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Chapter 1

Introduction

The aim of these lecture notes is to give an introduction to mirror symmetry from the point of view of
singularity theory. In this text we consider mirror symmetry only from the mathematical point of view.
In mathematics mirror symmetry can be formulated in several different languages including homologi-
cal, algebraic or complex geometry languages. We stick to the language of singularity theory that has
connections to all the other languages listed.

From this prospective the best known results today are established for the special class of singular-
ities known as invertible singularities. We collect and provide in a systematic way the mirror symmetry
results for the invertible singularities in this text. We also discuss more general hypersurface singularities.

The lecture notes are supplied with many examples, open problems and ”learn more” sections. In
these sections we give the references for the publications that can be useful for the deeper dive into the

topic.

Acknowledgements

The work of Alexey Basalaev was supported by the Theoretical Physics and Mathematics Advancement
Foundation ”BASIS”.



CHAPTER 1. INTRODUCTION



Chapter 2

Polynomials and symmetries

2.1 Polynomials

Consider f € C[xy,...,2xn] and its critical set

Cf—{($1,,$N)ECN|af af }

01'1 B axN
We will say that f defines an isolated singularity at 0 € C if 0 belongs to C} as an isolated point.
Example 2.1. For any n > 2 the functions below defined isolated singularities
f=ath A, singularity, (2.1)
f=a?+ a2 D,, singularity. (2.2)
The corresponding singularities are called A,, and D,, singularity respectively.
Non-Example 2.2. f = z}23 having Cf = {z1 = 0} U {22 = 0}.
Exercise 2.3. Find more examples and non-examples of the polynomials defining isolated singularities.

Note that if f € C[xzy,...,zn] defines an isolated singularity, then it does not define an isolated
singularity assumed as an element of a bigger ring Clz1,...,2n41].
The figures of Figure 2.1 on page 8 are taken from [GPBLS02]. They depict the zero sets of some

polynomials defining isolated and non-isolated singularities.

Proposition 2.4. Let f € Clxy,...,zx] and g € Clzgy1,...,2Nn] be a polynomials defining isolated

singularities. Then f + g € Clx1,...,xn] defines an isolated singularity.
Proof. Skipped. O

The conditions of the proposition above can be reformulated as “f and g depending on the non—
intersecting set of variables”. In what follows we will write f@g for the polynomial f + ¢ if such condition
holds.
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Isolated Singularities

Azt —y?+ 22 =0 Dy =z +4° =0

Non—isolated singularities

As 2 =9 =0 Doy =22 =0

Figure 2.1: Zero—sets of the isolated and non-isolated singularities (taken from [GPBLS02])
Proposition 2.5. Let f € Clxy,...,xn] define an isolated singularity. Then for every index j < N one
of the following conditions holds

o f contains a monomial x§ for some a,
e [ contains a monomial xjxy for some a and index k < N.
Proof. Simple. Although the proof can be found in [KS92, Theorem 1] and [S71, Korollar 1.6]. |

Corollary 2.6. If f defines an isolated singulatiry and has no monomial of the form xz;x;, then the

number of the monomials of f is equal or greater than the number of the variables.

2.1.1 Quasihomogeneity

The polynomial f € C[zy,...,zy] is called quasihomogeneous if there are positive integers dy, d, ..., dy,
S.t.

FOG o AWNeN) =AY f(2,...,2n), VYAeC. (QH1)
understood as the equality in the ring C[z1, ..., zx]. In what follows we will say that f is quasihomoge-

neous w.r.t. the weights d¢,di,...,dn.

Remark 2.7. The numbers di could be understood as the degrees of the variables xj. Then the set
dy,...,dy provides a grading of the polynomial ring C[z1,...,zx]. The quasihomogeneity condition on

f says that it should be of pure degree d; w.r.t. this grading.
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The equality (QH1) is equivalent to the following condition. Assume

= al .. aN
f —anl,--~7aN‘T1 TN

for some complex coefficients cq,,. oy. Then f is quasihomogeneous w.r.t. d¢,ds,...,dy if and only if

for every non-zero coefficient c,, ... o, the following condition holds
df =aqdy + - +andy. (QHQ)

It’s clear that the choice of the weights is not unique. Moreover this form allows one to give the
third equivalent formulation of the quasihomogeneity property.
The polynomial f is quasihomogeneous if and only if there are positive rational numbers ¢1, ..., qn,

s.t. every monomial z{" -z} of f satisfies

l=oa1q1 + -+ angn. (QH3)
The set q1,...,qn as also called the set of reduced weights.

Remark 2.8. Still there are polynomials f that are quasihomogeneous w.r.t. to different reduced weights.
For example consider f = x1x5. It satisfies condition (QH3) above with the reduces weights (1/2,1/2)
and (1/3,2/3) at the same time.

Example 2.9. The A, singularity polynomial f = x’f“ is quasihomogeneous w.r.t. q; = n%_l The D,

singularity polynomial f = 27 + x123 is quasihomogeneous w.r.t. q; = % and g = %(1 — %)

Let f be quasihomogeneous w.r.t. the reduced weights q1,...,qn. These weights introduce the
grading on C[z1,...,zx]. Namely, we get the direct sum decomposition of the polynomial ring assumed

as an infinite dimensional vector space
Clz1,...,zN] = @((C[x])a, (2.3)
aeQ

where (C[x]), is a C—span of the monomials of weight «

(Cl)a = Cal -2 | Y] aune = . (2.4)
k=1

The vector spaces (C[x]),, are called graded pieces of Clxy,...,zN].

Note that some of graded pieces (C[x]), might be 0—dimensional vector spaces. The unit of the
polynomial ring belongs to (C[x])o, and this is the only generator of this graded piece if ¢i,...,qn are
all positive.

Any p € Clzy,...,xn] is called homogeneous if Ja € Q, s.t. p € (C[x])q.

Example 2.10. For f = z{' with ¢; = 1/a; we have (C[x]), = 0if o ¢ a—llN and (C[x]), = C{z¥) if

a = k/ay. The element 1 + x; is not homogeneous.
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2.1.2 Quasihomogeneous singularities

The polynomial f defines a quasihomogeneous singularity if it is quasihomogeneous and defines an isolated
singularity.
Remark 2.11. These two conditions are independent — there are polynomials defining isolated singu-

larities, that are not quasihomogeneous and there are quasihomogeneous polynomials, whose critical sets

contain non-isolated points.

Remark 2.12. Quasihomogeneous singularities were investigated extensively by K.Saito in [S71] as a
special class and in some parts by V.I. Arnold (cf. [AGV85]).

There was an attempt to classify all quasihomogeneous singularities. It was initiated by Arnold
and later pursued by several other groups. Arnold completed the classification for the number of variables
N <4 (cf. [AGV85]) and later Hertling—Kurbel made a thorough treatment in [HK12].

Let f = anl,...,aNx?l l‘?(,N Denote

Supp(f) = {(ah cee ,OéN) € ZJZVO | Cay,.oan 7 0} .

Note that supp(f) only “stores” the exponents of the variables and not the coefficients.

The following theorem generalizes Proposition 2.5.

Proposition 2.13 (Theorem 2.2 in [HK12]). Let f be a quasihomogeneous polynomial. It defines an

isolated singularity if and only if any of the following equivalent conditions is satisfied
(C1) for every non-empty J < {1,..., N} either
[T+
jeJ
is a summand of f for some o € Zxq or there is K < {1,...,N}\J, s.t. |K| = |J| and for any

(%]
Lk H L

jeJ

k e K, the monomial

is a summand of f for some o € Zxg.
(C2) for every non-empty J < {1,...,N} there is K < {1,..., N}, s.t. |K| = |J| and for any k € K, the
monomial
Tk Hm?”

jeJ

is contained in f for some a; € Zxq.
Proof. Need to prove. O

Remark 2.14. The conditions C1 and C2 above can be equivalently rewritten in the combinatorial form

operating with a vectors in Z¥ rather than monomials as we choose (cf. [HK12, Lemma 2.1]).

Example 2.15. All quasihomogeneous N = 2 isolated singularities are given by the polynomials f; =

ai az _ a1 az _ a1 az 343
7+ 257, fo =aT xe + 257, fi = 27 x2 + x5°x; for all positive ag, as.
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Example 2.16. All quasihomogeneous N = 3 isolated singularities are given by the polynomials f; =
it 4 a5 + a5®, fo = alt 4 a?ws + 5P, f3 = o + 252wy + 2§y +eabad, fu = 27t 4+ 25%ws + 2507,
f5 = a0 + 252wy + 25329, fo = a v + 23221 + 23371 + eabaxd, fr = 2wy + 25223 + 25321 with some
positive a1, asz,as. The numbers a; are arbitrary for fi, f2, f4, f5, f7, however the polynomials f3 and fg
are only quasihomogeneous if € # 0 and some additional combinatorial condition on aj, as, as holds. In

particular the least common divisor of (ag, az) should be divisible by a; — 1 for f3 to exist.

Example 2.17. Fermat, chain and loop type polynomials

f=a Fermat type,
[=a0we + 25203+ - + 2 T, + T Chain type,
f=aV'zs +a52x3 + -+ 2o T + 202y Loop type,

are examples of quasihomogeneous singularities for any natural a;. Note that for all these polynomials
the reduced weights q1, ..., ¢y, are defined in a unique way.
Using the word 'type’ we assume the certain structure of the monomials set and do not specify the

exponents a;.

Remark 2.18. The polynomials of Fermat, loop and chain types are also called “of atomic type” in the

literature. We refrain from using this addition vocabulary in the current text.

Exercise 2.19. Check that Fermat, loop and chain type polynomials indeed have only one critical point.

2.1.3 Graph of a quasihomogeneous singularity

Given a polynomial f € C[x1,...,2x] defining a quasihomogeneous singularity construct a map & :
{1,...,N} > {1,...,N}. For any j < N Proposition 2.5 asserts that f contains either a monomial $ or
a monomial x§zy. In the first case set x(j) := j and in the second set x(j) := k.

Associate to f the graph I'y with IV vertices labelled with the numbers 1,..., N and the oriented
arrows j — k(j) if j # &(j).

Remark 2.20. Such graphs were first considered by Arnold, however with the selfpointing arrows j — j

too. We decide to remove such arrows to reduce complexity.

Exercise 2.21. Check that: 1. the graph of a Fermat type polynomial is a one—vertex graph without
edges. 2. the graph of a chain type polynomial is an oriented chain. 3. the graph of a loop type

polynomial is an oriented circle (loop).
Exercise 2.22. Check that I'yg, = 'y b I'y.

Proposition 2.23. The graphs occurring as the graphs of the quasihomogeneous singularities are disjoint
unions of oriented trees and oriented circles such that the oriented trees have their roots on the oriented

circle.

Proof. This follows from Proposition 2.5. 0
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Assume we only know the graph I'y and not the polynomial f itself. The graph strucuture indicates
some monomials that occur as summands of f. Call these monomials graph monomials. Additional
monomials need to be added if I'¢ is not a disjoint union of the graphs of Fermat, chain or loop type

polynomials. However these additional monomials could be rather involved.

Example 2.24. The polynomial f = x3 + 2, (:C% + 23 + xﬁ) + exqxzxy With some non—zero € defines an
isolated singularity. It’s also quasihomogeneous with ¢; = --- = g4 = 1/3. This example shows that the

additional monomials that need to be added to the graph type monomials could be rather complicated.

In [R24] A. Rarovskii found the certain set of monomials that can be added to the graph monomials

in order to construct a quasihomogeneous singularity. Note that such a set can never be unique.

2.1.4 Invertible polynomials

The set of all quasihomogeneous singularities contains the following important class. The polynomial f
defining an isolated quasihomogeneous singularity having no monomial of the form z;z; and as many

monomials as the variables is called invertible polynomial and is said to define an invertible singularity.

Proposition 2.25. Let f be an invertible polynomial. Then after some rescaling and renumbering of the

variables we have f = f1 ®--- @ f,, for fi being either of Fermat, chain or loop type.

Proof. Make use of Proposition 2.5. Assume I'y to contain a vertex with two incoming arrows. Then f
is of the form

arzlei + OzQx?z,; + asxiz; + g(x),

where K € {0,1}, ajapaz # 0, b,c > 2 and g does not depend on z, z;, ;. Computing

0

axf- = acyz? el + 04236?- + azTy, (2:5)
?

of - f -

of _ of _ of _

Setting x; = 0 we see that vanishing 0 is equivalent to 04233? + aszf, = 0 what shows

that x; = x; = x;, = 0 is not an isolated critical point of f. O

Example 2.26. The quasihomogeneous singularities with N = 2 are all invertible. In the notation of
Example 2.15 we have f; is Fermat+Fermat with n = 2, f5 is Chain with n = 1 and f3 is Loop with

n=1.

Example 2.27. The quasihomogeneous singularities with N = 3 are not all invertible. In the notation
of Example 2.16 we have f; — Fermat+Fermat+Fermat, fo — Fermat+Chain, f3 — not invertible, fy
— Fermat+Loop, f;5 — Chain, fs — not invertible, f7 — Loop.

For an invertible polynomial f define the matrix £y with the entries in Z>(. Up to a rescaling of
the variables we may assume
N
[T

Jj=1

I
M=

(2

Il
_



2.1. POLYNOMIALS 13

for some integers E;;. Treat these integers as the components of the matrix E; := {E;;}. In the other
words every row of the matrix Ey corresponds to a monomial of f and it’s values are exponents of the

variables entering the monomial.
Proposition 2.28. Let f be an invertible polynomial. Then
(i) The matriz E; is invertible.
(i1) There is a canonical choice of the weights (dy,dn,...,dnN).

Proof. Let f be quasihomogeneous with the weight set (ds,di,...,dy). Introduce two ZY vectors:

d:= (dy,...,dy)" and 1 := (1,...,1)T. Then the quasihomogeneity condition is equivalent to the Z~

vector equality Ey - d = ds1. It follows now from Cramer rule that det(E;) # 0. This completes (i).
The canonical weight set is obtained by taking dy := det(Ey). O

Corollary 2.29. The reduced weight set q1,...,qn satisfies

¢ 1 @ 1
=B = B =

qN 1 qN 1

Proof. Consider the RHS vector equality. The k-th row is equivalent to the fact that k-th monomial of
f has weight 1 w.r.t. the weight set (q1,...,qn)- O

Corollary 2.30. For f being of Fermat, loop or chain type the reduced weights are

1
g1 = —  Fermat type (2.7)
ay
N o
_1)i—i
g = Z =0 chain type (2.8)
~ qy---a;
j=i
N-1 k k
s l=am+>5_,(—1)%a —o Gy |41
Gm = (—D)NV L ud Zkﬁz (=1)%am 1_1[\[[_2 M loop type, (2.9)
Hk,=1 ap — (_1)
where one assumes ag := ay, G_1 := AN_1, G_2 := aN_2 and o on.
Proof. This follow from Cramer’s rule. O
Example 2.31. For a loop type with N = 5 the weights read:
1 — a5 + aqas — azaqas + azasaqas 1 — a1 +asa1 — agasaq + agasasaq
q1 = y q2 = 3
D D
1 —as + ajas — arasas + aragasas 1 —asg + asas — ajasasg + aijasasas
q3 = y q4 = ;
D D
1 — a4 + azas — asazays + ajasazay
qs = D )

forD=1+ay...as.
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2.1.5 Berglund—Hiibsch transpose

The space of all invertible polynomials has an involution called Berglund—Hubsch transposition of Berglund—

Hiibsch duality. It’s defined as follows. Given an invertible polynomial f with the matrix E; = {E;;},

s.t.
Eij
- SIT
i
what could be read off as the definition of the matrix E, define fe Clz1,...,zN] by

TR
iJ

Namely, fis a new polynomial with as many variables as monomials, whose exponent matrix is (F f)T.

Proposition 2.32. The function f defines an isolated singularity. For f = f1 @ --- @ f, we have
f=he- af

Proof. Fist of all note that the proposition holds true for f being of Fermat, loop or chain type. For the
general type this follows from Proposition 2.25. 0

Example 2.33. Fermat type
f=at = f=aft =,
Chain type
f=almy+aas 4+ o Ty, + 2l = f: 21t T A+ T T
Loop type
f=a{'ms + 252w+ + 20" Ty + 20T = ]?= T @]t + 21252 + -+ Ty T
Exercise 2.34. Check this!
One notes immediately that BH duality preserves the type of an invertible polynomial.

Proposition 2.35. The graph F}; is obtained from L'y by reversing all arrows.

Proof. This is obvious for f being of Fermat, chain or loop type. The statement for the general invertible

polynomial follows from Proposition 2.32. O

The operation f — flooks to be very simple. Note that both f and fhave only graph monomials,
hence the type of both is defined by their graphs. It also looks to be rather essential to “just invert” the
arrows of the graph and ask what happens. However the operation f — f is not essential at all from the

point of view of singularity theory. This will be explained later.
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2.1.6 Learn more
Why quasihomogeneous?

In fact, quasihomogeneous singularities are those being best understood. Even restricting ourselves to the
class of all quasihomogeneous singularities is currently to complicated for mirror symmetry. In particular,
there is no clear mirror partner for a generic quasihomogeneous singularity.

Why polynomials?

We took the singularity to be defined by a polynomial. But why? It was shown by Saito [S71, Satz
4.1] that a 'quasihomogeneous’ convergent power series defining an isolated singularity can be made into
a polynomial by a change of coordinates in the ring of convergent power series C{z1,...,zy}. Here

"quasihomogeneous’ means that there are convergent power series g € C{x1,...,xn}, s.t.
N
of
> ok o =
k=1 k

When f is a polynomial we have g, = gz — linear functions given by the reduced weights.

2.2 Symmetries
Given a quasihomogeneous polynomial f = f(x1,...,2y) consider
Gy = {(al, ..., QN)E (C*N | flanzxy,...,anyzNn) = f(z1,... ,xN)} )
This is a group w.r.t. component-wise product of (C*)V
(a,...,aly) - (af,...,a%) = (ajaf, ... ayaly).

It’s called mazimal group of diagonal symmetries of f. These are indeed diagonal symmetries because
every a € Gy can be represeted by a diagonal matrix with complex coefficients realizing the linear action
x=(21,...,2N5) — a-x = (a121,...,QaNTN).

In what follows we will use the notation
ela] := exp(2mv/—1a), acQ.
Each element g € Gy has a unique expression of the form
g = diag <e [%]e[QTN]) with 0 < a; < 7, (2.10)
where 7 is the order of g. We use the notation (a1/r,...,an/r) or L(ay,...,ay) for the element g.

Example 2.36. For f = 2{' we have G = (g) with g € C* acting by g(z1) = e [i] -x1. Its order is aq
and in the additive notation we have g = (1/a1), Gy = Z/a,Z.

Example 2.37. For f = z{'xzy + 25* we have Gy = {(g1,g2) with g1 - (z1,22) = (e[a—ll]xl,mg) and
g2 - (x1,22) = (e[é(l - a%)]xl,e[é]mg). In the additive notation g; = (1/a1,0) and g5 = ((1—1/a1)/az, 1/as).
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Let (q1,...,qn) be the reduced weight set of f. Then we have

jr = (ela], ... e[an]) € Gy.
In particular it follows that Gy is not empty whenever f is quasihomogeneous.
Exercise 2.38. Check this!

Denote by J the group generated by jy:
J = <jf> < Gf.

It’s easy to see that for f = z* we have Gy = J. However this equality does not hold already for

2k+1 2
f=a27"" + x5,

Remark 2.39. Every monomial of f adds up a restriction on the symmetry group Gy. Invertible
polynomials have the least possible number of the monomials in the class of all polynomials defining
isolated singularities. Ome could expect that the polynomials that are not invertible but still define
a quasihomogeneous singularity have Gy = J. However this does not hold. Assume for ¢ € C* the

polynomial f = z}wy + 2375 + T374 + iT5 + 23 + exd3Tl.

Exercise 2.40 (unresolved). Characterize (maybe in terms of I'y and additional data) all quasihomoge-
neous f,s.t. Gy =J.

For each g € G, denote by Fix(g) the fized locus of g

Fix(g) == {(z1,...,anv) € CN | g+ (21,...,2N) = (T1,...,2N)} . (2.11)

By N, := dim¢ Fix(g) denote its dimension and by f9 := f|gix(g) the restriction of f to the fixed locus of
g. Note that since G acts diagonally on CV, Fix(g) is a linear subspace of CV. It’s never empty since
it contains 0 = (0,...,0) e CV.

For each h € Gy, let Ij, := {i1,...,in, } be a subset of {1,..., N} such that

Fix(h) = {(z1,...,2n) € CN | 2; = 0, ¢ I,}.

In the other words, Fix(h) is indexed by Ij,.
In particular, Iiq = {1,..., N} and N}, = dimc Fix(h). Denote by I} the complement of I}, in Ijq
and set dj, := N — Ny, the codimension of Fix(h).

Proposition 2.41. Let I'y be a graph of a quasithomogeneous singularity f and g € Gy. Then if g acts
nontrivially on xy, then it acts nontrivially on all x;, s.t. there is an oriented path from i-th to the k-th

vertex.

Proof. We first show the statement for the arrows pointing at k. Having an arrow j — k means that
f has a monomial x}” ) as a summand with a non-zero coefficient. We have g - x; # x and therefore
the summand can only be preserved under the action of g if g - x; # x;. Having an oriented path
i — j1 — -+ — jn — k we have by using the previous step that g - z;, # x;, and than g-x;, # x;, for

all a. Hence, for z; too. O
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Exercise 2.42. If f is of Fermat or loop type, then any g € Gy, s.t. g # id satisfies Fix(g) = 0.

Am—1

Exercise 2.43. If [ = 2{'zo+ 25223+ -+ 2" @y + 2% is of chain type, then any g € Gy, s.t. g # id
1 2 m—1 f

satisfies Fix(g) = {(0,...,0,7p,...,2m,m) € CV | 2; € C} for some p depending on g.

The polynomial f9 is of chain type again: f9 = J;mep+1 + Ty, +
Denote also

G$" = Gy n SL(N,C) (2.12)

N
= {(al,...,aN) e (CHN | flarzy,...,anzy) = f(z1,...,zx) and nak = 1}. (2.13)
k=1

This group will be important later on because it preserves the volume form of C¥.
We will see in the next section that the group of diagonal symmetries of an invertible polyno-
mial has an straightforward algebraic and combinatorial description. This is not done at all for those

quasihomogeneous singularities, that are not defined by the invertible polynomials.

Exercise 2.44 (unresolved). Describe the group Gy for f not invertible, defining a quasihomogeneous
singularity.

2.2.1 Diagonal symmetries of an invertible polynomial

Let f = f(z1,...,2n) be an invertible polynomial with an exponents matrix Ey.
We have

N N
Gf = {()\17"'7>\N) c ((C*)N H)\flj - .= H}\fz\r]‘ _ 1} (2.14)
j=1 j=1

and hence G is a finite group.

An element g = ;(al, ...,an) belonging to G satisfies
Ef-gezN (2.15)
for g being a vector with the entries cy,/r. This gives yet another characterization of the group G
Gr={ge (QZ)N | E;-geZN} = E;'ZN /7" (2.16)

This description allows one to study the group Gy via the Smith normal form of EJ?I. We call this
characterization of Gy additive because its elements are essentially the additive notation vectors g.

It follows that every vector g giving a G y—element is a linear combination with integer coefficients
of the columns of E;l (recall that this matrix if invertible). In particular let p; be the i-th column of
Bl

f
1 _ —
E7 = (il [ow)- (2.17)

Proposition 2.45. The elements pi, generate Gy and jr = p1---pN.
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Proof. We have seen that every G y—element can be expressed as a linear combination of py, it remains to
show that the elements p; by themselves give the G j—elements. We have E; - p;, = Ef(Ef)_llk, where
1) is vector with 0 everywhere except £-th component that is equal to 1. Hence Ey - py, € ZN and py give
indeed the G y—elements.

The expression for j follows from Corollary 2.29. O

Example 2.46. We have computed G for f = z{* x5 + 25? in Example 2.37. Let’s see how it’s obtained

via the proposition above.

aq 1 1 1 as -1 L -1
E = s E = , — ai , — alas .
f ( 0 a2> f aias < 0 a P1 0 P2 é

Then we have p; - (21, 22) = (e[afll]xl,@) and py - (v1,22) = (e[— allaz]xlae[aflz]xzy

Comparing to Example 2.37 we see that go = p2 and g1 = p1p2.
Exercise 2.47. Prove Exercise 2.42 and Exercise 2.43 using the proposition above.

The set of elements {py}5_; is usually not free of relations. One notes in the example above that

p1p5* = id. We will need a good control of all Gy elements later on.

Proposition 2.48. The columns of Ey generate all relations on p1,...,pnN.

In particular, for (Eig, ..., Enyg) being a k—th column of Ey we have in G

Eik Enk _
pl .'.pN _1d’

and all other relations among {px}_, follow from those written above.

Proof. Let Hszl pr = id for some s, € Zzo. This is equivalent to the existence of some integers

T1,...,TN, S.t.

EA =] = l=E | | (2.18)

Relation above sets up the bijection between the sets of s; giving a relation of p’s and the vectors r;.
Fixing any index k and setting r; = 0 for i # k we see that the k-th column of E¢ gives a relation
on the set of p’s. Equation above expresses the vector of relations as a linear combination of the columns

of Ey with the coefficients 71, ...,7n. This completes the statement. O

Example 2.49. For length 2 chain polynomial as in Example 2.46 one notes immediately the relations

Pt = pipy” = 1.
Let f = x{'xo + x125? be a length 2 loop polynomial.

a 1 1 f(a -1 ™ o
s U B s | G PR S EENCE e B
1 as araz —1 \ -1 a1 ajaz—1 ala;_l

The relations are p{*p2 = p1p5> = 1.
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Example 2.50. For an arbitrary loop polynomial we have id = p1p5* = -+ = py_1p3\" = pnpi'. For

an arbitrary chain polynomial we have id = pi* = p1p3* = -+ = py_1p3" -

Proposition 2.51. For f being of Fermat, loop or chain type we have
(i) Gy = Z/a1Z for a Fermat type f = x7*,
(i) Gy =Z/(a1---an — (—=1)N)Z for a loop type f = x{'xg + -+ + 23 x1,
AN —1

(i) Gy = Z/(a1---an)Z for a chain type f = x{'xy + -+ x5 oN + T3V

Proof. (i) is obvious. To show (ii) and (iii) note that a; - --ay — (—1)Y = det E; and a1 - -an = det E;
for loop and chain types respectively. It follows from Proposition 2.48 that these numbers are the groups
orders.

Denote D := det(Ey) and consider g = (a1, ...,ay) with

1 e
ar= (DN 2, ap = (NI = ()N AL TRl g

D D’ D
for loop type, and
ap — (_1)N+k s 1
R =
for chain type.
This is clear that g is of order D. One checks directly that g € G¢. O

Remark 2.52. The additive description Eq.(2.16) of G ¢ allows one to consider G € Gy as G =~ C~'Z/Z
for a N x N invertible matrix C with the rational coefficients, s.t. C~1 = E;IB for some N x N matrix

B with the integer coefficients.

The propositions above allows us to give a combinatorial description of all G y—elements for invert-

ible polynomials. Our goal now is to find the set Sy of all N—tuples (s1,...,sn) that every g € G\{id}

g=1[1r

kel

is written uniquely by

and s, = 0 if and only if k € I,.

Proposition 2.53. For f being of Fermat, chain or loop type the set Sy consists of all s = (s1,...,5N),
ERA

o (Fermat type): 1 < s1<a; —1
e (loop type): 1 < s < ag
s # (a1,1,a3,1,...,an-1,1), s# (L a2,1,a4,1,...,an) (2.19)

if N is even.
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e (chain type): s is of the form

(S$15+-+38p—1,8p,0,...,0), 1<p<N, (2.20)

withl <sp<ap—1,1<sp<a fork<p-—1.
Notation 2.54. We will call condition of Eq. (2.20) the group chain condition.

Proof. Fermat type is obvious.

For the loop type assume g € G to be given by (51, ..., 8n) with the rational 0 < 8, < 1. We have

s1 B a1 + B2
B Il 2V N :

SN BN anfn + B

The upper bounds on §j give the upper bounds on s;. To show the lower bound assume s; < 1. Due to
the lower bound on B, Bx+1 we have By = 0, Bx+1 = 0. Then zp and 1 are fixed by g, hence g = id
(see Exercise 2.42).

For the even N we have in G

propn [ o™ = p1p3® - papit - pn—1pRY = id,
ke2Z

procon [ ] o™ = o pap§ o pro2py) o = id,
k27
(recall Example 2.50). These relations in Gy explain Eq. (2.19).
In order to show that these are all relations among the G elements obtained from the Sy introduced
one has to count the number of them and compare to the order of the group computed in Proposition 2.51.

For the chain type assume g € Gy to be given by (51, ...,8n) with the rational 0 < 85 < 1. We have

51 B1 a8, + B
Cl=E | s | = :

SN BN anfBn

The reasoning similar to that given for the loop type polynomial gives the upper bound si < ay.

There is p, s.t. I§ = {1,...,p}. Then s,41 =--- =5y =0. If 5, = a, or 5, =0, then g -z, = 1,
and p ¢ I7. Let i be the greatest index from 2,...,p — 1, s.t. s; = 0. Then assume another presentation
of g = pi_1p} izl pzk, where we have now a new index s; = a;. This operation also raises s;_1 by one.

Qj—2

If it gets equal to a;—1 + 1, apply p; 'ypi—1 = p;'7'. Note that p; ', can be expressed as p{* - - p;"5%.
Applying this procedure step by step we arrive at the presentation g = pi' p5? - - - p” with sa, ..., Sp
as claimed in the proposition. The rest follows from the relation p{* = 1 that holds in Gy.
For the set Sy constructed in this way we get again |S¢| +1 = |G| by Proposition 2.51. This

shows that there is no relations between the p. products with the exponents from Sy. O

Note that for f being of chain type we have obvious relations

P popls - .p2pp;;'j:f =id. (2.21)
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However the set s = (a1,1,a3,...,1,a2p41,0,...,0) does not satsify the group chain condition

Eq. (2.20) because it’s last nonzero entry exceeds agpt1 — 1.

Example 2.55. Let f = 2725 + x5>. We have

Gy={id}u{pr.pl,....p "y || {oheh
1<k<ai
1<l<az-1

that we divide into the three subsets. The first one acting trivially on both z,z2, the second acting
trivially on x4 and the third having 0 as the fixed locus.
We have

sr= | oy | A

1<si<a;—1 1<si<ai
1<ss<az—1

the first subset corresponding to p = 1 and the second to p = 2 in the notation of Eq. (2.20).

2.2.2 Dual symmetry group

Given an invertible f let G < G. To the pair (f, G) we associate the pair (f, é), with fas in Section 2.1.5
and G € G 7 defined by
G := Hom(G;/G, C*). (2.22)

This is the space of homomorphisms from the finite group to the multiplicative group of the field. Since
Gy/G is finite, the homomorphisms above have the image in the unit circle {|z] = 1,z € C}. Defined in

this way the group G gets a natural pointwise multiplication

X1-X2:=X12, st xie(a) = xi(a)xe(a), Vxi,x2€ G.

This definition is due to Berglund—Henningson who were the first to propose the definition of a
dual group back in 1995 [BH95]. Later in 2009 Krawitz gave the definition of another symmetry group
GT @G jasa candidate for a group dual to G. Ebeling and Takahashi proved in 2013 that these two
definitions agree [ET13, Proposition 2.11].

Let 01,...,0n be the rows of the matrix E;l and p1,...,pn the columns of E;l. Due to the
definition of f and Proposition 2.45, the elements oy generate G 7

The definition of Krawitz reads

S1
N N
GT =S T]op | (re,...,rn)EFN | 0 |eZforall [[pfreGy. (2.23)
k=1 k=1
SN
We repeat here the proof of Ebeling and Takahashi extending the details.
Proposition 2.56 (Proposition 2.11 in [ET13]). There is an isomorphism G =~ G7.

Proof. Consider the short exact sequence of abelian groups

{1} G =Gy =Gy /G = {1}.
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and its dual short exact sequence

{1} - Hom(G;/G,C*) — Hom(Gy,C*) —» Hom(G,C*) — {1}.
It follows that Hom(G /G, C*) is the kernel of the surjective map Hom(G s, C*) — Hom(G, C*).
Lemma 2.57. Hom(G;,C*) = G.

Proof. The group Gy is generated by p1,...,pn subject to the relations given by the columns of E;. It
follows that Hom(G s, C*) consists of the elements x subject to

x(p) B x(pn) PN =1eC*, k=1,...,N

for (Eqg, - .., Enk) being the k’th column of E;. This equality is equivalent to the fact that (x(p1), ..., x(pn))

assumed as an element of (C*)V preserves the monomial azf e :cﬁN ¥ what completes the proof. O

Let h e Gf~ We show that it belongs of GT < Gf if and only if it lies in the kernel Hom(Gy, C*) —
Hom(G, C*).

Write h = ch\;l o, for some 71,...,7n. The respective element x € Hom(Gf,C*) under the
isomorphism above is given by

X = (x(p1),---.x(pn)) = e(h).

This element belongs to the kernel of Hom(Gy, C*) — Hom(G, C*) if and only if x(p1)** - - x(pn)*N =
1 for all sq1,...,sn, s.t. H,[Ll pyr € G. Formulated for h, this is equivalent to the equiality that
defines GT. O

Assume G < G to be given in the additive notation G = C~*ZN /ZN for some C~' = E;' B with
integer component matrix B ( recall Remark 2.52). The additive description of the dual group G is given

by the following proposition.
Proposition 2.58 (see also Section 3 of [ABS11]).
(Ef—lBZN/ZN) ~ (B-YTZN /ZN.

Proof. One computes immediately that G;/G =~ B1ZY /ZN. Then Hom(G;/G,C*) =~ (B=1)TZN /ZN.
O

Corollary 2.59. There is an isomorphism (G)~ =~ G and (GT)T ~ G.

Different formulations of a dual group are all useful and important. In particular, G7 is more
useful for computations and combinatorics related to symmetry groups.

We have immediately
Proposition 2.60. For any invertible polynomial f we have
(i) ({id})T = Gy and G}: =~ ({id}),

(ii) JT =~ G?L and (G?L)T ~ 7.
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where {id} stands for the trivial symmetry group.

Proof. Tt’s enough to prove only the first statements in both items because the second follows from
Corollary 2.59.
To prove (i) we should consider (2.23) with s; = --- = sy = 0. Then the statement follows from

Proposition 2.45 after the transposition.

To show (ii) we should consider s; = s9 = -+ = sy = 1. It follows from Corollary 2.29 that
{1_[ Uzk | Z riqr € det( Ef)Z}
k=1
To show that J7 sttL we should compute det of the diagonal matrix given by Hk L 0.5 It reads
1
N N
exp (2mv/—1 2 Z (B ip) = exp (2mv/=1- (r1,...,7 N)EJ?1 )
p=1k=1
1
N
= exp (27r\/—1 Z rqu) =
k=1
O
Example 2.61. For f = z7" — Fermat type polynomial. Assume also a; = rm and consider G to be
generated by g = (1/r). Then G is generated by h = (1/m).
Proposition 2.62. The group G?L is a proper subgroup of Gy.
Proof. We have by combining Propositions 2.56 and 2.60.
G7" = Hom(G}/J,C*) < Hom(G,C*) = Gy.
O

2.2.3 Learn more

Symmetries have been studied in singularity theory also from the point of view of boundary singularities.
In particular, the deformations of the boundary singularities B,, can be understood as Z/2Z-invariant
deformations of the As, 1 singularity. This can be read off in the papers of Slodowy, Kluitman and
C.T.C Wall.

The group G can be given even one more characterization. There is an essential bilinear form
b:Gyx Gy —Q/Z, b([u],[v]) = uEf_lv

for [u] € (Ef_l)TZN/ZN and [v] € E;lZN/ZN. One can check that the value of b does not depend on
the representatives of the classes of u,v. Then one can check that G is the orthogonal of G w.r.t. b (cf.
Section 3.5 of [ABS11]).
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Chapter 3

Mirror symmetry as the vector

spaces isomorphism

3.1 Jacobian algebra

Let f € C[xy,...,2n] be a quasihomogeneous polynomial. Consider the quotient ring
Jac(f) := (C[l"lv---va]/(af 7f) : (3.1)
Odx1’ """ OxN

Call it Jacobian algebra of f if it’s a finite-dimensional C—vector space. Set py := dimc Jac(f) and call
it the Milnor number of f.

Remark 3.1. The algebra Jac(f) can be also be found in the literature under the names “Milnor algebra”

in honour of J. Milnor or “local algebra of a singularity” because it is indeed local.
Theorem 3.2. f defines an isolated singularity if and only if Jac(f) is finite—dimensional.

Proof. Skipped. Look up [AGV85]. O

In what follows we are going to consider Jac(f) only for isolated singularities. However with an

additional convention
set Jac(f) := C, puy :=1 for the constant function f = 0. (3.2)

Note that Jac(f), being defined as a quotient ring, has an essential product.

Example 3.3. For f = 2" + --- + 23~ we have (;ﬂi,...,%) = (2971, 2% ) and Jac(f) has
the basis [z]" - 28] with 0 < p; < a; — 2. The brackets here represent the classes of the monomials
written in the quotient ring.

The product structure is the following
[ aRTo o o] = [ a0
and the RHS expression vanishes unless py + qx < ay —2forall k =1,..., N.

25
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Exercise 3.4. Let f € C[z1,...,zn]. Then there are the C-algebra isomorphisms

Jac(f) = Jac(f + 23,1) and Jac(f) = Jac(f + on117N42)-

Jacobian algebra is an algebraic invariant of a singularity. In particular, it does not depend on the
equivalence class of f.

For f being quasihomogeneous, the role of Jacobian algebra is rather special. In particular, we

have », quk% = f what concludes f € (%,...,a‘ijjv) and [f] = 0 in Jac(f). The converse is also
true: K. Saito proved (see [S83, Satz 4.1]) that for f = f(z1,...,zn) being a convergent power series

with an isolated critical point at the origin and [f] = 0 in Jac(f), then there is a change of the variables
transforming f to a quasihomogeneous polynomial.

We have the following classical result of Milnor and Orlik.

Proposition 3.5. Let f be quasihomogeneous with the reduced weights q1,...,qn. Then its Jacobian

algebra has a basis given by the classes of monomials and is of dimension

N

1
pr=11=-D.
et 4k
Proof. See Theorem 1 in [MO70], and also Corollaries 3 and 4, of I1.12 in [AGVS85]. O

The weights q1,...,qn define the Q-grading on Clz1,...,zn]. Let ¢1,...,¢, be the classes of

monomials, generating Jac(f) as a C—vector space. Introduce the Q-grading on Jac(f) by setting
deg([z7* -2} ]) == a1qa + - - + angn-

We say that £ € Jac(f) is of degree « if it’s expressed as a C-linear combination of deg = k elements @,.

Denote by Jac(f), the linear subspace of Jac(f) spanned by the deg = k elements.

Proposition 3.6. The mazimal degree of a Jac(f)—element is K := Zszl(l — 2qi). For any B, s.t.
0 < B < K there is a vector space isomorphism Jac(f)s = Jac(f)k—p-

Proof. See Corollary 4, of 11.12 in [AGVS85]. O

Corollary 3.7. The class of any monomial of degree higher than K is zero in Jac(f). Moreover we have
dim Jac(f)x = 1.

Proof. Tt follows by construction that deg& > 0 and the equality holds only for the constant £. Then for
Jac(f)k = Jac(f)o = C[1] and for m > K we have Jac(f)m = Jac(f)x—m = 0. O
3.1.1 Jacobian algebras of invertible singularities
One notes immediately from Theorem 3.5 that

a; — 1, f of Fermat type,

i =1 aran + SV -Dkager g + (=), of chain type, (3.3)

ay---ap, f of loop type.
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To show this one better uses Corollary 2.29 rather than the computes weights by Corollary 2.30. In

particular rewrite
_l-ql-¢g l-gv

q1 q2 qn

My

For the loop type polnomials we have arqr + qx+1 = 1 and angy + g1 = 1. This gives a; = 1_3%,
anN = 1;—}31 and the identity claimed.

Similarly for chain type polynomial we get py = (1 — g1)as - - - an. Expanding it now with Corol-
lary 2.30 the identity follows.

Note that for the chain type polynomial we also have

[N/2] N N N
pr= > (azia=1) [ ay= X (ax=1) [] @,
im1 j=it1 =1 k41
k¢2z

with [N/2] being the greatest integer less or equal to N /2.

Proposition 3.8 (cf. [Kreu94]). Let f be of a Fermat, chain or loop type. Then the Jacobian algebra

Jac(f) has a monomial basis given by the classes of all monomials x7* - - -« with r = (r1,...,7N) s.t.
o (Fermat type): 0 <1 < ap — 2.
o (loop type): 0 <rp <ap—1, forallk=1,...,N.
o (chain type): 0 <rp <ar—1, forallk=1,...,N; andr = (r1,...,7n) being of the form
(a1 —1,0,a3 —1,0,...,a2p—1 — 1,0,79p41,72p42,...,7N), D=0, (JCp)
with Topy1 < agpy1 — 2.
Notation 3.9. We will call condition of Eq. (JCp) the Jac chain condition.

Proof. Fermat type is obvious.
Let f be of a loop type. We show that a class of any monomial ¢ = Hszl x;* with s > ay, is either
zero in Jac(f) or can be expressed via the classes of the monomials claimed in the proposition. There
are exactly py such classes by Eq. (3.3), what would complete the proof.

The following relations hold in Jac(f)

[ aN-—1 an—1

[20'] = —ag[z32 3], ey = —an[z T m], [25] = —[ara$ e

It also follows from these relations that [x12%Y] = 0 and [2p",41] = 0. Combined together we see that
[27%%] = 0. The class [¢] is non-zero in Jac(f) only if 0 < sj, < 2aj, and for any sy, s.t. sx > a holds
Sg+1 = 0, for sy = an holds s; = 0.

We procede in two steps.

Step 1. 1f 51 = a1 we have [¢] = —ag[2$ ™ 25> 25> 254 - 25¥]. In the similar way we have for
some ¢g € C that [¢] = coﬂszlzZ’“ with s, <ap—1fork=1,...,N — 1.
Step 2. Now for sy > an and s; = 0, applying the relation [z} ] = —[alw‘fl_lxg] we will get the

exponent of x5 being raised by 1. If so = as — 1 repeat Step 1 above.
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Let’ show that after this we will get either [¢] being zero or equal to the class of a monomial

claimed. To show this we should assume s = asr — 1 and sop 1 = 0 for all k. If NV is even we will have

az—1 _as—1 an—2—1_an1 _ a1—1 _az—1 an—1—1
[23°  2gt ™ ay Ty W] = —aag - an—a[o T2ty ]
as claimed in the proposition. If N is odd we have
az—1_as—1 an-1—1 _a az—1_as—1 an—-1—1 _a
[23° 7 ait ™ ayy W] = —aae - ccan [T gt ey, Y,
from where it follows that the class assumed vanishes.
Let f be of a chain type. We have in Jac(f)
[0 e] = 0, [29'] = —as[5* ] [t3 5] =~ [0S T an], [V ] = —an [zl ]
Xy Io| = U, Xy = —Qa2|Ty s3], Tny_o] = —GN-1|Tpx_1 TN, Ty 1] = —an|[Tp .

The arguments similar to those given above show that the class of any monomial ¢ = ]_[27:1 x;* can
be expressed via those having 0 < s < ap — 1. However there are relations among the classes of such
monomials. In particular, we have [¢] = 0 unless it satisfies Eq (JCp). The number of such monomials

coincides with s as computed in Eq (3.3) and we conclude that there is no other relations. O

The condition of Eq. (JCp) was called in [FJJS12] “chain property”. In an expanded form it says

that the basis of Jac(f) for the chain type polynomials is given by the classes of the following monomials

{eltx? 2P}, m<a—2, rg<a—1, - ry<an—1, (3.4)
{x’flflxggx£4-~-x‘]’va , m3<a3—2, my<as—1, - ry <any-—1, (3.5)
{:I:‘llrlxgrlxgsxgﬁ cea\NY, o rs<as—2, r¢<ag—1, - rnv <an—1, (3.6)

and so on. The lines above satisfy Eq. (JCp) with p = 0, 1,2 respectively.

Remark 3.10. Note that group chain condition Eq. (2.20) and also Jac chain condition Eq. (JCp)

assume the polynomial to be written as f = 2z + 25223 - -- + 2} . In particular for f = 2{* + ;25> +

-+ xy_123 both conditions will be reversed s.t.
S=(O,...,O,Sp,...,8]v) and r=(7“1,...,TN_(2p+1)7O,aN_(2p_1)—1,...,aN—1), (37)

subject to 0 < 7p < ar — 1 and ry_(op41) < an_(2p41) — 2, 1 < sp <ap — 1.

3.2 State space

We introduce the A- and B-modesl state spaces of the pair (f,G) as the G-invariant subspaces of the
bigger spaces Aot (f) and Bioi(f). To do this we first introduce these bigger spaces and then define the
group action on both.

The spaces Aot (f) and Byot(f) are isomorphic, however the group action on them is different. Due

to this we choose to distinguish between them from the every beginning.
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3.2.1 The total spaces

Let f define a quasihomogeneous singularity with a finite diagonal symmetries group G¢. Define

Aior(f) = @ Jac(f9)wy, and  Bi(f) := @ Jac(f9)&,. (3.8)

gGGf gGGf

Here wg, {; are the formal letters and Aot (f), Brot(f) are the C—vector spaces of dimension ) dim Jac(f¥).
Each direct summand Jac(f9)§, will be called g-th sector. We will write just A and By when the
polynomial is clear from the context.

Right now the only difference between Ao and Byt is in the special letter £, or w,. This difference

will become more profound later.

Remark 3.11. Note that for g, h € G, s.t. Fix(g) = Fix(h), we have f9 = f*. Then Jac(f9) = Jac(f"),
but the formal letters &, # &, help to distinguish Jac(f9)¢, and Jac(f")&, s.t. Jac(f9)€, @ Jac(f")&, is

indeed a direct sum of dimension dim Jac(f9) + dim Jac(f").

Equivalently one can define A;,; and B;,; as follows. Let the polynomials ¢,(€g ) be s.t.

Jac(f-q) = (C<[ gg)]» R [¢EZ)]>

In particular, we may assume gzﬁgg ) =1 for any g. Then

Bioti= @ (6116, [0, ) = (61160, (3.9)

ger gEGfk 1,.. g

Ar = @ C8wy), (3.10)

gEG_f7k=la~~7l"g

(9)]

Warning! The classes [¢,”’| are each taken in it’s “own” Jac(f?) and not in “one for all g” factor—

ring.

Example 3.12. Given f =z} + 2% and Gy = (g) with g = (+,0). We have f" = z7 if h # id.

Btot = (C< §1d7 xl]£zd7[ ]§Zd7" [ ne2 n2 2£1d]> (311)
®C[11y, [x1)&g, - - -, [2772E D) D C (1€ e, [21]Eye, - - -, [27 72D @ . .. (3.12)
- @C(1 597171,[:51]59"71,... [} %Egn1]). (3.13)

The total dimension of By is (n — 1)(n — 1) + (n — 1)(n — 1) = 2(n — 1)%

In what follows we will need a special choice of the basis in Ay and By, in order to establish
the mirror symmetry. We need to take into account the “speciality” of both Jac(f) and Gy outlined in
Propositions 2.53 and 3.8.

Loop type polynomial total spaces

Let f be of loop type. We have

-Atot = Jac(f)wid (—B ( @ ng> 5 Btot = Jac(f)wid@ ( @ (Cfg> .

geGr\{id} geGr\{id}
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If N € 27 denote

Jac(l) H SCak 1 1_[ l‘ak 1 >, Jac(o)(f) = Jac(f)\JaC(l)(f),

ke2Z k¢27

where [-] stands for the class of a monomial in Jac(f). If N ¢ 2Z we will use
JacW(f) =0, Jac O (f) := Jac(f),

to unify the formulae.

Denote

AL = Jac® (Fwg © Agor, BY = JacW (£)&q < Byo. (3.14)
-Atot = AtOt\Atot7 B§32 = Btot\Btoz- (3~15)

Chain type polynomial total spaces

Let f be of chain type. Denote

N
Jac®P)(f) := (C<lH x:] | (r1,...,7rN) satisfies (JCp) >

By Proposition 3.8 we have
[N/2]
Jac(f) = @ Jac(p)(f)

For any g € G¢ we have f9 of chain type or zero. We have

[Ng/2] | Ng /2]
Atot = C—B (—B Jac(p) (fg)wg, Btot = @ C—B Jac(p)
geGy p=0 geGy p=0

Denote
Aﬁﬁiyg 1= Jac®) (f9)w, < Apor, Bt(gzg = Jac®) (£9)¢, < Bioy.

3.2.2 A- and B-model group actions

Note that G acts in a natural way on Jac(f9) for every g by

N
he[aft -] = [he (- af)) = [ ] A - [ 2]
k=1
for any h = (h1,...,hn) € Gy.
Remark 3.13. Writing all variables z1,...,zy in the product above we assume oy, = 0 for all £ ¢ 1.

Extend this action to the Gy—action on Ay and Byt Set b to act on £, and wy by

he & h*(&) =[] m' & (3.16)

kelg
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or
heo &g h*(wg) = ] hw - wy. (3.17)

Finally we have

N N

h ([H x;:k]gg) = ([h~ [ zzk]h*@g)) (3.18)
k=1 k=1
N N

n ([szk]wg) = ([h- szk]h*wg)) (3.19)
k=1 k=1

Because I, = J, we have h*(&iq) = &q and h* (wiq) = det(h)wiq. Similarly h*(€;) = det(h)&; and

h* ((.A.)J) =wj.
Exercise 3.14. Show that this is indeed a group action. Namely, (h1ha)* = h¥ - h3.
Remark 3.15. The action of h € G on a vector from Ay, Bio is just by a scalar multiplication.

Finally define the A-model state space A(f,G) and the B-model state space B(f,G) by
A(f,G) = (Awr)”  and  B(f,G) == (Biar) . (3.20)

Namely
A(f,G) = C<[¢]‘”g € Aot st - ([¢]wg) = [(b]wg YheG)

— a linear span of the Aj;,; vectors that are invariant w.r.t. the action of all elements of G,

B(f,G) = C{[¢]&g € Bror s.t. h-([8]&) = [¢]¢g VR € G)

— a linear span of the B;,; vectors that are invariant w.r.t. the action of all elements of G.

Example 3.16. Let f = z{' — the Fermat type polynomial. Assume a; = rm and consider G to be

generated by g = (1/r). We have

Aior = C{1]wia, [21]wid, - - -, [m’{mﬂ]wid} ® C{[1]wg, . .., [1wgr-1),
Biot = C{{1]&ia, [21]&ia; - - -, [21*]&a) @ C1]Eg, - - -, [1]gr—1).

Because Iy = If, = {1}, we have

(gk)*(wgz) = wy and (gk)*(ggz) = exp (—2m’ . ];> £

kl

However (g*)*([z}]) = exp (27i - &) [¢}] and the G-invariant monomials are z{™ with n € Z. This gives

A(f,G) = CUay Mwiay - [27 V™ wras [Tedgs - - - s [Tagr 1),
B(f,G) = C1Jéa, [a1]6a, - [217" " V]Gia).

Obviously, as a vector space Jac(f, G) = Jac(z} ™).
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Proposition 3.17. Let f1 € C[z1,..., 2] and fo € Clzki1,xN] define quasihomogeneous singularities.
Then

Biot (f1 @ f2) = (Biot(f1)) ® (Biot(f2))-

In particular, if Biot(f1) = <[ ]§g> with the basis indexed by (k,g) € I and B (f2) = C{[ (h)] &ny
with the basis indexed by (I, h) € I, then

Biot(f1 @ fa) = @C< ¢(g) (h) Egh)

where the summation if taken over Iy x I5.
The same holds for Asy.

Remark 3.18. Note that the classes [-] are taken in the three different quotient rings.

Proof. TBA fill in the proof O

3.2.3 Bigrading

Let Clx1,...,xn] be graded by q1,...,qn. For a homogeneous polynomial p let deg(p) be the degree of
p w.r.t. this grading. Extend this grading to both A;,; and B;y; as follows.

For g = (oq7 ...,ay) with 0 < a < 7, the age of g is defined as the rational number

%M—l

age(g) :=

i (3.21)

Exercise 3.19. If g € G?L then age(g) € Z.

Exercise 3.20. For any g € G we have
age(g) +age(g™') = N — N, = d,. (3.22)

For any homogeneous p € C[xz1,...,zy] assume the element |p|¢, € Asor and |plwg € Biot. Define

for both [p]¢, and [plw, its left charge q; and right charge g, to be

(a,q,) = | degp— ), qx +age(g), degp— Y i +age(g™") |. (3.23)
kel kel

This definition endows A;,; and By with the structure of a Q-bigraded vector space. It follows immedi-
ately that

qe (gu) + e (gv) = e (§u1J)

foru,ve G, s.t. I n IS = .
This bigrading restricts to A(f,G) and B(f,G). In particular, we see that A;,; and B, are

isomorphic as the graded vector spaces.

Exercise 3.21. For any [p]¢, we have J*([p]¢,) = e[deg(p) — deg ax] - [pl&s-
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Calabi—Yau condition

Assume N > 3 and the weight set of f to satisfy Zi\;l qr = 1. The latter equality is called Calabi—Yau
condition ! and we will say that f satisfies C'Y condition.

Under this condition we have J < G]ScL and for any g,he G G?L we have

h*(gg) = n hzZl &g = %"&q = 1_[ hi - &g.
kelg Hk:l hi, kel
It follows that [p]&, € Asor is G-invariant if and only if [plwy € Byo is G-invariant and there is a vector
spaces isomorphism A(f, G)>B(f,G). It follows directly from the definition that this isomorphism
respects the bigrading.
Another important property is the following

Proposition 3.22. For f satisfying CY condition and G s.t. J < G < G}SCL both left and right charges
qi and g, of any X € A(f,G) and any Y € B(f,G) are integer.

Proof. Note that ¢,-([p]¢s) = ai([p]&y) — (N — Ny) + 2age(g). By Exercise 3.19 the right charge ¢, ([p]¢,)
is integral if and only if ¢;([p]¢,) is integral because g € G?L. Let [p]éy be nonzero in A(f, G), then it’s
invariand under the action of J and e[deg(p) — >, e qr] = 1 by Exercise 3.21. This gives integrality
of ¢;. The case of [p]w, is treated similarly. O

The following two propositions state that the graded pieces of A(f,G) and B(f, G) are organized

into a diamond when CY condition holds.

Proposition 3.23. For f satisfying CY condition and G s.t. age(g) is integer for any g € G let V be
either A(f,G) or B(f,G) and V** stand for the bidegree (a,b)—subspace. We have

(i) V&* =0 fora<0 orb<0,
(i) VOO = C, generated by [1]&q or [1]wia,
(iii) V** =0 fora>N—-2orb> N —2,
(iv) VN=2N=2~ C, generated by [hess(f)]&a or [hess(f)]wia,

Proof. Assume X = [p|¢, or X = [p]w, for p being a polynomial in the variables, fixed by g.
(i) Let ¢ = id. Then q;(X) = ¢-(X) = degp+ 1 > 1. For g # id we have age(g) € Nx; by
Exercise 3.19. Rewriting

q(X) =degp + Z gr — 1+ age(g)
kel

we see that ¢;(X) = 0 because the weights ¢, are all strictly positive. Similarly for ¢,.(X) by the same
argument applied to age(g—1).

(ii) For g = id we have that ¢;(X) = ¢.(X) = 0 if and only if degp = 0. By Proposition 3.6 we
have [p] = [1] in Jac(f).

1

see “Learn more” section for the explanation of the terminology
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For g # id in order to satisfy ¢;(X) = 0 we need degp + Zkelq qr = 0. Both summands are
nonnegative so that the equality hold only if degp = 0 and |I;| = 0. Then Ny = 0. If ¢, (X) = 0 we have
@ (X) — ¢-(X) = 2age(g) — N + N, = 0 what gives age(g) = N/2 = age(g—'). We conclude

N
ql(X):—1+§>0 for N > 3.

(iii) If g = id, the statement follows from Proposition 3.6. For g # id apply the same proposition again
to estimate degp in Jac(f9). It gives
@(X) < Ng—2 Z qr + 2 qr + age(g) = Ny — 2 ar — 1 + age(g).
kel kel kel
At the same time we have N, + age(g) = N — age(g~') < N — 1 because age(g~!) € N5;. Combining
this with the inequality above we get
a(X)<N-2- Z e < N — 2.
kel,

One gets in the similar way that ¢.(X) < N — 2.

(iv) If g = id, by Proposition 3.6 we see that g;([hess(f)]&a) = ¢ ([hess(f)]&a) = q([hess(f)]|wia) =
qr([hess(f)|wia) = N — 2.

If g # id, we have Ny, < N and degp < N, — 2Zk61g qr- If ¢q(X) = ¢-(X) = N — 2 we have
N = N, + 2age(g) and

degp = Ny +age(9) —1— Y qx > Ny —2 ). i,
kel, kel

what concludes the proof. O

The condition J < G < G?L can be relaxed in the proposition above. In particular, the statement
of this proposition also holds for the subspaces of Ay, and By, spanned by all the g—sectors with integral
age(g)-

Proposition 3.24. For f satisfying CY condition let V be either A(f,G) or B(f,G) and V** stand for

bidegree (a,b)-subspace. Then we have the C-vector spaces isomorphisms
Va,b ~ Vb,a and Va,b ~ VN727a,N727b

Proof. We construct the two isomorphism explicitly.

Let ¢ : Ao — Aot be given by [p]§, — [p]¢,~:. This is an isomorphism because f9 = fh
and Jac(f9) = Jac(f") for gh = id. Under this isomorphism we have directly by the definition that
a((X)) = ¢ (X) and ¢, (¢(X)) = ¢(X). This gives the first isomorphism.

Let ¢4 : Jac(f?) — Jac(f9) be the isomorphism of Proposition 3.6, (ii). Denote by ¢ : Aot — Ator
the linear map acting by [p]&g — ¢4([p])&s-:- This is an isomorphism again. We have

a (¢g([P))€g—1) = Ng—2 Y. g —degp— Y. g +age(g™")

kel, kelg

=N -2+ ) g —degp—age(g) = N — 2 — q([pl&,)-
keIg
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Similarly g, (¢4([p])é;-1) = N — 2 — ¢,([p]¢,), what shows that this isomorphism is exactly the one

claimed. O

For a fixed pair (f, G) set

Wtr cy = dime {X € A(f,G) | (a(X), (X)) = (a,b)}, (3.24)
hg(r. = dime {X € B(f,G) | (@(X), (X)) = (a,b)}. (3.25)

It follows from Proposition 3.23 that for f satisfying CY condition and G s.t. J € G < G?L, both
a,b

the numbers hi{?f’G) and hB(f’G) form a diamond.
hO’O
hl,O hO,l

h2’0 hl’l h0’2

h’n,o e e “e. hO,’n i Hodge
Serre
hn,n—Q hn—l,n—l hn_2’"

hn,nfl hnfl,n

R

ab o a ab a,b N _
where h®” is either hA(f’G) or hB(f,G) and we denote n:= N — 2.
By Proposition 3.24 this diamond is subject to two symmetries that we call Serre and Hodge
symmetries. Plotting the numbers as above this is equivalent to say that this diamond is symmetric
under the reflections by both the horizontal line going from hA™° to h%™ and by the vertical line going

from h9%0 to ™.

Example 3.25. Consider f = 23xs + 22 + 2028 + 28 + 2123 and G = G3L. Then G = (J) with
1 2 3 4 3 f

— 1111
J(4’2’12’6>'

The basis of A(f, G) is given by the elements

§J3a §J57 £J77 £J97 [xl]€J4a [Il]é.]sa [l‘i]§]6, (326)
[z325]&a, [T12327)&0a, [T12323 )60, [222]]&a, [2i2}]&a, [T12527)6d, (2223236, (3.27)
[37323]6a, [v2a524)éia, [21722324)60a, [252374)Ea, [27]6ias [23]Ea- (3.28)

all having the bigrading (1, 1), and the elements

&0 Em, [1)&a,  [r1237371]80,

having the bigrading (0, 2), (2,0), (0,0) and (2, 2) respectively. Note that the bigrading of these elements
is fully determined by the propositions above.

One gets the following diamond
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3.3 Vector spaces mirror symmetry conjecture

Conjecture 3.26 (Vector spaces mirror symmetry conjecture). For any f € Clz1,...,zy] defining a
quasihomogeneous singularity and G < G?L there is some fe Clz1, ..., zN] defining a quasihomogeneous

singularity and some Gc G]; s.t. there is a vector space isomorphism
T B(f,G) ~ A(J.Q),

s.t.
N

a(r(X)) = q(X), ¢(r(X)) +¢(X) = > (1-2q), VX eB(f,G). (3.29)

Such isomorphism T is called the mirror map.

It’s important to stress that the starting data of the conjecture above if the pair (f, G), while the
mirror pair (f~, é) is the right pair that should be found.
The theorem above appeared first in [Kra09] however without the full proof.

Theorem 3.27. Vector spaces mirror symmetry conjecture holds for the invertible polynomials f with

the pair (f C:’) given by the Berglund—Hubsch—Henningson construction.

Remark 3.28. The reason for that is for example that we don’t know up to now anything about mirror
symmetry for the quasihomogeneous singularities that are not defined by an invertible polynomial.

One of the problems on extending mirror symmetry outside of the class of invertible polynomials
is that the set of quasihomogeneous singularities is very big and much more complicated than those
defined by invertible polynomials (cf. previous sections). At the same time it’s not enough to prove the
conjecture for say four or five cases. In order to give good evidence that the conjecture holds for a larger

class of singularities, one has to show it at least for some infinite class.

Exercise 3.29 (far from being resolved). Solve vector spaces mirror symmetry conjecture for the quasi-
homogeneous singularities that are not defined by an invertible polynomial.

We prove the theorem in two steps. Step 1: construct the isomorphism 7 : Bt (f) — Asot(f),
Step 2: show that it restricts to the G and G invariants on the B and A sides, respectively. Step 1 is
accomplished in Section 3.3.3 and Step 2 in Section 3.3.4.

By Proposition 3.17 it’s enough to define the map 7 for the polynomials f of Fermat, loop and
chain type.
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Remark 3.30. The mirror map 7 was first proposed by Kreuzer (see Sections 4 and 5 in [Kreu94]) for
G = {id} and later used by Krawitz (cf. [Kra09, Section 3.2]) for arbitrary G < Gy. However, Krawitz
did not prove the bijectivity of the mirror map and his map 7 for chain and loop type polynomials with

the even number of variables is not bijective.

3.3.1 Mirror symmetry under the Calabi—Yau condition

Note that the conjectural mirror map 7 is not a bidegree preserving isomorphism. However, when CY
condition ], gr = 1 holds, relations Eq. (3.29) get the special meaning. In particular, in terms of the
Hodge diamonds of B(f,G) and A(f,G) (recall Section 3.2.3), Eq. (3.29) is equivalent to

~ ~ N -2
Hodge diamond of B(f, G) coincides with the Hodge diamond of A(f,G) reflected by ¢, = —
IfN-2=3
3.3.2 Mirror map for a Fermat type polynomial
Consider f = z{* — the Fermat type polynomial. We have f = f The map
T: [I]f]é_ld — [1]wpk+1, [l]fpk+1 — [aslf]wid, 0<k<a —2 (330)

sets up the isomorphism Byo(f) — Awor(f). It’s easy to check that this isomorphism satisfies Eq (3.29).
Assume a; = rm and consider G to be generated by g = (1/r). The dual group G was computed
in Example 2.61 to be generated by h = (1/m). By Example 3.16

B(f,G) = C1&a, [#])Ga, - [71"" ™V Jéia).
A(F,G) = S Twia, - [ i, [Uwg - [ogm—s).
The B-model state space is not isomorphic to the A—model states space whatever r and m are. However
G < G?L.
Assume G = {id}. We have G = Gy =7Z/aZ. We get
B(f,{id}) = C{1&a, [21)6a, - - [27*]ia)-
A(f,Gr) = C{[1]wp, [1wpz, - -, [Twpar-1)
and the map 7 above sets up the mirror isomorphism B(f, {id}) = A(f,Gy).

Exercise 3.31. Consider f = z{' + ...,x}l\,N with ar = rpmyg. Establish the mirror isomorphism

Bytiay = A g,

3.3.3 Mirror map for loop and chain type polynomials

Let f be of loop type. We define 7 separately on Bt(gt) and B;iz (recall Section 3.2.1). Set
T: B,ng(f) - AESi(f) to be given as follows. For any fixed g € G\{id} let s1,...,sy be the unique
numbers such that g = [ [,.;. pi* ™" (recall Proposition 2.53). Set

T[] 218 = (] ] 23¥Jwn, (3.31)

kel kelg
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with h := er] ot
For N € 27Z extend it to ng (f) — S)Z( f) by

([T #16a) o= (] |« wia,  7(L] | #8*1%a) := [] | 5" Jwia- (3.32)

k¢27 k¢27 k¢2Z k¢27

Let f be of chain type. Introduce 7 : Bt(f;t))g(f) - Agzh(f) (recall Section 3.2.1) as follows. For

any fixed g € G\{id} let si,..., sy be the unique numbers s.t. g = erI; piEt. Set

ol o™ Tt = (o [Ty o 839
i=1

kel kel

with h := er] ot

Extend this definition to any linear combination of B;,;—elements v, as above by

T <Z amvm> = ZamT (vm), (3.34)

for any «,, € C.

Proposition 3.32. Assume f to be of loop or chain type.

(i) The map T above is well-defined,
(ii) It established the vector spaces isomorphism Bioy(f) = Asor(f),

(iii) This isomorphism preserves the grading q;.

Proof. The proof is given separately for loop and chain types. We use Proposition 3.8 and Proposi-

tion 2.53 to fix the bases of the vector spaces assumed.

Loop type. Fix g € Gf\{id}. Then f9 = 0. By Proposition 2.53, all elements X = [1]{; € Bio

are indexed by the vectors s
N
s=(81,.-.,8N), st. 1<sp<ap—1, gznpi’“. (3.35)
By Proposition 3.8 all elements Y = [¢]&q € Biot are indexed by
N
r=(ry,...,rn), st. 0<rg<ap—2 QS:HIZ’“. (3.36)

Combine the two vectors s, assuming s = (0,...,0) if g = id and r = (0,...,0) if g # id. We conclude
that By has the basis given by the elements indexed by a pair of vectors (r, ).

The same indexing statement holds for A;,; in a straightforward way.

Set

T(s):=(s1—1,...,sy—1), and 7(r):=(r1+1,....,75 +1). (3.37)
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Then 7 maps a B basis element (7, s) to the Ay basis element (7(s), 7(r)). This map is a bijection by
Proposition 2.53 and Proposition 3.8 if IV ¢ 27Z.
If N € 2Z consider

Vie= [] 2 e, Yai= [ ] ap ', (3.38)
k¢2Z ke2Z

Y= | 2 'wia, =[] 20 wia. (3.39)
k¢27 ke2Z

Due to the relations Hk¢2z optope1 = id and [ [,oop 0p%0r—1 = id the map 7 acting as above is not
well-defined for Y7 and Ys. We have

") =Y, 7(¥2) = V5. (3.40)

Bigrading. Compute the left and right charges for X and 7(X) as above. Denote by g¢1,...,qy the
reduced weight set of f and by qi,...,qnx the reduced weight set of f We have

N 1 1
a(X) =age(9) — > ar=(1,....,DE; | ¢ [=(1,... . DE | (3.41)
=1 N 1
r — 1 1
(L. DEY| r =L - 1) (E;l)T : (3.42)
N—1 1
N
Z re — 1) = q(7(X)). (3.43)
Similarly
N N N
¢ (X) = N — age(g Z -2 Z ax — (age - qk> DA =2q) —q(X).  (344)
k=1 k=1 k=1
0 (7(X)) = a(7(X)), (3.45)

and we have ¢.(X) + ¢-(7(X)) = ch\;l(l — 2qi) by the computations of ¢; above.

N/2 N/2 N
a(V1) = (Y1) = > (a2k-1 — Daar—1 = Y, (a26-102x—1 + G2x) — D Gk (3.46)
k=1 k=1 k=1
N N
N ~
- ];1 e =5 = ZZJ qr = a(Y7). (3.47)

Chain type. Fix g € G;\{id}. Then f9 is zero or of a chain type again. By Proposition 2.53 applied to
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f and Proposition 3.8 applied to f9, an element X = [¢]¢, € Btgt) ¢ can be indexed by a pair of vectors s

and r
3:(31,...,81;,0,...,0)7 T:(07‘~'707ab+1_1a0,'~'7ab+2p71_170arb+2p+13"'aTN)v (348)
b P L N
st g=[]nr. o=]]arn [T = (3.49)
k=1 k=1 k=b+2p+1

where s is subject to the group chain condition in G (see Eq.(2.20)) and r subject to Jac chain condition
in Jac(f?) (see Eq. (JCp)). The number b is s.t. I, = {b,..., N}. We also have N —b > 2p
For a untwisted sector element X = [¢]&q we have b =0 and s = (0,...,0).

We have
b p N N
sp—1 | ab+2k—1 _ re+l rp+1
H Tpi2k wh, h= n O = H T (3.50)
k=1 k=1 k=b+1 k=b+2p+1

An element Y = [¢]wy, € Agot , can be indexed by (recall Remark 3.10)

§=(0 §i+17"')§N)a ?=(Fl,...,ﬁ,gp,g,Qai,gp—1,...,O,ai—1,0,...,0), (351)
H o, o =[]=1 (3.52)
k=i+1 k=1

and ¢ > 2p. The relations between ¢ and p, b and p guarantee that the equation i +1 =0+ 2p+ 1 has a
solution for given b and p. According to Propositions 2.53 and 3.8 the ranges of s, and 7, are the same

as well as the ranges of r, and 5,. This gives the bijectivity of 7 for chain type polynomials.

Bigrading. Compute the left and right charges for X and 7(X) as above. We have

p N b
Z piok—1— Dapyar—1+ Y, Trae +age(g) — D, Gk (3.53)
k=1 k=b+2p+1 k=1
N N
=p+ D, (rk+ gk +age(g Z (3.54)
k=b+2p+1 k=1
The same computation applied to 7(X) gives
b N
a(r(X)) = p+ D sl +age(h) = Y G- (3.55)
k=1 k=1
Similarly to the loop type case above we have
b N N N
age(yg Z Skdk, D, e+ Dax=age(h), D ax= )
k=1 k=b+2p+1 k=1 k=1
what gives ¢;(X) = ¢;(7(X)). O

We have seen in the proof of the proposition above that for a loop type polynomial with the even

number of variables, the spaces A,E})Z( f) and Bt(iz( f) are G-invariant for any group assumed in mirror

symmetry conjecture.
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Example 3.33. Let f = 'z + 32 be a 2-variable chain. We have f = 2% + z12$2 and

Bio(f) = @ e’ @ Cafag DO Cat ] (3.56)

0<ki<a1—2 0<ki<a1—2
0<ks<as—2

! by b !
@ =2l @ ey B Clhted), (3.57)
1<li<ai1—1 1<b1<a;—1 1<lz<as—1
0<p2<az—2 1<bs<as—1

~

Awt(f)= @ Covoy) @ Coyoy) D Caflog) (3.58)

1<bi<a;—1 1<li<a;—1 1<l2<az—1

1<ba<az—1 0<pi<a;—2

D =) P 23 k] P ). (3.59)
0<ki<a1—2 0<ko<asz—2

0<ko<as—2

The map 7 gives
T([ey'a5?]) = [or" ot r([ayas? ) = [or Tlog?], r([af ) = 25 (3.60)
T([@51p0) = [0 105 ], 7o p5?) = [a el wia, ([0 %) = [of T ey wa. (3.61)

Exercise 3.34 (unresolved). For N € 2Z and f of loop type classify all symmetry groups G < Gy, s.t.

the monomial ], o, #¢* ! is G-invariant.

3.3.4 Proof of Theorem 3.27

In order to prove Theorem 3.27 we should investigate the group action of both A— and B-side. In

particular, it is enough to show that
(A) if [deg z;* &, is G-invariant, then h := ]_[,]jelg ot e G,
(B) X € Biot is G—invariant if and only if 7(X) is G-invariant.

On the B-side assume for some g = erp sl e @ the Byos—element [deg x;*]&y to be G-

invariant. Then for any o = (01,...,0n) € G we have
T r+1
erfg 0" er[ Ok —
= = 0y, € 7,
er]g Ok det( ) kel,

where we used that G < G?L. Then [erlg x;* )&,y is invariant w.r.t. any o € G if and only if the monomial

[The I, x?“ is invariant w.r.t. the action of any o € G. Consider the following lemma.

Lemma 3.35. Let p’l, oDy oand P, PR be some nonnegative integers. Then H,Icvzl pyE preserves

the monomial ]_[k LTy if and only if Hk L oW preserves the monomial ]_[k 1 mik,

Proof. Both statements are equivalent to

//

p1
P PNEFH | | €L (3.62)

//

PN
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The monomial [ [1¢; @3]y is invariant w.r.t. any o € G if and only if

by N
(ri+ 1. v+ DE; | 0 | €z, Vb, by, st [[ o} €G. (3.63)
b k=1
N
The latter condition holds if and only if [ [, ortle G. This completes (A).
To show (B) assume f = f1 @ ® f,,, with each f; being of Fermat, loop or chain type. Let
X € Biot(f) begiven by X = X1 ® - ® Xy, X; € Biot(fi). Then 7(X) = 7(X1)® - - ® 7(X,,). For any

w e G we have w = Wy - Wy, With w; eéwi and
w*(r(X)) = A1 Ap7(X),  where wi(7(Xk)) = \eT(Xp).

Assume first that for all of X; the map 7 is given by Eq.(3.31). Namely, either f; is of Fermat
type or X; € B,ggt) for chain or loop type f;. Then for X = [erjg x, &g with g = [[,c/c p2F we have
h=Tljes, ot I, = IS and

T(X) = lH mik_ll wh.
kely,
Repeating the arguments above, 7(X) is invariant w.r.t. w € G if and only if g € G=G. In particular,

we get that the number \; above is obtained by

w;( H ") = i H xp".

belhi bEIhi

Consider now the special cases: X; € ng for a loop type polynomial or X; € B,Eg? Y for a chain

type polynomial. In the first case it’s easy to see that w?(7(X;)) = X;. In the second case assume X; to

be given as in Eq. (3.50). Then the number \; satisfies

b b
wZ(H k) =X\ H xpk.
k=1 k=1
This reduces the treatment of the special cases to that of the general cases above.

Remark 3.36. The first big achievement in vector spaces mirror symmetry was given in [Kra09] without
any doubts. However the loc.cit. has several huge mistakes. In particular, the mirror map itself was not
totally fixed — it was not clarified how to fix the numbers 7; that depend heavily on the choice of R;
the analogue of Proposition 3.32 (being called “unprojected mirror theorem”) was not proved and even
appeared to be wrong — this can be checked even by a simple dimension count of the identity sector and
group order of the twisted sector; the final step concerning the group action (Section 3.3.4 above) was
just claimed to be obvious.

Important result of [Kra09] is the combinatorial presentation of G. Namely, the group GT. This
was important for the definition of the mirror map. However one can not call the dual group G to be an

invention of Krawitz because it’s been known since Henningson.
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We are sure that the author could have done all these steps carefully, however we insist that [Kra09]
could only be considered as a starting point for the serious investigation.
Because of all this we also don’t see any reason to say “Berglund-Hiibsch-Krawitz mirror symme-

b

try”.

3.4 Learn more

3.4.1 Pairing

The algebra Jac(f) can be endowed with the C-bilinear pairing i called residue pairing. There are several
ways to introduce it (see [GH94, Chapter 5], [AGV85, Section 5.11]). The easiest one makes use of the

Hessian of f defined as the following determinant:

— *f
hess(f) := det <5$iaxj>i_’j_1 . (3.64)

Its class is non-zero in Jac(f) and therefore one can take [hess(f)] as one of the C-basis elements of
the Jacobian algebra. The value n([u], [v]) is than taken as the [hess(f)] coefficient of [u][v] written
in this basis. This pairing makes Jac(f) a Frobenius algebra: n([u][v], [w]) = n([u], [v][w]) for any
[ul, [v], [w] € Jac(f).

Similarly, one can introduce the pairing on Ay and Byoy that descends to A(f, G) and B(f,G)
respectively. To do this note that Fix(g) = Fix(¢~!) for any g € G. Therefore the g-th sectors of Ay
and By, are isomorphic to the g~!-th sectors of A, and Byo: respectively and one can make use of the
residue pairings of f9. Recall that for f9 = 0 we had Jac(f9) = C. It has the unique C-bilinear pairing
that we denote by 7 too.

Define for [u]éy, [v]€n € Ator

, it gh # id,
mroulé. [0l == { Hoh 2
n([ul, [v]), if gh =1id,

where 7 on the second line is computed in Jac(f9) = Jac(f"). This bilinear form is immediately non-
degenerate. The same definition also works for Bi:.

One can show that the mirror map A(f, G) = B(f, CNJ) preserves the pairing on both sides in the
sense that 1y »(7(X), 7(Y)) = n7,c(X,Y) for all X,V € A(f,G).
3.4.2 Milnor lattice

to be filled in

3.4.3 Calabi—Yau A—model

Given f € C[zy,...,zyN], defining a quasihomogeneous singularity with the reduced weights g = di/dp,
s.t. ged(do,d1,...,dn) =1, and G < G consider the variety

Xf7G = {(1'1,...733‘]\]) EP(dl,...,dN) | f((El,...,LUN) = 0}/(G/J)
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The quasihomogeneity condition on f implies that the zero—set f = 0 is well-defined in P(dy,...,dy). If
f satisfies the Calabi-Yau condition )}, ¢r = 1, then Xy ¢ is Calabi-Yau in the sense that its canonical
class vanishes. If G/J is non-trivial, Xy ¢ is an orbifold.

The orbifold cohomology or Chen-Ruan cohomology H*

xo(Xy,e) provide another A-model of
(f.G).

3.4.4 Hodge diamond

The numbers h*® (both hﬁb and haB’b) may be organized into the so-called E-function

t —q-X
E(f,G)(t,t) := Z (—1)PFa—Nppa. p-yp¥
p,qeQ
that is a function of two independent formal variables ¢ and . Serre and Hodge symmetries are equivalent

to the following equalities
E(f7 G)(t,%) = E(f7 G)(i t)a E(f’ G)(taf) = E(f’ G)(tiafil)'

These equalities together with the explicit formula for E(f, G) were proved in [?] by Ebeling and Taka-
hashi. They have also proved that the mean of h®® is N/2. Namely

N
3 (1N g = Sy =0
2
p,q€Q
see Corollary 9 of loc.cit..
More on the Hodge diamond of a Landau—Ginzburg orbifold (for not necessarily invertible singu-
larity) can be found in [BI24].

3.4.5 On the bigrading

The bigrading on A+ and By was first introduced by Intriligator and Vafa in [IV90, Eq.3.2]. However,
they reference [V89] at this point. The grading operators ¢; and ¢, are equal to the grading operators of
Intriligator—Vafa shifted by %Zgil(l — qk)-

The bigrading of Intriligator—Vafa was later used by Krawitz in [Kra09]. However he has introduced
8 more grading operators on p.13 of loc.cit., so that it was not really clear which exactly should be used.
We also think, some of these operators were not introduced at all (like degf and deg?) and the other
defined in the specific situation only (deg? in Eq.16 of loc.cit.). The grading operators that are indeed
used could be read off in the proofs given in Section 3.3. It took us some time to check that the grading

preserving statement of Krawitz (Section 2.4 of loc.cit.) is equivalent to ours (see Eq. (3.29)).



Chapter 4

Nonabelian symmetry groups

Let f = fi®---® fp be an in invertible polynomial with each fj of Fermat, loop or chain type. Together
with the symmetry groups G < G acting diagonally on the variables of f, one may assume the symmetry

groups that may interchanges different variables. The main examples are
f=at+a5+mx, o:(x1,20,23) — (T2, 71,23) (4.1)
when the polynomials in the @&—decomposition get interchanged or
f=adey +ades +adey, o (v1,20,23) — (22, 73,71) (4.2)

with the group acting on the variables of just one loop type polynomial. Both directions are not yet
settled even on the level of the vector space isomorphisms.

Speaking about the nonabelian symmetry groups one assumes the action of G = § x Gy, where
S c Sy and f(u-x) = f(x) for any u € G. Let’s expand these words.

Any u € § x Gy can be written as a pair u = o - g for some o € § and g € G¢. Every such u acts
on CV by

u-x=o0(g-x).

Namely, it first rescales x via the action of g and then permutes the coordinates of the rescaled vector

obtained. Note that for u; = 01 - g1 € S x Gy and ug = 03 - go € S x G we have
urug = 0102 - (05 (91)92) ,
where o5 (g1)g2 € G is obtained as a product of two Gy elements, the first o5 (g1) being obtained from
g1 via the action of the permutation o5 ! permuting the components of ¢g;.
Mirror pairs

Mirror symmetry for nonabelian groups is still an open topic and there are just five papers from two
groups of people on this subject ([EGZ18, EGZ20, BI21, BI22], an example is computed in [PWW20]).

Currently, the candidates for the mirror pairs were proposed by Takahashi to be

(f,S x G) and (f,Slx CNT'),

45
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where fand G are the BHH duals for G Gy.

It’s not clear how far mirror symmetry should go. One should not also consider to be a good
practice a big goal to find a mirror symmetry even though there is none.

In particular, the leading researchers in this field Ebeling, Gusein—Zade and Takahashi, conjecture
that additional condition should hold in order for mirror symmetry to take place. They call it PC for

“parity condition”.

for any T < S holds dim (C¥)" = N mod 2. (PC)

In particular, S can only satisfy PC if S € Ay. In [BI22] the authors gave more geometric reformulation
of PC.

Remark 4.1. In [BI21] the authors have found several examples of the mirror pairs, for which the vector
spaces mirror symmetry conjecture holds, but PC is not satisfied. The mirror maps in that cases became
in some sense “wild”. This is still an open question if such mirror pairs are the fluctuations of a small

dimension or not.

Remark 4.2. Note that one should still take S = {id} < Sy and get a diagonal symmetry group as
discussed in the previous chapters. Therefore working with the nonabelian symmetry groups one should

provide the mirror maps that are compatible with all the results obtained before.

The best result up to now concerning vector space mirror symmetry is Theorem 4.15 below. And
it only assumes the symmetries of f = & + -+ + 2}, for n = N and prime N with G = SLy. It will be

shown that no mirror symmetry should be expected for n # N.

Exercise 4.3 (unresolved). Set up the vector spaces mirror symmetry for f = z¥ +- - -+z¥ for non-prime
N or G different from SL¢ or J.

From now on to the end of the chapter assume
f=al + - +2%,

with n, N € Z>5. In this chapter we also call the @ sum of several Fermat type polynomials to be of
Fermat type too
In order to work with the nonabelian symmetry groups one has to supply some reformulation of

the notation and objects of diagonal symmetry groups.

4.1 Preliminaries and notation

For any ue Sy x Gy let Aq,..., Ay € C be the eigenvalues of the linear transformation x — ux. We may
assume N\, = exp(2my/—1ay) for some a; € Q N [0,1). Denote:

N
age(u) := Z ag.
k=1
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Then for the inverse element v ~! we have

age(u) + age(u™') = N — N, = d,.

47

Assuming u as an element of GLy (C) set Fix(u) to be the eigenvalue 1 subspace of CV and I¢ be

the set of all indices k, s.t. u - x, # x. Decompose further

Fix(u) = Fix” (u) @ Fix” (u)

into a tautological fired locus Fix" (u) := {x € CN | z; = 0,j € I¢} and a eigen fized locus Fix” (u).

Example 4.4. Consider a special cycle og € Sy x Gy with ¢ = (i1,...,i;). Let g act trivially on z;

with j ¢ {i1, ..., ik}
For (i, = exp(2m/—1/k) consider the change of the variables

Pr'M—‘

Ty, =

k
Z(lba1)~xia’ 1<b<k‘,

with g;, :=1and g;, :==¢gi, -+ ¢i,_, for 1 < a < k. Then we have

O—g(‘%ib) Z 1%%

In particular, the variable Z;, is preserved by the action of og. We have:

ZC(b 1)(“ 1)"’ b 1<a<k7

gZa b=1
and also
foO=k-Tr 4+ > ap
1¢{i1,...,ix}
I<ISN
We have
FiXT((Uvg)) = {(E € (CN| Tiy =0 = Ty, = 0};

Fix®((0,9)) = {x e CN| 2; = 0, j ¢ {i1,...,ix} and z;, =t'§i_a1, t e C}.

For every x;_, considered as a function of ¥, we have

$i1|Fix(0g) = gi2$i2|Fix(ag) =T gikxik|Fix(0g) = xi1|Fix(ag)’

%ib|Fix(0'g) =0 for b> 1.
From this we conclude | (3;,2;,)"] = |27 ] in Jac(f79).
In what follows denote

Tog 1= Tj, =

El

k
> s
a=1

Proposition 4.5. Restriction of f to Fix(u), f* := f |pixu) s a Fermat type polynomial again or a

constant zero—function.



48 CHAPTER 4. NONABELIAN SYMMETRY GROUPS

Proof. We have f* = (f |FiXE(u)) |Fix? (u)- The polynomial f |pics () is of Fermat type by the example
above and restricting to Fix” one only sets some variables to be equal to zero, what does not spoil the

property of being of Fermat type. O

Let 0 = [[?_, 0, be the decomposition into the non-intersecting cycles. Denote by |o,| the length
of the cycle o,. We will also allow o, to be of length 1, so that we always have Y7 _, || = N. There exists
the unique set g,...,g, of Gy—elements, s.t. g, acts non—trivially only on I and o-g = 1., 0aba-
We call the product o - g = [[2_; 049, generalized cycle decomposition of u.

Said differently, the GLx (C)—element u can be represented by a block—diagonal matrix with the
blocks given by the GLj,,|(C)-elements o,gq.

A generalized cycle 0,9, is said to be special if det(g,) = 1 and non—special otherwise. It is clear
that Fix(oa94) N Cl5a9a = 0 for a non—special cycle, where by C’« we mean the subspace of CN spanned

c JY=n-—1

by standard basis vectors with indices in IS. For a special cycle we have dim Jac(f7*9+ | CSasa

Lemma 4.6. We have
(1) Ifue Gy is a non-special cycle or we G¢. Then Fix" (u) = 0.
(2) If ue Gy satisfies u = Hle(ai,gi) for some non-intersecting cycles (o4, g;). Then

FiXT(u) = mleFiXT((Ui,gi)) and FiXE(u) = uleFiXE((ai,gi)).

Proof. 1) Let o be of length k. Assumed as a GLy—element, u is given by a matrix that is the product of
the permutation matrix (fixed by o) and the diagonal matrix, fixed by g. The characteristic polynomial
of u equals \¥ — det(g). It follows that og has the eigenvalue 1 if and only if g is special.

2) Decomposition into the non-intersecting cycles provides the decomposition of CV together with
the operator og into the direct sums with the summand {z € CN | z; = 0,5 € I¢,} and the summands

on which one of the cycles of the decomposition act nontrivially. O

Denote by |#(x)] the class of the polynomial ¢(x) in Jac(f?«9+). Let Z;, be the o,g,-invariant
linear combination of x4 with indexes in Ig , , s.t. Jac(f7*9|rc ) has the basis |Z5], k=0,...,n—2.

Gada
Set
A;aga = <l1Jv l%iaJ’ te [%?a_2J>§UJaga?
B:Taga = <l1J7 l‘%iajv ey L%;La_2J>faaga,

where we denote by &5, the formal letter associated to 0,g,. The elements of B;, , will be denoted by

[6(x) €0 g.-

In particular, for g, = id we have &3, = >}, x; where the summation is taken over i € IS . We
adopt the notation above for the non-special cycles too, assuming |Z |¢, g, = |1]é0,4,- For u € G with

generalized cycle decomposition u = H§=1 0a9a We have

P P
! _ I /7 /
fou — ® ‘Aaaga, fou — ® Baa,ga'
a=1 a=1
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Fix {, := exp(2mv/—1)/n) and ¢, € Gy with k =1,..., N by
te: (1, ..., xn) = (T1, .-, Cnhy -« o, TN)-

Then the Fermat type polynomial maximal diagonal symmetries group Gy is generated by ¢i,...,tn.

Denote also
SLy:={ge Gy | det(g) =1}, Ji=ti-tn, T =)

The groups S x SLy and S x J with S < Sy will be in particular important in this paper.

4.1.1 The phase space

Consider the spaces

Atat = @ A/ s Btat = @ B},u

ueSx Gy ueSx Gy
We call its direct summands A/ﬁu and B}m the u-th sectors. The subspaces A’f,u and B/ ., are called
narrow sectors if Fix(u) = 0 and broad sectors otherwise.
For any G < Sy x Gy we denote by Af ¢ and B ¢ the phase space of G, being the subspace of
Ay g and By respectively, defined as follows.
Let C% stand for the set of representatives of the conjugacy classes of G and Z(u) for the centralizer

of u. Denote

Arai= @ (A5.)7" . Bro:= @ (8B.)"". (4.7)

ueC% ueCG

The action of v € Z(u) on A}, and B}, is computed as follows.
Let A}, A] be the eigenvalues of v and v computed in their common eigenvectors basis. For
Y = |¢(x)|wy, € A}, and v € Z(u) we have

)= [T M 1o x) e, (4.8)
k=1,..,N
AYZT
For X = |¢(x)]&y € B}, and v € Z(u) we have
1
X)) = [ o e x)k (4.9)
k=1,...,N "'k
AV #£1
Remark 4.7. The G-action for the nonabelian groups is more complicated. For v € G we have
v* B, — B

o for any w € G. This is the reason why we have the sum over the conjugacy classes
in Eq. (4.7).

For any G1,G2 © Sy x Gy we have the natural inclusion 45 : B}7G1 — Biot and the projections
Ty : Bror — B},GQ' In what follows we will consider the maps v : Blf7G1 — B},GQ via the maps 9 : Bioy —
Biot by ¥ :=mg 0p0iq.

With respect to a generalized cycle decomposition v = [], 0.9, we have the relation &, =
[1_, &.4. between the generators of the different vector spaces Byg,, Bfa,. This extends to the
product of arbitrary X; = [¢1]¢, and X = |¢2]&, assumed as Bi,—elements by X1 Xs := |d102]8us
when I¢ n IS = L.

Lthis should not be confused with the cup-product on Hochschild cohomology as in [?]
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4.2 Mirror map

In this section we define the mirror map 7 : Byt — Asor. It will be used later in Theorem 4.15 to set up

a mirror isomorphism. First consider the following examples.

4.2.1 Examples

Example 1 shows that there is no mirror map if V # n. Example 2 considers the case when there is a
mirror map, interchanging broad and narrow sectors. Example 3 deals with the symmetry group that
does not satisfy PC condition of Ebeling-Gusein—Zade. Even though, the mirror map exists. Example 4
depicts the situation when mirror map exists but does not always interchange broad and narrow sectors
as it is for diagonal symmetry groups.

Examples 2 and 3 are the particular cases of Theorem 4.15 and Example 4 is the particular case
of Theorem 4.17.

In all the examples beneath we consider the groups G = S x SLy and G = S x J with different

S < Sn. There is a decomposition
By swsL; = BsL,a @ BsL,s,  Ap,sury = Ary,a® Ay

for Bsp,,q and Az 4 being the direct sums of all u-th sectors of By swsr, and Ay sw 7, s.t. u € id - SLy

and u € id - J respectively.

Example 1: N=3and n=4, 5 =53

We have

BsyxsL,,s = C <l($2 - $1)2J§(1,2,3)t§t§t§7 [(z1 + 22 + m3)2Jf(1,2,3)>a (4.10)

Asgwg,s = C{ (21 + 22 + 23)*Jwi 2.)) (4.11)

showing that there is no mirror map between By s,xsr, and Ay s,x7 when N # n.

Example 2: N =n =5 and S ={(1,2)(3,4)) c S5

Denote
Gape(x) == (21 + 22)* (23 + x4)bx§, a,b,c=0. (4.12)
We have
4
Azs= P Cwazaary B Clbapelwnzea), (4.13)
k=1 a+b+c=2
or a+b+ec=T7
4
BSL,S = @ (C<l¢a,a,bjf(1,2)(3,4)> C—B C<£(172)(374)t%t§t§*a*b>~ (414)
a+b=2 a,b=1

or a+b="7 a+b#0
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The vector space isomorphism Bf’SMSLf — Aj gxg is

|H"|&a — we-, (4.15)
Sa2)3apattee = [Pa—1p-1,c-1]w(1,2)(3,4) (4.16)
[¢a,a,cJ€(1,2)(3,4) = W(1,2)(3,4)Je—1t- (4-17)

This map interchanges bidegree (1,2) classes with bidegree (1,1) classes and bidegree (2,1) classes with
bidegree (2,2) classes.
The group considered can be diagonalized, however this requires also the change of the polynomial

f so that we will not have the relation f: f any more.

Example 3: N =n =5, 5={((1,2,3),(1,2))  S;

Denote
Gapc(x) 1= (x1 + 22 + xg)“xeg, a,b,c>=0. (4.18)
We have
4
AJ,s = @ C<w(1,2,3)Jk> @ C<l¢a,b,ch(1,2,3)>7 (4~19)
k=1 a+b+c=2
or a+b+c=T
4
BSL,S = @ C<l¢a,b,bJ§(1,2,3)> @ C<£(1,2,3)t?’“’btf{t’g>' (4'20)
a+b=2 a,b=1
or Z+b:7 a+b#0

The vector space isomorphism By sxsr; — Ajf sx7 is

[ijgid = W k-1, (421)
Sa2syainee > [Pa—10-1,c-1]w(1,2,3) (4.22)
l%,b,b]f(l,z,s) = W(1,2,3)Jb-1- (4~23)

This map interchanges bidegree (1,2) classes with bidegree (1,1) classes and bidegree (2,1) classes with
bidegree (2,2) classes.

Example 4: N =n =5, 5 =55
Denote
Gape(X) = (x1 + To + 23)* (2b2E + 2522),
Yap(x) 1= (21 + 22 + x3)%(z425)°.
We have Ay, = A @ A Bsp, = BY @ BY) | with
Afyl?s = C{|¢0,0,2lw(1,2,3), |#1,0.1|w(1,2,3)s [P2,2.3]w1,2,3), [P3.1.3]w1,2,3)),
«422,)5 = C{|%0,1]w(,2,3) [¥1,3]wa,2,3), [¥2,0lwa,2,3), [¥3,2]wa,2,3))

1 _
BSL,S - C<§(1,2,3)t1t4tg75(1,2,3)t§t4t§75(1,2,3)tfft§tga5(1,2,3)t§t§t§>

Bé?s = C{v0,11¢1,2,3), [¥1,3)(1,2,3), [¥2,00€(1,2,9), [¥3,2)€(1,2,3))-
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We see that Ay 4 contains only narrow sectors, Az s only broad sectors. Bsr, 4 contains only broad
sectors while Bgy, s is a direct sum of both broad and narrow sectors.

It’s easy to guess the vector space isomorphism By s, xst, — Ay s,x7 in this case.

|H"|&a = w b, (4.28)
fa23yateee = [Pa—1,0-1,c-1]w(1,2,3) (4.29)
[Vaplé(1,2,3) = [Yaplw(,2,3) (4.30)

The first two lines of it interchange degree (1,2) and (2, 1) classes with the degree (1,1) and (2,2) classes

(2)

respectively. However the last line sets up the isomorphism A7/, — BéQL)’S mapping the degree (1,1) and

(2,2) classes to the degree (1,1) and (2,2) classes again.

4.2.2 Definition of the mirror map

Foranyue SxGyletu = HZ:l 049 be its generalized cycle decomposition. Arbitrary element X € B ’u

p
= H Nra faaga

reads

with r, = 0 if 0,9, is non-special and 0 < r, < N — 2 if 0,9, is special.
Set

T(X) = | [ 7 (1% o)

-

1

Q
Il

for the product on the right hand side understood in the sense of Section 4.1. The map 7 is defined on
the generalized cycles as follows.
Case 1: u = 01 - g1 is a non—special cycle

Assume g1 = ]_[p tgl"’ with p running over I . Denote d; := Zp dip, mod N with 1 <d; < N. Set

T(Erg) = 1T ] - war. (4.31)

Case 2: u =01 - g1 is a special cycle
For any 0 <7 < N — 2 set

(127} J§o1-91) = Woun (4.32)
for h:= ([], ta)** with a running over I¢ and k; € 1,..., N — 1, the unique integer, s.t. r1 + 1 = k1|0
modulo N.

4.2.3 Mirror map of Krawitz

The mirror map 7 generalizes the mirror map of Krawitz (see ). Namely 7, : Bys., — Ay s by the

following rule

P p
T, dp—1
T, Pliq — w rp+1 dp > | | r P Twid
1_[1 s [t 51‘[5:1 tp” . p
a= a=
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Let’s see that our mirror map coincides with the mirror maps of Krawitz on B},u, s.t. w=1id-g. The
generalized cycle decomposition of such elements is given by u = Hi\f:l(a)tga for g = [[tds. We have
Ty = T4 if dy = 0.
When g = id we have
P P P
H ) = [ r(am16a) = [ | ([1 Jwtwl) = [Wwpp_ o (4.33)
a=1 a=1 a=1 ‘T
For d, # 0 for all a we have

T([l 1_[ Hw,aa ) H |79 1 wig. (4.34)

a=1

4.3 The vector space structure

In this section consider prime N = n and arbitrary S € Sy. The aim of this section is to describe the
structure of the vector spaces By sxsr, and Bsyx 7.
According to the definition, we should consider the sets of representatives of the conjugacy classes

C9%SLs and €% . Let C° be some set of representatives of the conjugacy classes of S. We have
C ={o-J"|oeC%k=0,...,N —1}.

The map S x SLy — S is compatible with the conjugation action. We chose representatives in
C%*SLs in a way compatible with the choice of C%. The set C5*5Ls is described in Proposition 4.10 below.

Concerning the bases of By sxsr;, By sxs we show the following proposition.
Proposition 4.8.

(A). The basis of BfsxsL, can be chosen to consists of narrow vectors [], €y, pda and broad vectors

o175 160,

B). The basis of Afsxs can be chosen to consists of narrow vectors Wy, g2 and broad wvectors
f7 \7 a a
Halizsjwﬂa’
with 0 <r, < N—-2,1<d, < N—-1and1l<qg< N —1 in both cases.

Note that this proposition does not guarantee that all vectors of the form given do appear in the

bases of B sxsr; and Ay sx 7. The proof is given in the following sections beneath.

4.3.1 The group G = S x SLy

- g) Z(og)

Proposition 4.9. For any g € SLy and length N cycle o we have (B’

Proof. The element o - g is special with 1-dimensional fixed locus. We have B} = C{|27|¢,.4) for
p=0,...,N—2. We also have J € G and J € Z(o - g). The action of J gives

T (17 1-g) = SR - 128y,



54 CHAPTER 4. NONABELIAN SYMMETRY GROUPS

because det(J) = 1. The vector assumed is invariant under the action J if and only if p+1=0 mod N,

what never holds for the range of p given.
O

dy 4d2

In the obvious way one gets that for a length N —1 cycle o, an element o - g is conjugate to o-1;t;

in the group G for d; + d2 = 0 mod N and #; € IS, ia ¢ IS. This can be generalized to the following

statement.

Proposition 4.10. Let w = o - g € G be an element with the cycle decomposition o =[], 0q. Let i, be

the first index of IS . Then for some d, € Z, u is conjugate to [ ], Uat‘ii: in the group G.

. . . . SN s . diy ,d; d;
Proof. It is sufficient to consider the case, when o = (i1,42,...,i,) isasinglecycleand g = ¢; "¢, )* ... 1, ".
It is also sufficient to consider the bigger group S x G4, since it is generated by its center and G. Now
. dip+dig+..tdiy dig+..+d; di .
we can conjugate by h = ti22+ st "ti33+ T t;," to get the desired result. O

The following corollary makes a clear distinction between broad and narrow sectors for the group
S x SL f-

Corollary 4.11. Let X € BswsL, be a non—zero element with X = |¢(x)]&, then |¢(x)| is non—constant
only if u is conjugate to [ [, 0q.
In particular for every such X, the conjugacy class of u contains ezactly one v = wuw™!, s.t.

[¢(w - x)|€ € Bs.

Proof. Put u = og with o € S,g € G%. If |#(x)] is non constant, then at least one of the cycles of o is
special. Let it be o1. Assume further, that there is a nonspecial cycle o9 in the cycle decomposition of o.

Let d be such that |o1] + d[o2| =0 mod N. Consider the element h = ([ ], ¢;)(] [, t;)¢ € SL; with
i running over I$ and j running over IS . Then h commutes with u. We have h*|Z} |&, = e, Since,

h fixes other variables and r varies between 0 and n — 2, there are no invariant elements in the sector. [
This completes proof of Proposition 4.8, case (A).

Remark 4.12. The conjugacy classes of Sy are indexed by the partitions of N. In particular, any length
N—cycle of Sy is conjugate to o = (1,2,...,N). We conclude that the representatives of the conjugacy
classes of Sy x SL; are given by two partitions of n = N of the same length. The first one being given

by the cycle type of ¢ and the second by the set of exponents d,.

4.3.2 The group G = S x (J)

Let u =0-J%7 and 0 = §=1 o, be the cycle decomposition. If ¢ = 0, all g, are special. If ¢ # 0, for
n = N being a prime number, either p = 1 and ¢ = 07 is special again, or all g, are non—special.

For the group assumed J € Z(u). Consider the action of this element on A’ .
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Assume X = |§(x)|wy.j0 and Y = w,,.j¢ with some ¢ # 0. Up to a constant multiple we have for

some 0 <r, < N —2

p

X = [[1#ws, giving  J*(X) = 3" X, (4.35)
a=1

Y = |3 ws,ga  giving  J*(Y) =Y (4.36)

Therefore X is only J-invariant if )} (14 + 1) € NZ and Y is not ever J-invariant.
Similarly we have that w,. ¢ is J—invariant for any g % 0.

This gives the following proposition beneath and completes proof of Proposition 4.8, case (B).

Proposition 4.13. Consider X := [¢(xX)|ws.g € A, (yy- Assume X to be (J)y—invariant. Then either

|6(x)] is a constant or g = id.

4.3.3 Symmetric group action

For any u = 0-g€ G € Sy x Gy we have u € Z(u) and for any X = |¢(x)|€, we have [¢(u-x)| = |¢(x)].
However the action of u on the generator &, is not necessarily trivial. It was proved in Corollary 39 of
[?], or can be deduced from Eq. (4.9), that we have

u® (gu) = (_1)Sgn(g)§u-
Consider the (u)-invariant subspace of B} ,,.
(B}..) =0 if oisoddand (B,)" = B}, otherwise. (4.37)

Due to this reason no sector of u = o - g with o odd appears in By . However such elements u, if
they exist in the group, can still affect the conjugacy classes decomposition and also the centralizers of
the other group elements, contributing non-trivially to By c.

In the following proposition we consider group—action approach to the parity condition of Ebeling—

Gusein-Zade.
Proposition 4.14. Let u,v € Ay be even commuting permutations. For T := (u,v) we have.
e PC holds for T if and only if u*(&,) = & and v*(&,) = &,

e if PC doesn’t hold for T we have u*(§,) = =&, or v*(&,) = —&,.

Proof. Let u and v share a common eigenbasis Z1,...,Zn. Let u(Zx) = A\, Tx and v(Ty) = N[ Z. Assume
also A} =--- =X, =Tland \] =--- = AJ = 1. We have
() = g & T (1.39)
v u) = u = q<Pp .
M Xy T R
1 \ 10 pV
’U* (gu) = / . )\/ 571« = )\/p+ .. )\/q g’U« q > p- (439)
q+1 N p+1 N

It follows that for both cases
_ )‘/1 e A:] _ det(v\Fix(u))
det(v) " det(v) "

(4.40)
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where v|iy(,) stands for the restriction of v to the fixed locus of u. Assume g > p. The action of v on
Fix(u) is given by a permutation of the set {1,...,q}. Therefore both determinants assumed are either

+1 or —1. We have
det(v) _ (_1)N—dimFix('u)’ det(v|Fix(u)) _ (_1)dimFix(u)—dimFix(v).

This completes the proof. O

4.4 Mirror isomorphism

We have seen in Example 1 of Section 4.2.1 that the condition N = n is necessary for mirror symmetry
to hold. Assume it to hold true. Assume further N to be prime. Fix some S € Sy.
Let G < S x Gy. We call u~th sector of By ¢ stable if

c*(&,) =&, forany oceZ(uynScG (4.41)
and the u—th sector of Ay g stable if
c*(wy) =w, forany oeZ(u)nScqG. (4.42)

Denote by Af}facble c Ays and B;}fgf’le C By, the direct sum of all stable sectors Ay, and By,
respectively. It’s important to note that our stability property considers the generator of the u—th sector
rather than an arbitrary element |¢(x)]&, of it.

In particular according to Proposition 4.14, we have B}'&'¢ = By ¢ if S satisfies (PC) of Ebeling-
Gusein-Zade. The converse is not true. In particular these vector spaces coincide in Examples 2 and 3

of Section 4.2.1. In the case of Example 4 we have B;fgble =Bga® B(G})S < Bya.

Theorem 4.15. The map 7 establishes an isomorphism B;fglﬁeSLf — A;fasbxl?. Under this isomorphism
we have q;(X) = q(7(X)) and ¢-(X) = N — 2 — ¢, (7(X)) for any homogeneous X € Bjtfgf;lgLf.

Proof. See Sections 4.4.1 and 4.4.2 for the first claim and Section 4.4.3 for the second claim. O

To show Theorem 4.15 we need to consider the action of the centralizers of the elements u = og €
S x SLy and v = 0J* € S x J with the same o € S.

4.4.1 Narrow sectors

Let w e S x SLy be s.t. u-th sector is stable and narrow. Assume u to be decomposed into generalized
cycles as u = [[0_, oati*. Let Y :=¢, € B sxst,- Then X :=7(Y) = [T.13{ ws, € A 5 7

As u-th sector is narrow, any v € Z(u) < S x SLy gives v*(Y) = (det(v))~'Y =Y and we know
that Y is non-—zero in Bf,SKSLf. We show that X is non-zero in Ay gx s too.

The centralizer Z(] [, 0,) < S x J is generated by the element J and all permutations ¢’ € S,
commuting with [ [, 0q. We have that J*(X) = X if and only if 3, d, = 0 modulo N, what is equivalent

to the condition [, tf: € SLy. The action of ¢’ is trivial on X because the u—th sector is stable.
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4.4.2 Broad sectors

Let uw € S x SLy be s.t. u-th sector is stable and broad. Assume v to be decomposed into generalized
cycles as u = [[2_, 04. Take X := [ |3 ']¢,, € B sxst,-

Proposition 4.16. Let X = prl [%:ZJ{UQ be non—zero in By swsL,. Let ki, ...,k be as in Section 4.2.2.
Then kg = ky for all 1 < a,b <

Proof. Take a =1 and b= 2. Let gy := (Hae[;l to)® and go := (Hae];2 to)?. Then for a|oy| + Bloa| =0
modulo N we have v := gi1g2 € Z([ [, 04) € S x SLy.

We have v*(X) = )\Iﬁl/\SQH - X with Ay = (%, A2 = C;ﬁv We conclude that X is invariant w.r.t.
v if and only if (r1 + 1)ac+ (ro + 1)8 = 0. For N being prime this holds for « and 8 assumed if and only
if k1 = kso. O

It follows by the proposition above that Y := 7(X) = w,_j € B;‘,ij is well-defined. We have
J*(Y) = det(J)"'Y =Y and it remains to consider the action of symmetric part elements on both X
and Y. Every S-element o’ € Z([], 04J%) = S x J gives (¢/)*Y = det(0’)"'Y =Y. At the same time
we have ¢’ € Z(u) and (¢/)*X = X because the sector is stable.

4.4.3 Bidegree

Let X = &, € Byt with narrow u = [[7_, 049,. Set Y := 7(X) € Asor. Let di,...,d, be the exponents

associated to g1, ..., gp as in Section 4.2.2. We have

L 1 p N—p dg N-—p

a(Y) g N = ; Nt (4.43)
& dyg N+p <dg

a(X) = 2 vl o) =" > N L (4.44)
a=1 a=1

This gives the desired statement for the map 7, sending narrow sector X € B} g, ¢, to Y = 7(X) €
! s

Because 7 is involutive, this also approves the case when 7 maps a broad sector element of 3}7 SxSL;
to a narrow element of A’f, sx .7+ However we find it useful to provide the full prove in this case too.

Let X = [[0_,|z}*]&, and Y := 7(X) = [[_; w,, s+. According to the definition of the mirror
map we have for some [, = 0 that r, + 1 = k - |o,4] — [, N. Moreover we can assume [, < |o,| due to our
assumptions on k and r,.

We have

a=1fa  N—p N-p_ Yo,(atl) | N-p

a(X) = ¢ (X) = =45 3 N N - 5

The bigrading of ¥ has more complicated expression. The eigenvalues of [ [2_, o4J k are

Naq := exp(2myv/—1 <0a| 113))
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fora =1,...,pand ¢ = 1,...,|0,]. To compute age(]], 0,J*) note that that the expression in the

brackets is not always smaller than 1. We have

2ma/—1 o+ 1
T <q+la+r + )).

Aa,q = exp( N

ol

Because r, + 1 < N — 1, we conclude that there are exactly [, values of ¢, s.t. the expression inside

brackets is greater of equal to |o,|. This gives
p [loal P
q k loal =1 klod]
age HU“ Z Z“lm+|aa\ﬁ—la =Z (2+N—la . (4.45)
a a=1 \g= a a=1

Summing up we have ¢, (V) = % +k—=>F_lo—1=q(X). It’s easy to see that N —2 =
a(Y) + ¢ (Y), what finishes the proof.

4.5 Mirror map for Fermat quintic

The purpose of this section is to prove the following theorem.

Theorem 4.17. For N =5 there is a vector space isomorphism By swsrL; — Af sx7-

Corollary 4.18. Denote hgi! := h?9(f, S x SL) and h';* := h»9(f, S x J). We have
T

Proof. In both spaces the subspaces of (0,0), (3,3), (3,0) and (0, 3) classes are all 1-dimensional. Both
Bs swst and Af g7 have a pairing, respecting the bidegree (cf. Theorem 32 of [?]). The statement
follows now from the equality of the dimensions of By gxsri, and Ay gw 7. O

The proof of the theorem above occupies the rest of this section.
To show the theorem we first need to redefine the mirror map.
4.5.1 Definition
As in general case set 7 (X) := [[0_, 7 (|17]*|¢,g.) for X = TT0_,12}°]¢0,9,- We (re)define 7 on the
generalized cycles.
Case 1: u =07 - g1 is a non—special cycle
Assume also g = ]_[p tzl"’ with p running over I{. Denote d; := Zp dip mod N with1 <d; <N —1.
T(§og) = T1(&og) + T2(€09), (4.46)
for F1(&rg) =317 wo,  Tollog) i= Wouns (4.47)

for h = ([],ta)"™ and ky € 1,..., N — 1, the unique integer, s.t. di = k1|o| modulo N.
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Case 2: u =0 - g is a special cycle
We have necessarily g = id or o = id. For any 0 <r; < N — 2 set
7175 1€o-g) 1= =T3(|77) [og) + T[T} [€og), (4.48)
for  73(177) 1€5.9) := |} Jwo g, TallT) [$og) := woun, (4.49)

with h:= ([], ta)* and k; € 1,..., N — 1, the unique integer, s.t. 71 + 1 = ki|o| modulo N.

4.5.2 The properties of 7

The map 7 mixes up the special and non-special generators &, ,4,. However we have in By sxsy, and
B sx . only broad or narrow elements. It’s easy to check that the map 7 still generalizes the mirror map

of Krawitz.

Proposition 4.19. For G being SLy or J, let X,Y € By, o be narrow and broad basis elements respec-

tively. We have in A% g, ¢
X)) =7(X) +2(X), 7(Y)=-7()+7(Y). (4.50)
Proof. This follows immediately from Proposition 4.8. O

The following proposition considers the elements for which both 7; # 0, 7o # 0 or both 75 # 0,74 #
0.

Proposition 4.20. Let Y := &, be a non—zero narrow element of Bf’SKSLf. We have

(A) both 71(Y) # 0 and 72(Y) # 0 in Ay gucsy if and only if X narrow non-zero in By sxsL,, st
T1(Y) = 73(X) and 72(Y) = 74(X).

(B) define the following C-linear map K : By swsL; — By sxsL,. Let it act by
K(X):=Y and K(Y) = —X

on X andY as in (A) above and act by identity otherwise. Then the map

1
Fim S (FoK +7)

maps the basis elements of By sxsL, to the basis elements of Af su(r-

Proof.
(A). Assume 71 (Y) # 0, 72(Y) # 0 and v = 0 - g. Let o = [[?_, 0, be the cycle decomposition.

Set X := 71(Y). By the construction X € A’ﬁu with «w = ¢. For d, as in Section 4.2.2 we have
X = H§=1[xgsfljwu. Let kqlo,| = d, mod N. Because 72(Y) # 0, we have that k; = --- =k, := k.

To show that X is non-zero in By swsr,, consider the centralizer Z(u) in S x {(J). It’s generated by
the permutations ¢’ € S, commuting with o and also the diagonal element J. In S x SL the centralizer

Z(v) is generated by the same set of o’ € S as above and also the diagonal elements h € SLy commuting
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with o. Denote J, := [, ¢; with i € IS . Then for some ly,...,l, we have h = [[*_, Jl. By Eq. (4.9)

we have
P
. Cla da
= N
a=1

Using the k above, modulo N we have >_ l,d, = & (3 _, ls|o4|) = 0 because h € SLy.

The action of ¢’ considered is the same on X both considered in B g,g;,, and A% g, 5. It is
trivial because non-special 7»(Y") also has ¢’ in it’s centralizer and is non—zero.

For 73(X) # 0, 74(X) # 0. Set Y := 74(X). This case is treated completely similarly.
(B). The statement is obvious for X and Y, s.t. 71(X), 72(X) and 73(Y"), 74(Y") are not simultaneously
non—zero. If this doesn’t hold, by case (A) above we have 7(Y) = 71(Y) and 7(X) = 74(X). O

Proposition 4.21. The map T is an isomorphism for N = 5.

Proof. Let’s follow the steps of Section 4.4. Let X,Y be non-zero broad and narrow elements of By swsL,
respectively. By using Proposition 4.20 (B) it’s enough to show that for non—zero X,Y we have 71(Y),
T2(Y) are not simultaneously zero and 73(X), T4(X) are not simultaneously zero. Moreover it’s enough
to consider the action of the symmetric part elements ¢’ € S on both sides.

Assume 71(Y) = 0 in Ay gx7. Then there is o’ € Z(Y), s.t. o' € Z(71(Y)) and (¢)*(71(Y)) =
—71(Y). In this case we should have o = (4, j)(k,1) for some pairwise distinct 1 < 4, j, k,I < 5. Without
loss of generality assume {i,7,k,1} = {1,2,3,4}. Then we should have u = og = (1,2)(3,4)tftgtg2d.
Then we have T»(Y') = &, ;-24 that is non—zero in Ay g« 7. The case of 74(X) = 0 in Ay gx 7 is treated
completely similarly. O

4.5.3 Examples

We follow the notation of Section 4.2.1. In particular, we make use of the spaces Bgsr, ; and By s.

Case 1: Klein 4—group

Consider S = {(01,09) < S5 with o1 := (1,2)(3,4), o2 := (1,3)(2,4). Define also o3 := o102. The spaces

Bsi,s and Az s are 24-dimensional. Let

o) o 1= (w1 + 22) (w5 + 74)" — (21 + 12)" (w5 + 24)%) 2§, (4.51)
62) o = (w1 + 23)" (w2 + 24)" — (21 + @3)" (w2 + 24)") 5, (4.52)
0% o 1= (21 + 24) (w2 + 23)° — (w1 + 20)" (w2 + 3)") 2§, (4.53)
We have

Bs,s = (‘B <§o'1t‘1tb 5—a—b) @ <£‘72tatb s-a- b) @ (C<§ost“t” 5—a—b ). (4.54)

a,b=1,... a,b=1,. a,b=1,.

a<b a<b a<b

E 2

@ C‘B Clwoyge) (‘D (C<¢1 0,1%Wo s ¢é 8 0Woy s ¢g,1),3‘”ak ) ¢3 2, oWy )- (4.55)

k=1a=1
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The point that the polynomials qu are skew-symmetric w.r.t. action of o; with [ # k reflects the fact

that o/ (&6, ) = =0, -
Because Bgr, s only contains broad sectors, we should only consider the maps 7; and 7. One

a,b,c

computes

d)(l—)l p—1,e-1 LaFb, 0 if a # b,
R T2 (Eorteenee) = (4.56)

T1 (faltgtgtg) = . :
0 ifa=0a. Wo, gerr  ifa=b.

The last equality looks to be mysterious because it only depends on c¢. However, the mystery is resolved
by the fact that we have coincidence of the indices a,b in this case and a, b, ¢ are all connected by the
degree condition.
In this example the map K appeared to be identity and 7 = 7.
Case 2: S~ S3 x5,
Consider S ={(1,2,3),(1,2),(4,5)) = S5. The spaces Bsr, s and Az ; are 8—dimensional. Let
Gape = (T1 + 29 + x3) (2h2E + 2528). (4.57)
We have
BSL,s = C<§(1,2,3)t1t4tga5(1,2,3)t§t4t§75(1,2,3)t§t-3t§7§ 1,2 3)t4t2t4> ( )
@D Cl 0,111 ,2,3), 92,000 (1,2,3)5 [#3.2,20(1,2.3) [ D1,3.31€(1,2,3))- (4.59)
Az.s =@ C{bo,0,2]w,2,3): [¢1,01]w,2,3), [d2.2,3]wa.2,3) [D3.1,3]€0,2,3)) (4.60)
P Cdo,1.1)w(1,2,3) [D2.0,0Jw(1,2,3) |3,2,2)w1,2,3): [61,3.3]w(1 2,3))- (4.61)

The mirror map gives
?3(l¢a7b,cjg(l,2,3)) = l¢a,b7ch(l,2,3)7 ?4(L¢a7b,cJ€(1,2,3)) = 07 b # c, (462)
?1(5(1,2,3)t§t3tg) = [¢a71,b71,cfljw(1,2,3)7 7A'2(5(1,2,?,)ffftgtg) =0. (4.63)

In this example the map K appeared to be identity and 7 = 7.

Case 3: S =~ S3 revisited

To illustrate how the map K works, consider S := ((1,2,3),(1,2)) as in Example 3 of Section 4.2.1. We

have

lHngld) = Wjyk-1,

)

=)

123)etvee) = [Pa—1p-1,c-1]wa 2,3, fb#c,

)

(
(&

(f 1,2,3) t“tbtb) = |Pa—1.p-1-1]w1,2,3) + W(1,2,3)05
T(|#ab.0l€1,2,3) = —Papplw,2,z) +wa 2,3 501

Then K (§1,2,3yae0er) = —|Pa—1,0-1,0-1]€(1,2,3), K([Pappl€1,2,3) = §1,2,3)000 and K = id on all the
other basis vectors.
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4.6 Learn more

This is exactly the bigrading introduced in [?, TV90].



Chapter 5

Notations

Throughout the text we keep the notation.
e 1 — the Milnor number,

e x:=(r1,...,75) — a point in CV,

e N — number of the complex variables z;, i =1,...

e e[a] := exp(2my/—1a) for any a € Q.
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