩDJ(K);k) ∼= Extk[K](k,k).
2 K is a �ag complex:

▶ Presentation of H∗(ΩDJ(K);k) is known
▶ Poincar�e series of H∗(ΩDJ(K);k) is known
▶ Homotopy type of ΩZK is known (L.Stanton + V.)
▶ Presentation of H∗(ΩZK;k) can be computed
▶ ZK is rationally coformal

3 K is �close to a �ag complex� (work in progress):
▶ Partial generalisations of results above
▶ Colimit decomposition of H∗(ΩDJ(K);k)
▶ �Clique closures� of classes of simplicial complexes
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Moment-angle complexes and their partial quotients

Fix an abstract simplicial complex K on vertex set [m] = {1, . . . ,m}
without ghost vertices, and consider the moment-angle complex

ZK :=
⋃
J∈K

∏
i∈J

D2 ×
∏

i∈[m]\J

S1

 ⊂ (D2)m.

Clearly, Tm = (S1)m acts on ZK. If a closed subgroup H ⊂ Tm acts freely

on ZK, the Tm/H-space ZK/H is called a partial quotient of ZK. Up to an

equivariant homotopy equivalence, this class contains all quasitoric

manifolds (Davis, Januszkiewicz) and smooth toric varieties (Franz).

The Davis�Januszkiewicz space DJ(K) :=
⋃

J∈K(CP∞)J ⊂ (CP∞)m is

homotopy equivalent to the Borel construction ETm ×Tm ZK (Buchstaber,

Panov); we obtain the homotopy �bration

ZK → DJ(K) ↪→ (CP∞)m.
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Cohomology rings
ZK → DJ(K)︸ ︷︷ ︸

=(CP∞,∗)K

↪→ (CP∞)m. Fix a principal ideal domain k.

Proposition

H∗(DJ(K);k) ∼= k[K], where k[K] := k[v1, . . . , vm]/(
∏

i∈I vi = 0, I /∈ K)
is the Stanley�Reisner ring of K. (As graded algebras; deg vi = 2.)

Theorem (Baskakov, Buchstaber, Panov)

H∗(ZK;k) ∼= Tork[v1,...,vm](k[K], k) ∼=
⊕

J⊂[m] H̃
∗(KJ ;k) (As graded

algebras; products are induced by inclusions KA⊔B ↪→ KA ∗ KB .)

We obtain a natural Z× Zm
≥0-grading: deg vi = 2ei ∈ Zm

≥0,

Hn(ZK; k) ∼=
⊕

i≥0, J⊂[m]:
−i+2|J|=n

H−i ,2J(ZK; k), H−i ,2J(ZK; k) ∼= H̃ |J|−i−1(KJ ; k).
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Loop space �brations

Panov, Ray: in the looped �bration ΩZK
Ωi−→ ΩDJ(K)

Ωp−→ Tm, the map

Ωp has a section. It follows that ΩDJ(K) ≃ ΩZK × Tm (not an

equivalence of H-spaces!).

Recall: for a connected space X and a principal ideal domain k, the graded

k-module H∗(ΩX ;k) is
an associative algebra (w.r.t. the Pontryagin product);

a cocommutative Hopf algebra if H∗(ΩX ; k) is torsion free.

We obtain:

H∗(ΩDJ(K);k) ≃ H∗(ΩZK;k)⊗ Λ[u1, . . . , um] as left
H∗(ΩZK; k)-modules (not as algebras!);

In the torsion-free case, an extension

H∗(ΩZK; k) → H∗(ΩDJ(K);k) → Λ[u1, . . . , um] of connected
cocommutative Hopf algebras.

(Similarly for H∗(Ω(EH ×H ZK);k) → H∗(ΩDJ(K);k) → H∗(Tm/H;k)).
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Loop homology of Davis�Januszkiewicz spaces
Use the (hga-)formality of DJ(K), Adams' cobar construction and

properties of quadratic algebras, one obtains:

Theorem (Panov, Ray'08, Franz'21, V.'23)

1 H∗(ΩDJ(K);k) ∼= Extk[K](k,k) as graded k-algebras. We obtain a

Z× Zm
≥0-grading on H∗(ΩDJ(K);k) (and hence on H∗(ΩZK;k)):

Hn(ΩDJ(K);k) ∼=
⊕

n=−i+2|α|

H−i ,2α, where H−i ,2α
∼= Extik[K](k,k)

2α.

2 H∗(ΩDJ(K);k) ∼= Extk[K](k,k) as Hopf algebras (in the torsion free

case).

3 H−i ,2α = 0 if i > |α|. Diagonal subalgebra
⊕

i=|α|H−i ,2α is isomorphic

to k[K]! := T (u1, . . . , um)/(u
2
i = 0; [ui , uj ] = 0, {i , j} ∈ K),

deg ui = (−1, 2ei ).

4 If K is a �ag complex (i.e. I ∈ K whenever {i , j} ∈ K for all i , j ∈ I ),
then Extk[K](k, k) ∼= k[K]!.
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Stanton's homotopy decomposition

Denote by P be the class of spaces homotopy equivalent to �nite type

products of S1, S3,S7 and loops on simply connected spheres.

Simplicial complex is neighbourly if any two vertices are adjacent.

Theorem (Stanton'24)

If ΩZKA
∈ P for any neighbourly KA, then ΩZK ∈ P.

In particular: if K is �ag, then ΩZK ∈ P.

Remark: KA is neighbourly i� A ∈ Kf , where Kf is the �agi�cation of K.

Lemma (Stanton; see [Vylegzhanin'24])

If ΩZK ∈ P, then ΩZK ≃
∏

n≥3(ΩS
n)×Dn for some Dn ≥ 0.

Strategy: �nd Dn by computing the Poincar�e series of Extk[K](k, k). By the

results above, it should be equal to (1 + t)m/
∏

n≥3(1− tn−1)Dn .
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π∗(ZK), �ag complexes

In the �ag case, Extk[K](k,k) ∼= k[K]! is a Koszul algebra (i.e.

Koszul-Priddy complex (k[K]! ⊗ (k[K])∗, d) is acyclic). Hence, Poincar�e
series of k[K]! and k[K] are related by the Fr�oberg formula.

Theorem (V.'24)

Let K be a �ag simplicial complex on vertex set [m]. Then there is a

homotopy equivalence ΩZK ≃
∏

n≥3(ΩS
n)×Dn, where the numbers Dn

satisfy ∏
n

(1− tn−1)Dn =
∑
J⊂[m]

(1− χ(KJ)) · t |J|. (0.1)

In particular, πN(ZK) ≃
⊕

n≥3 πN(S
n)⊕Dn .

This allows to describe homotopy groups of smooth toric varieties and

quasitoric manifolds corresponding to �ag complexes!

In fact, the RHS of (0.1) equals (1 + t)m−dim(K) ·
∑

i≥0 hi (K) · (−t)i .
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π∗(ZK), �ag complexes with holes

We say that K is a �ag complex with holes if K = L \M, where L is a �ag

complex and M ⊂ L are some maximal faces of L (of dim ≥ 2). By
Stanton's results, ΩZK ≃

∏
n≥3(ΩS

n)×Dn if K is �ag with holes.

Theorem (V., work in progress)

Let K = L \M be a �ag complex with holes. Then

H∗(ΩDJ(K);k) ∼= T (u1, . . . , um;wI , I ∈ M)/I,

I =
(
u2i = 0; [ui , uj ] = 0, {i , j} ∈ K; [ui ,wI ] = 0, i ∈ I ∈ M

)
.

In fact, RHS is a Koszul algebra, so we can compute Dn:∏
n≥3

(1− tn−1)Dn =
∑
J⊂[m]

(1− χ(LJ)) · t |J| −
∑
I∈M

t2|I |−2(1 + t)m−|I |.
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Presentations of connected algebras (k is a �eld)

Let k be a commutative ring with unit. Graded associative k-algebra
A =

⊕
n≥0 An with unit is connected if A0 = k · 1. A presentation of A is

any isomorphism A ≃ T (a1, . . . , aN)/(r1 = · · · = rM = 0), where ai , rj are
homogeneous elements of positive degree.

Theorem (C.T.C.Wall'60)

Let k be a �eld and A be an associative graded k-algebra. Let n ≥ 0.

1 ∀ presentation of A has ≥ dimk Tor
A
1 (k,k)n generators and

≥ dimk Tor
A
2 (k,k)n relations of degree n.

2 ∃ a presentation of A with dimk Tor
A
1 (k, k)n generators and

dimk Tor
A
2 (k,k)n relations of degree n.

Fedor Vylegzhanin (MI RAS / HSE) ZK in the �ag case (and beyond) 10/22/24, Western 10 / 22



Presentations of connected algebras (k is a PID)

Let k be a commutative ring with unit. Graded associative k-algebra
A =

⊕
n≥0 An with unit is connected if A0 = k · 1. A presentation of A is

any isomorphism A ≃ T (a1, . . . , aN)/(r1 = · · · = rM = 0), where ai , rj are
homogeneous elements of positive degree.

Theorem (V.)

Let k be a PID and A be an associative graded k-algebra. Let n ≥ 0.

1 ∀ presentation of A has ≥ genTorA1 (k, k)n generators and

≥
(
genTorA2 (k, k)n + relTorA1 (k,k)n

)
relations of degree n.

2 ∃ a presentation of A with genTorA1 (k,k)n generators and(
genTorA2 (k, k)n + relTorA1 (k, k)n

)
relations of degree n.

Here M ≃ kgenM/krelM , where genM and relM are the smallest possible.

For example, gen(Z/6⊕ Z) = 2, rel(Z/6⊕ Z) = 1 if k = Z.
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Presentations and the bar construction
The k-module TorA(k,k) is isomorphic to homology of the bar

construction (B(A), d), where B(A)n = (A>0)
⊗n.

Theorem (V.)

Choose the elements

a1, . . . , aN ∈ A>0 ≃ B1(A) whose images generate TorA1 (k,k);
ρr =

∑
β Kr ,β ⊗ Lr ,β ∈ A>0 ⊗ A>0 ≃ B2(A) so that their boundaries

dB(ρr ) =
∑N

i=1 λri · ai ∈ B1(A) produce a su�cient set of additive

relations
∑

i λri · [ai ] = 0 between [a1], . . . , [aN ] ∈ TorA1 (k,k);∑
α Pj ,α ⊗ Qj ,α ∈ A>0 ⊗ A>0 ≃ B2(A) whose images generate

TorA2 (k,k) as a k-module.

Then we have a presentation

A ≃ T (a1, . . . , aN)/(
∑

β ±Kr ,β · Lr ,β =
∑N

i=1 λriai ,
∑

α±Pj ,α · Qj ,α = 0),

where Kr ,β, Lr ,β,Pj ,α,Qj ,α are considered as words on a1, . . . , aN .
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Our approach to loop homology

Let K be a �ag complex. We have: S = H∗(ΩZK;k) is a subalgebra in the

known algebra A = H∗(ΩDJ(K);k), and A ≃ S ⊗k Λ[m] as a S-module. A

presentation of S is computed as follows.

1 We have the Fr�oberg resolution (A⊗ k⟨K⟩, d) of the left A-module k.
Consider it as a free resolution (S ⊗ Λ[m]⊗ k⟨K⟩, d̂) of the left

S-module k.
2 Compute TorS(k,k) as homology of (Λ[m]⊗ k⟨K⟩, d).
3 Construct a homology isomorphism φ : (Λ[m]⊗ k⟨K⟩, d) → (B(S), d).

4 Obtain elements in B(S) corresponding to additive generators and

relations in TorS(k, k).
5 Use the previous slide to give a presentation of S .

Theorem (V.'22)

On step 2 we obtain Tor
H∗(ΩZK;k)
q (k, k) ∼=

⊕
J⊂[m] H̃q−1(KJ ;k).
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Results: generators for H∗(ΩZK;k), �ag case

Recall that the algebra H∗(ΩDJ(K);k) is generated by elements u1, . . . , um
of degree 1. For I = {i1 < · · · < ik} ⊂ [m], x ∈ H∗(ΩDJ(K);k) denote

c(I , x) := [ui1 , [ui2 , . . . [uik , x ] . . . ]] ∈ H∗(ΩDJ(K);k).

One can show that c(I , uj) ∈ H∗(ΩZK; k) ⊂ H∗(ΩDJ(K);k) if I ̸= ∅.

For every J ⊂ [m] let Θ(J) ⊂ J contain exactly one vertex from every path

component of KJ not containing max(J) (for example, the minimal vertices

of path components). We have |Θ(J)| = b0(KJ)− 1.

Theorem (Grbi�c, Panov, Theriault, Wu'16 / V.)

H∗(ΩZK;k) is multiplicatively generated by the GPTW generators

{c(J \ j , uj) : J ⊂ [m], j ∈ Θ(J)}. It is a minimal set of generators.
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Results: relations in H∗(ΩZK;k), �ag case

Each c(I , uj) can be expressed through the GPTW generators by an

explicit recursive algorithm. Denote any such expression as ĉ(I , uj).

Theorem (V.'24)

For every J ⊂ [m] choose a set of simplicial 1-cycles
∑

{i<j}∈KJ
λα
ij [{i , j}]

in C1(KJ ;k), whose images generate the k-module H1(KJ ; k). Then
H∗(ΩZK;k) is presented by GPTW generators modulo the relations∑

{i<j}∈KJ

λ
(α)
ij

∑
J\{i ,j}=A⊔B:
max(A)>i ,
max(B)>j .

(−1)...
[
ĉ(A, ui ), ĉ(B, uj)

]
= 0.

In particular, there is a presentation by
∑

J⊂[m](b0(KJ)− 1) generators and∑
J⊂[m] genH1(KJ ; k) relations. It is minimal among

Z× Zm
≥0-homogeneous presentations, if k is a PID.
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An example: 5-cycle

For K a 5-cycle, the algebra H∗(ΩZK;k) is presented by 10 generators and

a single relation, �rst computed by Veryovkin (2016, computer bruteforce).

The GPTW generators:

[u3, u1], [u4, u1], [u4, u2], [u5, u2], [u5, u3], [u1, [u5, u3]],

[u2, [u4, u1]], [u3, [u4, u1]], [u3, [u5, u2]], [u4, [u5, u2]].

Our formula gives the relation:

−
[
[u3, u1], [u4, [u5, u2]]

]
+
[
[u4, u1], [u3, [u5, u2]]

]
+
[
[u3, [u4, u1]], [u5, u2]

]
+
[
[u4, u2], [u1, [u5, u2]]

]
+
[
[u1, [u4, u2]], [u5, u3]

]
= 0.

The underlined element is not a GPTW generator; however,

−[u1, [u4, u2]] = [u2, [u4, u1]] in H∗(ΩDJ(K);k), and [u2, [u4, u1]] is a
generator.

Fedor Vylegzhanin (MI RAS / HSE) ZK in the �ag case (and beyond) 10/22/24, Western 16 / 22



Q-coformality in the �ag case

Simply connected space X is k-coformal if C∗(ΩX ; k) ∼ H∗(ΩX ;k) as dga
algebras over k. It is known that DJ(K) is coformal if and only if K is �ag.

Proposition (V.'24)

If K is �ag, then ZK (and all EH ×H ZK) are Q-coformal.

This follows from the following theorem.

Theorem (Huang'23)

Let F → E → B be a �bration of nilpotent spaces of �nite type, such that

E is Q-coformal and π∗(F )⊗Q → π∗(E )⊗Q is injective. Then F is

Q-coformal.
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k-coformality in the �ag case?

X a simply connected space such that H∗(ΩX ;k) is k-free ⇝
Milnor-Moore spectral sequence E 2

p,q = Tor
H∗(ΩX ;k)
p (k,k)q ⇒ Hp+q(X ;k).

We have E 2 = E∞ if X is k-coformal.

Theorem (V.'22)

If K is �ag, then E 2 = E∞ for ZK for any k.

Conjecture

If K is �ag, then ZK (and all EH ×H ZK) are coformal over any k.

It would follow from the following generalisation of Huang's result.

Conjecture

Let F → E
p−→ B be a �bration of simply connected spaces of �nite type,

such that E is k-coformal and Ωp has a homotopy section. Then F is

k-coformal.
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Thank you for your attention!

Thank you for your attention!
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