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Chapter 1

Introduction

The aim of these lecture notes is to give an introduction to mirror symmetry from the point of view of

singularity theory. In this text we consider mirror symmetry only from the mathematical point of view.

In mathematics mirror symmetry can be formulated in several different languages including homologi-

cal, algebraic or complex geometry languages. We stick to the language of singularity theory that has

connections to all the other languages listed.

From this prospective the best known results today are established for the special class of singular-

ities known as invertible singularities. We collect and provide in a systematic way the mirror symmetry

results for the invertible singularities in this text. We also discuss more general hypersurface singularities.

The lecture notes are supplied with many examples, open problems and ”learn more” sections. In

these sections we give the references for the publications that can be useful for the deeper dive into the

topic.

Acknowledgements

The work of Alexey Basalaev was supported by the Theoretical Physics and Mathematics Advancement

Foundation ”BASIS”.
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Chapter 2

Polynomials and symmetries

2.1 Polynomials

Consider f P Crx1, . . . , xN s and its critical set

Cf :“

"

px1, . . . , xN q P CN |
Bf

Bx1
“ ¨ ¨ ¨ “

Bf

BxN
“ 0

*

.

We will say that f defines an isolated singularity at 0 P CN if 0 belongs to Cf as an isolated point.

Example 2.1. For any n ě 2 the functions below defined isolated singularities

f “ xn`1
1 , An singularity, (2.1)

f “ xn1 ` x1x
2
2, Dn singularity. (2.2)

The corresponding singularities are called An and Dn singularity respectively.

Non-Example 2.2. f “ x31x
2
2 having Cf “ tx1 “ 0u Y tx2 “ 0u.

Exercise 2.3. Find more examples and non-examples of the polynomials defining isolated singularities.

Note that if f P Crx1, . . . , xN s defines an isolated singularity, then it does not define an isolated

singularity assumed as an element of a bigger ring Crx1, . . . , xN`1s.

The figures of Figure 2.1 on page 8 are taken from [GPBLS02]. They depict the zero sets of some

polynomials defining isolated and non–isolated singularities.

Proposition 2.4. Let f P Crx1, . . . , xks and g P Crxk`1, . . . , xN s be a polynomials defining isolated

singularities. Then f ` g P Crx1, . . . , xN s defines an isolated singularity.

Proof. Skipped.

The conditions of the proposition above can be reformulated as “f and g depending on the non–

intersecting set of variables”. In what follows we will write f‘g for the polynomial f`g if such condition

holds.

7



8 CHAPTER 2. POLYNOMIALS AND SYMMETRIES

Figure 2.1: Zero–sets of the isolated and non–isolated singularities (taken from [GPBLS02])

Proposition 2.5. Let f P Crx1, . . . , xN s define an isolated singularity. Then for every index j ď N one

of the following conditions holds

� f contains a monomial xaj for some a,

� f contains a monomial xajxk for some a and index k ď N .

Proof. Simple. Although the proof can be found in [KS92, Theorem 1] and [S71, Korollar 1.6].

Corollary 2.6. If f defines an isolated singulatiry and has no monomial of the form xixj, then the

number of the monomials of f is equal or greater than the number of the variables.

2.1.1 Quasihomogeneity

The polynomial f P Crx1, . . . , xN s is called quasihomogeneous if there are positive integers df , d1, . . . , dN ,

s.t.

fpλd1x1, . . . , λ
dNxN q “ λdf fpx1, . . . , xN q, @λ P C. (QH1)

understood as the equality in the ring Crx1, . . . , xN s. In what follows we will say that f is quasihomoge-

neous w.r.t. the weights df , d1, . . . , dN .

Remark 2.7. The numbers dk could be understood as the degrees of the variables xk. Then the set

d1, . . . , dN provides a grading of the polynomial ring Crx1, . . . , xN s. The quasihomogeneity condition on

f says that it should be of pure degree df w.r.t. this grading.
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The equality (QH1) is equivalent to the following condition. Assume

f “
ÿ

cα1,...,αNx
α1
1 ¨ ¨ ¨xαNN

for some complex coefficients cα1,...,αN . Then f is quasihomogeneous w.r.t. df , d1, . . . , dN if and only if

for every non–zero coefficient cα1,...,αN the following condition holds

df “ α1d1 ` ¨ ¨ ¨ ` αNdN . (QH2)

It’s clear that the choice of the weights is not unique. Moreover this form allows one to give the

third equivalent formulation of the quasihomogeneity property.

The polynomial f is quasihomogeneous if and only if there are positive rational numbers q1, . . . , qN ,

s.t. every monomial xα1
1 ¨ ¨ ¨xαNN of f satisfies

1 “ α1q1 ` ¨ ¨ ¨ ` αNqN . (QH3)

The set q1, . . . , qN as also called the set of reduced weights.

Remark 2.8. Still there are polynomials f that are quasihomogeneous w.r.t. to different reduced weights.

For example consider f “ x1x2. It satisfies condition (QH3) above with the reduces weights p1{2, 1{2q

and p1{3, 2{3q at the same time.

Example 2.9. The An singularity polynomial f “ xn`1
1 is quasihomogeneous w.r.t. q1 “

1
n`1 . The Dn

singularity polynomial f “ xn1 ` x1x
2
2 is quasihomogeneous w.r.t. q1 “

1
n and q2 “

1
2 p1´

1
n q.

Let f be quasihomogeneous w.r.t. the reduced weights q1, . . . , qN . These weights introduce the

grading on Crx1, . . . , xN s. Namely, we get the direct sum decomposition of the polynomial ring assumed

as an infinite dimensional vector space

Crx1, . . . , xN s “
à

αPQ
pCrxsqα, (2.3)

where pCrxsqα is a C–span of the monomials of weight α

pCrxsqα :“ Cxxγ11 ¨ ¨ ¨x
γN
N |

N
ÿ

k“1

qkγk “ αy. (2.4)

The vector spaces pCrxsqα are called graded pieces of Crx1, . . . , xN s.
Note that some of graded pieces pCrxsqα might be 0–dimensional vector spaces. The unit of the

polynomial ring belongs to pCrxsq0, and this is the only generator of this graded piece if q1, . . . , qN are

all positive.

Any p P Crx1, . . . , xN s is called homogeneous if Dα P Q, s.t. p P pCrxsqα.

Example 2.10. For f “ xa11 with q1 “ 1{a1 we have pCrxsqα “ 0 if α R 1
a1
N and pCrxsqα “ Cxxk1y if

α “ k{a1. The element 1` x1 is not homogeneous.
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2.1.2 Quasihomogeneous singularities

The polynomial f defines a quasihomogeneous singularity if it is quasihomogeneous and defines an isolated

singularity.

Remark 2.11. These two conditions are independent — there are polynomials defining isolated singu-

larities, that are not quasihomogeneous and there are quasihomogeneous polynomials, whose critical sets

contain non–isolated points.

Remark 2.12. Quasihomogeneous singularities were investigated extensively by K.Saito in [S71] as a

special class and in some parts by V.I. Arnold (cf. [AGV85]).

There was an attempt to classify all quasihomogeneous singularities. It was initiated by Arnold

and later pursued by several other groups. Arnold completed the classification for the number of variables

N ď 4 (cf. [AGV85]) and later Hertling–Kurbel made a thorough treatment in [HK12].

Let f “
ř

cα1,...,αNx
α1
1 ¨ ¨ ¨xαNN . Denote

supppfq :“
 

pα1, . . . , αN q P ZNě0 | cα1,...,αN ‰ 0
(

.

Note that supppfq only “stores” the exponents of the variables and not the coefficients.

The following theorem generalizes Proposition 2.5.

Proposition 2.13 (Theorem 2.2 in [HK12]). Let f be a quasihomogeneous polynomial. It defines an

isolated singularity if and only if any of the following equivalent conditions is satisfied

(C1) for every non-empty J Ă t1, . . . , Nu either

ź

jPJ

x
αj
j

is a summand of f for some αj P Zě0 or there is K Ă t1, . . . , NuzJ , s.t. |K| “ |J | and for any

k P K, the monomial

xk
ź

jPJ

x
αj
j

is a summand of f for some αj P Zě0.

(C2) for every non-empty J Ă t1, . . . , Nu there is K Ă t1, . . . , Nu, s.t. |K| “ |J | and for any k P K, the

monomial

xk
ź

jPJ

x
αj
j

is contained in f for some αj P Zě0.

Proof. Need to prove.

Remark 2.14. The conditions C1 and C2 above can be equivalently rewritten in the combinatorial form

operating with a vectors in ZN rather than monomials as we choose (cf. [HK12, Lemma 2.1]).

Example 2.15. All quasihomogeneous N “ 2 isolated singularities are given by the polynomials f1 “

xa11 ` xa22 , f2 “ xa11 x2 ` x
a2
2 , f1 “ xa11 x2 ` x

a2
2 x1 for all positive a1, a2.
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Example 2.16. All quasihomogeneous N “ 3 isolated singularities are given by the polynomials f1 “

xa11 ` xa22 ` xa33 , f2 “ xa11 ` xa22 x3 ` x
a3
3 , f3 “ xa11 ` xa22 x1 ` x

a3
3 x1 ` εx

p
2x
q
3, f4 “ xa11 ` xa22 x3 ` x

a3
3 x1 ,

f5 “ xa11 ` xa22 x1 ` xa33 x2, f6 “ xa11 x2 ` xa22 x1 ` xa33 x1 ` εxp2x
q
3, f7 “ xa11 x2 ` xa22 x3 ` xa33 x1 with some

positive a1, a2, a3. The numbers ai are arbitrary for f1, f2, f4, f5, f7, however the polynomials f3 and f6

are only quasihomogeneous if ε ‰ 0 and some additional combinatorial condition on a1, a2, a3 holds. In

particular the least common divisor of pa2, a3q should be divisible by a1 ´ 1 for f3 to exist.

Example 2.17. Fermat, chain and loop type polynomials

f “ xa11 Fermat type,

f “ xa11 x2 ` x
a2
2 x3 ` ¨ ¨ ¨ ` x

am´1

m´1 xm ` x
am
m Chain type,

f “ xa11 x2 ` x
a2
2 x3 ` ¨ ¨ ¨ ` x

am´1

m´1 xm ` x
am
m x1 Loop type,

are examples of quasihomogeneous singularities for any natural aj . Note that for all these polynomials

the reduced weights q1, . . . , qm are defined in a unique way.

Using the word ’type’ we assume the certain structure of the monomials set and do not specify the

exponents ai.

Remark 2.18. The polynomials of Fermat, loop and chain types are also called “of atomic type” in the

literature. We refrain from using this addition vocabulary in the current text.

Exercise 2.19. Check that Fermat, loop and chain type polynomials indeed have only one critical point.

2.1.3 Graph of a quasihomogeneous singularity

Given a polynomial f P Crx1, . . . , xN s defining a quasihomogeneous singularity construct a map κ :

t1, . . . , Nu Ñ t1, . . . , Nu. For any j ď N Proposition 2.5 asserts that f contains either a monomial xaj or

a monomial xajxk. In the first case set κpjq :“ j and in the second set κpjq :“ k.

Associate to f the graph Γf with N vertices labelled with the numbers 1, . . . , N and the oriented

arrows j Ñ κpjq if j ‰ κpjq.

Remark 2.20. Such graphs were first considered by Arnold, however with the selfpointing arrows j Ñ j

too. We decide to remove such arrows to reduce complexity.

Exercise 2.21. Check that: 1. the graph of a Fermat type polynomial is a one–vertex graph without

edges. 2. the graph of a chain type polynomial is an oriented chain. 3. the graph of a loop type

polynomial is an oriented circle (loop).

Exercise 2.22. Check that Γf‘g “ Γf \ Γg.

Proposition 2.23. The graphs occurring as the graphs of the quasihomogeneous singularities are disjoint

unions of oriented trees and oriented circles such that the oriented trees have their roots on the oriented

circle.

Proof. This follows from Proposition 2.5.
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Assume we only know the graph Γf and not the polynomial f itself. The graph strucuture indicates

some monomials that occur as summands of f . Call these monomials graph monomials. Additional

monomials need to be added if Γf is not a disjoint union of the graphs of Fermat, chain or loop type

polynomials. However these additional monomials could be rather involved.

Example 2.24. The polynomial f “ x31 ` x1
`

x22 ` x
2
3 ` x

2
4

˘

` εx2x3x4 with some non–zero ε defines an

isolated singularity. It’s also quasihomogeneous with q1 “ ¨ ¨ ¨ “ q4 “ 1{3. This example shows that the

additional monomials that need to be added to the graph type monomials could be rather complicated.

In [R24] A. Rarovskii found the certain set of monomials that can be added to the graph monomials

in order to construct a quasihomogeneous singularity. Note that such a set can never be unique.

2.1.4 Invertible polynomials

The set of all quasihomogeneous singularities contains the following important class. The polynomial f

defining an isolated quasihomogeneous singularity having no monomial of the form xixj and as many

monomials as the variables is called invertible polynomial and is said to define an invertible singularity.

Proposition 2.25. Let f be an invertible polynomial. Then after some rescaling and renumbering of the

variables we have f “ f1 ‘ ¨ ¨ ¨ ‘ fn for fk being either of Fermat, chain or loop type.

Proof. Make use of Proposition 2.5. Assume Γf to contain a vertex with two incoming arrows. Then f

is of the form

α1x
a
i x
K
l ` α2x

b
jxi ` α3x

c
kxi ` gpxq,

where K P t0, 1u, α1α2α3 ‰ 0, b, c ě 2 and g does not depend on xk, xi, xj . Computing

Bf

Bxi
“ aα1x

a´1
i xKl ` α2x

b
j ` α3x

c
k, (2.5)

Bf

Bxj
“ bα2x

b´1
j xi,

Bf

Bxk
“ aα3x

c´1
k xi. (2.6)

Setting xi “ 0 we see that vanishing Bf
Bxi

“
Bf
Bxj

“
Bf
Bxk

“ 0 is equivalent to α2x
b
j ` α3x

c
k “ 0 what shows

that xi “ xj “ xk “ 0 is not an isolated critical point of f .

Example 2.26. The quasihomogeneous singularities with N “ 2 are all invertible. In the notation of

Example 2.15 we have f1 is Fermat+Fermat with n “ 2, f2 is Chain with n “ 1 and f3 is Loop with

n “ 1.

Example 2.27. The quasihomogeneous singularities with N “ 3 are not all invertible. In the notation

of Example 2.16 we have f1 — Fermat+Fermat+Fermat, f2 — Fermat+Chain, f3 — not invertible, f4

— Fermat+Loop, f5 — Chain, f6 — not invertible, f7 — Loop.

For an invertible polynomial f define the matrix Ef with the entries in Zě0. Up to a rescaling of

the variables we may assume

f “
N
ÿ

i“1

N
ź

j“1

x
Eij
j
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for some integers Eij . Treat these integers as the components of the matrix Ef :“ tEiju. In the other

words every row of the matrix Ef corresponds to a monomial of f and it’s values are exponents of the

variables entering the monomial.

Proposition 2.28. Let f be an invertible polynomial. Then

(i) The matrix Ef is invertible.

(ii) There is a canonical choice of the weights pdf , d1, . . . , dN q.

Proof. Let f be quasihomogeneous with the weight set pdf , d1, . . . , dN q. Introduce two ZN vectors:

d :“ pd1, . . . , dN q
T and 1 :“ p1, . . . , 1qT . Then the quasihomogeneity condition is equivalent to the ZN

vector equality Ef ¨ d “ df1. It follows now from Cramer rule that detpEf q ‰ 0. This completes (i).

The canonical weight set is obtained by taking df :“ detpEf q.

Corollary 2.29. The reduced weight set q1, . . . , qN satisfies

¨

˚

˚

˝

q1
...

qN

˛

‹

‹

‚

“ E´1
f

¨

˚

˚

˝

1
...

1

˛

‹

‹

‚

ô Ef

¨

˚

˚

˝

q1
...

qN

˛

‹

‹

‚

“

¨

˚

˚

˝

1
...

1

˛

‹

‹

‚

.

Proof. Consider the RHS vector equality. The k-th row is equivalent to the fact that k-th monomial of

f has weight 1 w.r.t. the weight set pq1, . . . , qN q.

Corollary 2.30. For f being of Fermat, loop or chain type the reduced weights are

q1 “
1

a1
Fermat type (2.7)

qi “
N
ÿ

j“i

p´1qj´i

a1 ¨ ¨ ¨ aj
chain type (2.8)

qm “ p´1qN´1 1´ am `
řN´1
k“2 p´1qkam

śk
l“2 am´l`1

śN
k“1 ak ´ p´1qN

loop type, (2.9)

where one assumes a0 :“ aN , a´1 :“ aN´1, a´2 :“ aN´2 and so on.

Proof. This follow from Cramer’s rule.

Example 2.31. For a loop type with N “ 5 the weights read:

q1 “
1´ a5 ` a4a5 ´ a3a4a5 ` a2a3a4a5

D
, q2 “

1´ a1 ` a5a1 ´ a4a5a1 ` a3a4a5a1
D

,

q3 “
1´ a2 ` a1a2 ´ a1a5a2 ` a1a4a5a2

D
, q4 “

1´ a3 ` a2a3 ´ a1a2a3 ` a1a2a5a3
D

,

q5 “
1´ a4 ` a3a4 ´ a2a3a4 ` a1a2a3a4

D
,

for D “ 1` a1 . . . a5.
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2.1.5 Berglund–Hübsch transpose

The space of all invertible polynomials has an involution called Berglund–Hübsch transposition of Berglund–

Hübsch duality. It’s defined as follows. Given an invertible polynomial f with the matrix Ef “ tEiju,

s.t.

f “
ÿ

i

ź

j

x
Eij
j ,

what could be read off as the definition of the matrix Ef , define rf P Crx1, . . . , xN s by

rf :“
ÿ

i

ź

j

x
Eji
j .

Namely, rf is a new polynomial with as many variables as monomials, whose exponent matrix is pEf q
T .

Proposition 2.32. The function rf defines an isolated singularity. For f “ f1 ‘ ¨ ¨ ¨ ‘ fn we have

rf “ rf1 ‘ ¨ ¨ ¨ ‘ rfn

Proof. Fist of all note that the proposition holds true for f being of Fermat, loop or chain type. For the

general type this follows from Proposition 2.25.

Example 2.33. Fermat type

f “ xa11 ñ rf “ xa11 “ f,

Chain type

f “ xa11 x2 ` x
a2
2 x3 ` ¨ ¨ ¨ ` x

am´1

m´1 xm ` x
am
m ñ rf “ xa11 ` x1x

a2
2 ` ¨ ¨ ¨ ` xm´1x

am
m ,

Loop type

f “ xa11 x2 ` x
a2
2 x3 ` ¨ ¨ ¨ ` x

am´1

m´1 xm ` x
am
m x1 ñ rf “ xmx

a1
1 ` x1x

a2
2 ` ¨ ¨ ¨ ` xm´1x

am
m .

Exercise 2.34. Check this!

One notes immediately that BH duality preserves the type of an invertible polynomial.

Proposition 2.35. The graph Γ
rf is obtained from Γf by reversing all arrows.

Proof. This is obvious for f being of Fermat, chain or loop type. The statement for the general invertible

polynomial follows from Proposition 2.32.

The operation f Ñ rf looks to be very simple. Note that both f and rf have only graph monomials,

hence the type of both is defined by their graphs. It also looks to be rather essential to “just invert” the

arrows of the graph and ask what happens. However the operation f Ñ rf is not essential at all from the

point of view of singularity theory. This will be explained later.
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2.1.6 Learn more

Why quasihomogeneous?

In fact, quasihomogeneous singularities are those being best understood. Even restricting ourselves to the

class of all quasihomogeneous singularities is currently to complicated for mirror symmetry. In particular,

there is no clear mirror partner for a generic quasihomogeneous singularity.

Why polynomials?

We took the singularity to be defined by a polynomial. But why? It was shown by Saito [S71, Satz

4.1] that a ’quasihomogeneous’ convergent power series defining an isolated singularity can be made into

a polynomial by a change of coordinates in the ring of convergent power series Ctx1, . . . , xNu. Here

’quasihomogeneous’ means that there are convergent power series gk P Ctx1, . . . , xNu, s.t.

N
ÿ

k“1

gk
Bf

Bxk
“ f.

When f is a polynomial we have gk “ qkxk — linear functions given by the reduced weights.

2.2 Symmetries

Given a quasihomogeneous polynomial f “ fpx1, . . . , xN q consider

Gf :“
 

pα1, . . . , αN q P pC˚qN | fpα1x1, . . . , αNxN q “ fpx1, . . . , xN q
(

.

This is a group w.r.t. component–wise product of pC˚qN

pα11, . . . , α
1
N q ¨ pα

2
1, . . . , α

2
N q :“ pα11α

2
1, . . . , α

1
Nα

2
N q.

It’s called maximal group of diagonal symmetries of f . These are indeed diagonal symmetries because

every α P Gf can be represeted by a diagonal matrix with complex coefficients realizing the linear action

x “ px1, . . . , xN q ÞÑ α ¨ x “ pα1x1, . . . , αNxN q.

In what follows we will use the notation

e rαs :“ expp2π
?
´1αq, α P Q.

Each element g P Gf has a unique expression of the form

g “ diag
´

e
”a1
r

ı

, . . . , e
”aN
r

ı¯

with 0 ď ai ă r, (2.10)

where r is the order of g. We use the notation pa1{r, . . . , aN{rq or 1
r pa1, . . . , aN q for the element g.

Example 2.36. For f “ xa11 we have Gf “ xgy with g P C˚ acting by gpx1q “ e
”

1
a1

ı

¨ x1. Its order is a1

and in the additive notation we have g “ p1{a1q, Gf – Z{a1Z.

Example 2.37. For f “ xa11 x2 ` xa22 we have Gf “ xg1, g2y with g1 ¨ px1, x2q “ per 1
a1
sx1, x2q and

g2 ¨ px1, x2q “ per
1
a2
p1´ 1

a1
qsx1, er

1
a2
sx2q. In the additive notation g1 “ p1{a1, 0q and g2 “ pp1´1{a1q{a2, 1{a2q.
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Let pq1, . . . , qN q be the reduced weight set of f . Then we have

jf :“ perq1s, . . . , erqN sq P Gf .

In particular it follows that Gf is not empty whenever f is quasihomogeneous.

Exercise 2.38. Check this!

Denote by J the group generated by jf :

J :“ xjf y Ď Gf .

It’s easy to see that for f “ xa11 we have Gf “ J . However this equality does not hold already for

f “ x2k`1
1 ` x1x

2
2.

Remark 2.39. Every monomial of f adds up a restriction on the symmetry group Gf . Invertible

polynomials have the least possible number of the monomials in the class of all polynomials defining

isolated singularities. One could expect that the polynomials that are not invertible but still define

a quasihomogeneous singularity have Gf “ J . However this does not hold. Assume for ε P C˚ the

polynomial f “ x41x2 ` x
4
2x5 ` x

4
3x4 ` x

4
4x5 ` x

5
5 ` εx

3
2x

2
3.

Exercise 2.40 (unresolved). Characterize (maybe in terms of Γf and additional data) all quasihomoge-

neous f , s.t. Gf “ J .

For each g P G, denote by Fixpgq the fixed locus of g

Fixpgq :“
 

px1, . . . , xN q P CN | g ¨ px1, . . . , xN q “ px1, . . . , xN q
(

. (2.11)

By Ng :“ dimC Fixpgq denote its dimension and by fg :“ f |Fixpgq the restriction of f to the fixed locus of

g. Note that since Gf acts diagonally on CN , Fixpgq is a linear subspace of CN . It’s never empty since

it contains 0 “ p0, . . . , 0q P CN .

For each h P Gf , let Ih :“ ti1, . . . , iNhu be a subset of t1, . . . , Nu such that

Fixphq “ tpx1, . . . , xN q P CN | xj “ 0, j R Ihu.

In the other words, Fixphq is indexed by Ih.

In particular, Iid “ t1, . . . , Nu and Nh “ dimC Fixphq. Denote by Ich the complement of Ih in Iid

and set dh :“ N ´Nh, the codimension of Fixphq.

Proposition 2.41. Let Γf be a graph of a quasihomogeneous singularity f and g P Gf . Then if g acts

nontrivially on xk, then it acts nontrivially on all xi, s.t. there is an oriented path from i-th to the k-th

vertex.

Proof. We first show the statement for the arrows pointing at k. Having an arrow j Ñ k means that

f has a monomial x
aj
j xk as a summand with a non-zero coefficient. We have g ¨ xk ‰ xk and therefore

the summand can only be preserved under the action of g if g ¨ xj ‰ xj . Having an oriented path

iÑ j1 Ñ ¨ ¨ ¨ Ñ jn Ñ k we have by using the previous step that g ¨ xjn ‰ xjn and than g ¨ xja ‰ xja for

all a. Hence, for xi too.
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Exercise 2.42. If f is of Fermat or loop type, then any g P Gf , s.t. g ‰ id satisfies Fixpgq “ 0.

Exercise 2.43. If f “ xa11 x2`x
a2
2 x3`¨ ¨ ¨`x

am´1

m´1 xm`x
am
m is of chain type, then any g P Gf , s.t. g ‰ id

satisfies Fixpgq “ tp0, . . . , 0, xp, . . . , xmq P CN | xi P Cu for some p depending on g.

The polynomial fg is of chain type again: fg “ x
ap
p xp`1 ` ¨ ¨ ¨ ` x

am´1

m´1 xm ` x
am
m .

Denote also

GSL
f :“ Gf X SLpN,Cq (2.12)

“

#

pα1, . . . , αN q P pC˚qN | fpα1x1, . . . , αNxN q “ fpx1, . . . , xN q and
N
ź

k“1

αk “ 1

+

. (2.13)

This group will be important later on because it preserves the volume form of CN .

We will see in the next section that the group of diagonal symmetries of an invertible polyno-

mial has an straightforward algebraic and combinatorial description. This is not done at all for those

quasihomogeneous singularities, that are not defined by the invertible polynomials.

Exercise 2.44 (unresolved). Describe the group Gf for f not invertible, defining a quasihomogeneous

singularity.

2.2.1 Diagonal symmetries of an invertible polynomial

Let f “ fpx1, . . . , xN q be an invertible polynomial with an exponents matrix Ef .

We have

Gf “

#

pλ1, . . . , λN q P pC˚qN
ˇ

ˇ

ˇ

ˇ

ˇ

N
ź

j“1

λ
E1j

j “ ¨ ¨ ¨ “

N
ź

j“1

λ
ENj
j “ 1

+

(2.14)

and hence Gf is a finite group.

An element g “
1

r
pα1, . . . , αN q belonging to Gf satisfies

Ef ¨ g P ZN (2.15)

for g being a vector with the entries αk{r. This gives yet another characterization of the group Gf

Gf –
 

g P pQ{ZqN | Ef ¨ g P ZN
(

“ E´1
f ZN{ZN . (2.16)

This description allows one to study the group Gf via the Smith normal form of E´1
f . We call this

characterization of Gf additive because its elements are essentially the additive notation vectors g.

It follows that every vector g giving a Gf–element is a linear combination with integer coefficients

of the columns of E´1
f (recall that this matrix if invertible). In particular let ρi be the i-th column of

E´1
f

E´1
f “ pρ1| . . . |ρN q . (2.17)

Proposition 2.45. The elements ρk generate Gf and jf “ ρ1 ¨ ¨ ¨ ρN .
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Proof. We have seen that every Gf–element can be expressed as a linear combination of ρk, it remains to

show that the elements ρk by themselves give the Gf–elements. We have Ef ¨ ρk “ Ef pEf q
´11k, where

1k is vector with 0 everywhere except k–th component that is equal to 1. Hence Ef ¨ρk P ZN and ρk give

indeed the Gf–elements.

The expression for jf follows from Corollary 2.29.

Example 2.46. We have computed Gf for f “ xa11 x2`x
a2
2 in Example 2.37. Let’s see how it’s obtained

via the proposition above.

Ef “

˜

a1 1

0 a2

¸

, E´1
f “

1

a1a2

˜

a2 ´1

0 a1

¸

, ρ1 “

˜

1
a1

0

¸

, ρ2 “

˜

´ 1
a1a2
1
a2

¸

.

Then we have ρ1 ¨ px1, x2q “ per
1
a1
sx1, x2q and ρ2 ¨ px1, x2q “ per´

1
a1a2

sx1, er
1
a2
sx2q.

Comparing to Example 2.37 we see that g2 “ ρ2 and g1 “ ρ1ρ2.

Exercise 2.47. Prove Exercise 2.42 and Exercise 2.43 using the proposition above.

The set of elements tρku
N
k“1 is usually not free of relations. One notes in the example above that

ρ1ρ
a2
2 “ id. We will need a good control of all Gf elements later on.

Proposition 2.48. The columns of Ef generate all relations on ρ1, . . . , ρN .

In particular, for pE1k, . . . , ENkq being a k–th column of Ef we have in Gf

ρE1k
1 ¨ ¨ ¨ ρENkN “ id,

and all other relations among tρku
N
k“1 follow from those written above.

Proof. Let
śN
k“1 ρ

sk
k “ id for some sk P Zě0. This is equivalent to the existence of some integers

r1, . . . , rN , s.t.

E´1
f

¨

˚

˚

˝

s1
...

sN

˛

‹

‹

‚

“

¨

˚

˚

˝

r1
...

rN

˛

‹

‹

‚

ô

¨

˚

˚

˝

s1
...

sN

˛

‹

‹

‚

“ Ef

¨

˚

˚

˝

r1
...

rN

˛

‹

‹

‚

. (2.18)

Relation above sets up the bijection between the sets of si giving a relation of ρ’s and the vectors ri.

Fixing any index k and setting ri “ 0 for i ‰ k we see that the k–th column of Ef gives a relation

on the set of ρ’s. Equation above expresses the vector of relations as a linear combination of the columns

of Ef with the coefficients r1, . . . , rN . This completes the statement.

Example 2.49. For length 2 chain polynomial as in Example 2.46 one notes immediately the relations

ρa11 “ ρ1ρ
a2
2 “ 1.

Let f “ xa11 x2 ` x1x
a2
2 be a length 2 loop polynomial.

Ef “

˜

a1 1

1 a2

¸

, E´1
f “

1

a1a2 ´ 1

˜

a2 ´1

´1 a1

¸

, ρ1 “

˜

a2
a1a2´1
´1

a1a2´1

¸

, ρ2 “

˜

´1
a1a2´1
a1

a1a2´1

¸

.

The relations are ρa11 ρ2 “ ρ1ρ
a2
2 “ 1.
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Example 2.50. For an arbitrary loop polynomial we have id “ ρ1ρ
a2
2 “ ¨ ¨ ¨ “ ρN´1ρ

aN
N “ ρNρ

a1
1 . For

an arbitrary chain polynomial we have id “ ρa11 “ ρ1ρ
a2
2 “ ¨ ¨ ¨ “ ρN´1ρ

aN
N .

Proposition 2.51. For f being of Fermat, loop or chain type we have

piq Gf – Z{a1Z for a Fermat type f “ xa11 ,

piiq Gf – Z{pa1 ¨ ¨ ¨ aN ´ p´1qN qZ for a loop type f “ xa11 x2 ` ¨ ¨ ¨ ` x
aN
N x1,

piiiq Gf – Z{pa1 ¨ ¨ ¨ aN qZ for a chain type f “ xa11 x2 ` ¨ ¨ ¨ ` x
aN´1

N´1 xN ` x
aN
N .

Proof. (i) is obvious. To show (ii) and (iii) note that a1 ¨ ¨ ¨ aN ´ p´1qN “ detEf and a1 ¨ ¨ ¨ aN “ detEf

for loop and chain types respectively. It follows from Proposition 2.48 that these numbers are the groups

orders.

Denote D :“ detpEf q and consider g “ pα1, . . . , αN q with

α1 “ p´1qN
1

D
, α2 “ p´1qN´1 a1

D
, αk “ p´1qN`1´k a1 ¨ ¨ ¨ ak´1

D
, k ą 1.

for loop type, and

αk “
p´1qN`k

D
, k ě 1.

for chain type.

This is clear that g is of order D. One checks directly that g P Gf .

Remark 2.52. The additive description Eq.(2.16) of Gf allows one to consider G Ď Gf as G – C´1Z{Z
for a N ˆN invertible matrix C with the rational coefficients, s.t. C´1 “ E´1

f B for some N ˆN matrix

B with the integer coefficients.

The propositions above allows us to give a combinatorial description of all Gf–elements for invert-

ible polynomials. Our goal now is to find the set Sf of all N–tuples ps1, . . . , sN q that every g P Gf ztidu

is written uniquely by

g “
ź

kPIcg

ρskk ,

and sk “ 0 if and only if k P Ig.

Proposition 2.53. For f being of Fermat, chain or loop type the set Sf consists of all s “ ps1, . . . , sN q,

s.t.

� (Fermat type): 1 ď s1 ď a1 ´ 1

� (loop type): 1 ď sk ď ak

s ‰ pa1, 1, a3, 1, . . . , aN´1, 1q, s ‰ p1, a2, 1, a4, 1, . . . , aN q (2.19)

if N is even.
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� (chain type): s is of the form

ps1, . . . , sp´1, sp, 0, . . . , 0q, 1 ď p ď N, (2.20)

with 1 ď sp ď ap ´ 1, 1 ď sk ď ak for k ď p´ 1.

Notation 2.54. We will call condition of Eq. (2.20) the group chain condition.

Proof. Fermat type is obvious.

For the loop type assume g P Gf to be given by pβ1, . . . , βN q with the rational 0 ď βk ă 1. We have

¨

˚

˚

˝

s1
...

sN

˛

‹

‹

‚

“ Ef

¨

˚

˚

˝

β1
...

βN

˛

‹

‹

‚

“

¨

˚

˚

˝

a1β1 ` β2
...

aNβN ` β1

˛

‹

‹

‚

.

The upper bounds on βk give the upper bounds on sk. To show the lower bound assume sk ă 1. Due to

the lower bound on βk, βk`1 we have βk “ 0, βk`1 “ 0. Then xk and xk`1 are fixed by g, hence g “ id

(see Exercise 2.42).

For the even N we have in Gf

ρ1 ¨ ¨ ¨ ρN
ź

kP2Z
ρak´1
k “ ρ1ρ

a2
2 ¨ ρ3ρ

a4
4 ¨ ¨ ¨ ρN´1ρ

aN
N “ id,

ρ1 ¨ ¨ ¨ ρN
ź

kR2Z
ρak´1
k “ ρa11 ¨ ρ2ρ

a3
3 ¨ ¨ ¨ ρN´2ρ

aN´1

N´1 ¨ ρN “ id,

(recall Example 2.50). These relations in Gf explain Eq. (2.19).

In order to show that these are all relations among theGf elements obtained from the Sf introduced

one has to count the number of them and compare to the order of the group computed in Proposition 2.51.

For the chain type assume g P Gf to be given by pβ1, . . . , βN q with the rational 0 ď βk ă 1. We have

¨

˚

˚

˝

s1
...

sN

˛

‹

‹

‚

“ Ef

¨

˚

˚

˝

β1
...

βN

˛

‹

‹

‚

“

¨

˚

˚

˝

a1β1 ` β2
...

aNβN

˛

‹

‹

‚

.

The reasoning similar to that given for the loop type polynomial gives the upper bound sk ď ak.

There is p, s.t. Icg “ t1, . . . , pu. Then sp`1 “ ¨ ¨ ¨ “ sN “ 0. If sp “ ap or sp “ 0, then g ¨ xp “ xp

and p R Icg . Let i be the greatest index from 2, . . . , p´ 1, s.t. si “ 0. Then assume another presentation

of g “ ρi´1ρ
ai
i

śp
k“1 ρ

sk
k , where we have now a new index si “ ai. This operation also raises si´1 by one.

If it gets equal to ai´1 ` 1, apply ρ´1
i´2ρi´1 “ ρ

ai´1

i´1 . Note that ρ´1
i´2 can be expressed as ρα1

1 ¨ ¨ ¨ ρ
αi´2

i´2 .

Applying this procedure step by step we arrive at the presentation g “ ρs11 ρ
s2
2 ¨ ¨ ¨ ρ

sp
p with s2, . . . , sp

as claimed in the proposition. The rest follows from the relation ρa11 “ 1 that holds in Gf .

For the set Sf constructed in this way we get again |Sf | ` 1 “ |Gf | by Proposition 2.51. This

shows that there is no relations between the ρ¨ products with the exponents from Sf .

Note that for f being of chain type we have obvious relations

ρa11 ρ2ρ
a3
3 ¨ ¨ ¨ ρ2pρ

a2p`1

2p`1 “ id. (2.21)
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However the set s “ pa1, 1, a3, . . . , 1, a2p`1, 0, . . . , 0q does not satsify the group chain condition

Eq. (2.20) because it’s last nonzero entry exceeds a2p`1 ´ 1.

Example 2.55. Let f “ xa11 x2 ` x
a2
2 . We have

Gf “ tidu \ tρ1, ρ
2
1, . . . , ρ

a1´1
1 u

ğ

1ďkďa1
1ďlďa2´1

tρk1ρ
l
2u

that we divide into the three subsets. The first one acting trivially on both x1, x2, the second acting

trivially on x2 and the third having 0 as the fixed locus.

We have

Sf “
ğ

1ďs1ďa1´1

tps1, 0qu
ğ

1ďs1ďa1
1ďs2ďa2´1

tps1, s2qu,

the first subset corresponding to p “ 1 and the second to p “ 2 in the notation of Eq. (2.20).

2.2.2 Dual symmetry group

Given an invertible f let G Ď Gf . To the pair pf,Gq we associate the pair p rf, rGq, with rf as in Section 2.1.5

and rG Ď G
rf defined by

rG :“ HompGf {G,C˚q. (2.22)

This is the space of homomorphisms from the finite group to the multiplicative group of the field. Since

Gf {G is finite, the homomorphisms above have the image in the unit circle t|z| “ 1, z P Cu. Defined in

this way the group rG gets a natural pointwise multiplication

χ1 ¨ χ2 :“ χ12, s.t. χ12paq “ χ1paqχ2paq, @χ1, χ2 P rG.

This definition is due to Berglund–Henningson who were the first to propose the definition of a

dual group back in 1995 [BH95]. Later in 2009 Krawitz gave the definition of another symmetry group

GT Ă G
rf as a candidate for a group dual to G. Ebeling and Takahashi proved in 2013 that these two

definitions agree [ET13, Proposition 2.11].

Let σ1, . . . , σN be the rows of the matrix E´1
f and ρ1, . . . , ρN the columns of E´1

f . Due to the

definition of rf and Proposition 2.45, the elements σk generate G
rf .

The definition of Krawitz reads

GT :“

$

’

’

&

’

’

%

N
ź

k“1

σrkk | pr1, . . . , rN qE
´1
f

¨

˚

˚

˝

s1
...

sN

˛

‹

‹

‚

P Z for all
N
ź

k“1

ρskk P G

,

/

/

.

/

/

-

. (2.23)

We repeat here the proof of Ebeling and Takahashi extending the details.

Proposition 2.56 (Proposition 2.11 in [ET13]). There is an isomorphism rG – GT .

Proof. Consider the short exact sequence of abelian groups

t1u Ñ GÑ Gf Ñ Gf {GÑ t1u.
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and its dual short exact sequence

t1u Ñ HompGf {G,C˚q Ñ HompGf ,C˚q Ñ HompG,C˚q Ñ t1u.

It follows that HompGf {G,C˚q is the kernel of the surjective map HompGf ,C˚q Ñ HompG,C˚q.

Lemma 2.57. HompGf ,C˚q – G
rf .

Proof. The group Gf is generated by ρ1, . . . , ρN subject to the relations given by the columns of Ef . It

follows that HompGf ,C˚q consists of the elements χ subject to

χpρ1q
E1k ¨ ¨ ¨χpρN q

ENk “ 1 P C˚, k “ 1, . . . , N

for pE1k, . . . , ENkq being the k’th column of Ef . This equality is equivalent to the fact that pχpρ1q, . . . , χpρN qq

assumed as an element of pC˚qN preserves the monomial xE1k
1 ¨ ¨ ¨xENkN , what completes the proof.

Let h P G
rf . We show that it belongs of GT Ă G

rf if and only if it lies in the kernel HompGf ,C˚q Ñ
HompG,C˚q.

Write h “
śN
k“1 σ

rk
k for some r1, . . . , rN . The respective element χ P HompGf ,C˚q under the

isomorphism above is given by

χ “ pχpρ1q, . . . , χpρN qq “ ephq.

This element belongs to the kernel of HompGf ,C˚q Ñ HompG,C˚q if and only if χpρ1q
s1 ¨ ¨ ¨χpρN q

sN “

1 for all s1, . . . , sN , s.t.
śN
k“1 ρ

sk
k P G. Formulated for h, this is equivalent to the equiality that

defines GT .

Assume G Ď Gf to be given in the additive notation G – C´1ZN{ZN for some C´1 “ E´1
f B with

integer component matrix B ( recall Remark 2.52). The additive description of the dual group rG is given

by the following proposition.

Proposition 2.58 (see also Section 3 of [ABS11]).

´

E´1
f BZN{ZN

¯„

– pB´1qTZN{ZN .

Proof. One computes immediately that Gf {G – B´1ZN{ZN . Then HompGf {G,C˚q – pB´1qTZN{ZN .

Corollary 2.59. There is an isomorphism p rGq„ – G and pGT qT – G.

Different formulations of a dual group are all useful and important. In particular, GT is more

useful for computations and combinatorics related to symmetry groups.

We have immediately

Proposition 2.60. For any invertible polynomial f we have

(i) ptiduqT – G
rf and GT

rf
– ptiduq,

(ii) J T – GSL
rf

and pGSL
rf
qT – J .
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where tidu stands for the trivial symmetry group.

Proof. It’s enough to prove only the first statements in both items because the second follows from

Corollary 2.59.

To prove (i) we should consider (2.23) with s1 “ ¨ ¨ ¨ “ sN “ 0. Then the statement follows from

Proposition 2.45 after the transposition.

To show (ii) we should consider s1 “ s2 “ ¨ ¨ ¨ “ sN “ 1. It follows from Corollary 2.29 that

J T :“

#

N
ź

k“1

σrkk |

N
ÿ

k“1

rkqk P detpEf qZ

+

.

To show that J T “ GSL
rf

we should compute det of the diagonal matrix given by
śN
k“1 σ

rk
k . It reads

exp
`

2π
?
´1

N
ÿ

p“1

N
ÿ

k“1

rkpE
´1
f qkp

˘

“ exp
`

2π
?
´1 ¨ pr1, . . . , rN qE

´1
f

¨

˚

˚

˝

1
...

1

˛

‹

‹

‚

˘

“ exp
`

2π
?
´1

N
ÿ

k“1

rkqk
˘

“ 1.

Example 2.61. For f “ xa11 — Fermat type polynomial. Assume also a1 “ rm and consider G to be

generated by g “ p1{rq. Then GT is generated by h “ p1{mq.

Proposition 2.62. The group GSL
f is a proper subgroup of Gf .

Proof. We have by combining Propositions 2.56 and 2.60.

GSL
f – HompG

rf {J ,C
˚q Ĺ HompG

rf ,C
˚q – Gf .

2.2.3 Learn more

Symmetries have been studied in singularity theory also from the point of view of boundary singularities.

In particular, the deformations of the boundary singularities Bn can be understood as Z{2Z–invariant

deformations of the A2n`1 singularity. This can be read off in the papers of Slodowy, Kluitman and

C.T.C Wall.

The group rG can be given even one more characterization. There is an essential bilinear form

b : G
rf ˆGf Ñ Q{Z, bprus, rvsq :“ uE´1

f v

for rus P pE´1
f qTZN{ZN and rvs P E´1

f ZN{ZN . One can check that the value of b does not depend on

the representatives of the classes of u, v. Then one can check that rG is the orthogonal of G w.r.t. b (cf.

Section 3.5 of [ABS11]).
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Chapter 3

Mirror symmetry as the vector

spaces isomorphism

3.1 Jacobian algebra

Let f P Crx1, . . . , xN s be a quasihomogeneous polynomial. Consider the quotient ring

Jacpfq :“ Crx1, . . . , xN s
N

´

Bf
Bx1

, . . . , Bf
BxN

¯

. (3.1)

Call it Jacobian algebra of f if it’s a finite–dimensional C–vector space. Set µf :“ dimC Jacpfq and call

it the Milnor number of f .

Remark 3.1. The algebra Jacpfq can be also be found in the literature under the names “Milnor algebra”

in honour of J. Milnor or “local algebra of a singularity” because it is indeed local.

Theorem 3.2. f defines an isolated singularity if and only if Jacpfq is finite–dimensional.

Proof. Skipped. Look up [AGV85].

In what follows we are going to consider Jacpfq only for isolated singularities. However with an

additional convention

set Jacpfq :“ C, µf :“ 1 for the constant function f “ 0. (3.2)

Note that Jacpfq, being defined as a quotient ring, has an essential product.

Example 3.3. For f “ xa11 ` ¨ ¨ ¨ ` xaNN we have
´

Bf
Bx1

, . . . , Bf
BxN

¯

“ pxa1´1
1 , . . . , xaN´1

N q and Jacpfq has

the basis rxp11 ¨ ¨ ¨x
pN
N s with 0 ď pi ď ai ´ 2. The brackets here represent the classes of the monomials

written in the quotient ring.

The product structure is the following

rxp11 ¨ ¨ ¨x
pN
N s ˝ rxq11 ¨ ¨ ¨x

qN
N s “ rx

p1`q2
1 ¨ ¨ ¨xpN`qNN s

and the RHS expression vanishes unless pk ` qk ď ak ´ 2 for all k “ 1, . . . , N .

25
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Exercise 3.4. Let f P Crx1, . . . , xN s. Then there are the C–algebra isomorphisms

Jacpfq – Jacpf ` x2N`1q and Jacpfq – Jacpf ` xN`1xN`2q.

Jacobian algebra is an algebraic invariant of a singularity. In particular, it does not depend on the

equivalence class of f .

For f being quasihomogeneous, the role of Jacobian algebra is rather special. In particular, we

have
ř

k qkxk
Bf
Bxk

“ f what concludes f P
´

Bf
Bx1

, . . . , Bf
BxN

¯

and rf s “ 0 in Jacpfq. The converse is also

true: K. Saito proved (see [S83, Satz 4.1]) that for f “ fpx1, . . . , xN q being a convergent power series

with an isolated critical point at the origin and rf s “ 0 in Jacpfq, then there is a change of the variables

transforming f to a quasihomogeneous polynomial.

We have the following classical result of Milnor and Orlik.

Proposition 3.5. Let f be quasihomogeneous with the reduced weights q1, . . . , qN . Then its Jacobian

algebra has a basis given by the classes of monomials and is of dimension

µf “
N
ź

k“1

p
1

qk
´ 1q.

Proof. See Theorem 1 in [MO70], and also Corollaries 3 and 4, of II.12 in [AGV85].

The weights q1, . . . , qN define the Q–grading on Crx1, . . . , xN s. Let φ1, . . . , φµ be the classes of

monomials, generating Jacpfq as a C–vector space. Introduce the Q–grading on Jacpfq by setting

degprxα1
1 ¨ ¨ ¨xαNN sq :“ α1q1 ` ¨ ¨ ¨ ` αNqN .

We say that ξ P Jacpfq is of degree κ if it’s expressed as a C–linear combination of deg “ κ elements φ‚.

Denote by Jacpfqκ the linear subspace of Jacpfq spanned by the deg “ κ elements.

Proposition 3.6. The maximal degree of a Jacpfq–element is K :“
řN
k“1p1 ´ 2qkq. For any β, s.t.

0 ď β ď K there is a vector space isomorphism Jacpfqβ – JacpfqK´β.

Proof. See Corollary 4, of II.12 in [AGV85].

Corollary 3.7. The class of any monomial of degree higher than K is zero in Jacpfq. Moreover we have

dim JacpfqK “ 1.

Proof. It follows by construction that deg ξ ě 0 and the equality holds only for the constant ξ. Then for

JacpfqK – Jacpfq0 – Cr1s and for m ą K we have Jacpfqm – JacpfqK´m “ 0.

3.1.1 Jacobian algebras of invertible singularities

One notes immediately from Theorem 3.5 that

µf “

$

’

’

’

&

’

’

’

%

a1 ´ 1, f of Fermat type,

a1 ¨ ¨ ¨ aN `
řN´1
k“1 p´1qkak`1 ¨ ¨ ¨ aN ` p´1qN , f of chain type,

a1 ¨ ¨ ¨ aN , f of loop type.

(3.3)
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To show this one better uses Corollary 2.29 rather than the computes weights by Corollary 2.30. In

particular rewrite

µf “
1´ q1
q1

1´ q2
q2

¨ ¨ ¨
1´ qN
qN

.

For the loop type polnomials we have akqk ` qk`1 “ 1 and aNqN ` q1 “ 1. This gives ak “
1´qk`1

qk
,

aN “
1´q1
qN

and the identity claimed.

Similarly for chain type polynomial we get µf “ p1´ q1qa1 ¨ ¨ ¨ aN . Expanding it now with Corol-

lary 2.30 the identity follows.

Note that for the chain type polynomial we also have

µf “

rN{2s
ÿ

i“1

pa2i´1 ´ 1q
N
ź

j“i`1

aj “
N
ÿ

k“1
kR2Z

pak ´ 1q
N
ź

j“k`1

aj ,

with rN{2s being the greatest integer less or equal to N{2.

Proposition 3.8 (cf. [Kreu94]). Let f be of a Fermat, chain or loop type. Then the Jacobian algebra

Jacpfq has a monomial basis given by the classes of all monomials xr11 ¨ ¨ ¨x
rN
N with r “ pr1, . . . , rN q s.t.

� (Fermat type): 0 ď r1 ď a1 ´ 2.

� (loop type): 0 ď rk ď ak ´ 1, for all k “ 1, . . . , N .

� (chain type): 0 ď rk ď ak ´ 1, for all k “ 1, . . . , N ; and r “ pr1, . . . , rN q being of the form

pa1 ´ 1, 0, a3 ´ 1, 0, . . . , a2p´1 ´ 1, 0, r2p`1, r2p`2, . . . , rN q, p ě 0, (JCp)

with r2p`1 ď a2p`1 ´ 2.

Notation 3.9. We will call condition of Eq. (JCp) the Jac chain condition.

Proof. Fermat type is obvious.

Let f be of a loop type. We show that a class of any monomial φ “
śN
k“1 x

sk
k with sk ě ak is either

zero in Jacpfq or can be expressed via the classes of the monomials claimed in the proposition. There

are exactly µf such classes by Eq. (3.3), what would complete the proof.

The following relations hold in Jacpfq

rxa11 s “ ´a2rx
a2´1
2 x3s, . . . rx

aN´1

N´1 s “ ´aN rx
aN´1
N x1s, rxaNN s “ ´ra1x

a1´1
1 x2s.

It also follows from these relations that rx1x
aN
N s “ 0 and rx

ap
p xp`1s “ 0. Combined together we see that

rx2akk s “ 0. The class rφs is non–zero in Jacpfq only if 0 ď sk ă 2ak and for any sk, s.t. sk ě ak holds

sk`1 “ 0, for sN ě aN holds s1 “ 0.

We procede in two steps.

Step 1. If s1 ě a1 we have rφs “ ´a2rx
s1´a1
1 xa2´1

2 xs3`1
3 xs44 ¨ ¨ ¨x

sN
N s. In the similar way we have for

some c0 P C that rφs “ c0
śN
k“1 x

sk
k with sk ď ak ´ 1 for k “ 1, . . . , N ´ 1.

Step 2. Now for sN ě aN and s1 “ 0, applying the relation rxaNN s “ ´ra1x
a1´1
1 x2s we will get the

exponent of x2 being raised by 1. If s2 “ a2 ´ 1 repeat Step 1 above.
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Let’ show that after this we will get either rφs being zero or equal to the class of a monomial

claimed. To show this we should assume s2k “ a2k ´ 1 and s2k`1 “ 0 for all k. If N is even we will have

rxa2´1
2 xa4´1

4 ¨ ¨ ¨x
aN´2´1
N´2 xaNN s “ ´a1a3 ¨ ¨ ¨ aN´1rx

a1´1
1 xa3´1

3 ¨ ¨ ¨x
aN´1´1
N´1 xN s

as claimed in the proposition. If N is odd we have

rxa2´1
2 xa4´1

4 ¨ ¨ ¨x
aN´1´1
N´2 xaNN s “ ´a1a2 ¨ ¨ ¨ aN rx

a2´1
2 xa4´1

4 ¨ ¨ ¨x
aN´1´1
N´2 xaNN s,

from where it follows that the class assumed vanishes.

Let f be of a chain type. We have in Jacpfq

rxa1´1
1 x2s “ 0, rxa11 s “ ´a2rx

a2´1
2 x3s, . . . rx

aN´2

N´2 s “ ´aN´1rx
aN´1´1
N´1 xN s, rx

aN1

N´1s “ ´aN rx
aN´1
N s.

The arguments similar to those given above show that the class of any monomial φ “
śN
k“1 x

sk
k can

be expressed via those having 0 ď sk ď ak ´ 1. However there are relations among the classes of such

monomials. In particular, we have rφs “ 0 unless it satisfies Eq (JCp). The number of such monomials

coincides with µf as computed in Eq (3.3) and we conclude that there is no other relations.

The condition of Eq. (JCp) was called in [FJJS12] “chain property”. In an expanded form it says

that the basis of Jacpfq for the chain type polynomials is given by the classes of the following monomials

txr11 x
r2
2 ¨ ¨ ¨x

aN
N u, r1 ď a1 ´ 2, r2 ď a2 ´ 1, ¨ ¨ ¨ rN ď aN ´ 1, (3.4)

txa1´1
1 xr33 x

r4
4 ¨ ¨ ¨x

aN
N u, r3 ď a3 ´ 2, r4 ď a4 ´ 1, ¨ ¨ ¨ rN ď aN ´ 1, (3.5)

txa1´1
1 xa3´1

3 xr55 x
r6
6 ¨ ¨ ¨x

aN
N u, r5 ď a5 ´ 2, r6 ď a6 ´ 1, ¨ ¨ ¨ rN ď aN ´ 1, (3.6)

and so on. The lines above satisfy Eq. (JCp) with p “ 0, 1, 2 respectively.

Remark 3.10. Note that group chain condition Eq. (2.20) and also Jac chain condition Eq. (JCp)

assume the polynomial to be written as f “ xa11 x2`x
a2
2 x3 ¨ ¨ ¨ `x

aN
N . In particular for rf “ xa11 `x1x

a2
2 `

¨ ¨ ¨ ` xN´1x
aN
N both conditions will be reversed s.t.

s “ p0, . . . , 0, sp, . . . , sN q and r “ pr1, . . . , rN´p2p`1q, 0, aN´p2p´1q ´ 1, . . . , aN ´ 1q, (3.7)

subject to 0 ď rk ď ak ´ 1 and rN´p2p`1q ď aN´p2p`1q ´ 2, 1 ď sk ď ak ´ 1.

3.2 State space

We introduce the A- and B-modesl state spaces of the pair pf,Gq as the G–invariant subspaces of the

bigger spaces Atotpfq and Btotpfq. To do this we first introduce these bigger spaces and then define the

group action on both.

The spaces Atotpfq and Btotpfq are isomorphic, however the group action on them is different. Due

to this we choose to distinguish between them from the every beginning.
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3.2.1 The total spaces

Let f define a quasihomogeneous singularity with a finite diagonal symmetries group Gf . Define

Atotpfq :“
à

gPGf

Jacpfgqωg, and Btotpfq :“
à

gPGf

Jacpfgqξg. (3.8)

Here ωg, ξg are the formal letters and Atotpfq, Btotpfq are the C–vector spaces of dimension
ř

gPG dim Jacpfgq.

Each direct summand Jacpfgqξg will be called g–th sector. We will write just Atot and Btot when the

polynomial is clear from the context.

Right now the only difference between Atot and Btot is in the special letter ξg or ωg. This difference

will become more profound later.

Remark 3.11. Note that for g, h P G, s.t. Fixpgq “ Fixphq, we have fg “ fh. Then Jacpfgq “ Jacpfhq,

but the formal letters ξg ‰ ξh help to distinguish Jacpfgqξg and Jacpfhqξh, s.t. Jacpfgqξg ‘ Jacpfhqξh is

indeed a direct sum of dimension dim Jacpfgq ` dim Jacpfhq.

Equivalently one can define Atot and Btot as follows. Let the polynomials φ
pgq
k be s.t.

Jacpfgq “ Cxrφpgq1 s, . . . , rφpgqµg sy.

In particular, we may assume φ
pgq
1 “ 1 for any g. Then

Btot :“
à

gPGf

A

rφ
pgq
1 sξg, . . . , rφ

pgq
µg sξg

E

“
à

gPGf ,k“1,...,µg

Cxrφpgqk sξgy, (3.9)

Atot “
à

gPGf ,k“1,...,µg

Cxrφpgqk sωgy, (3.10)

Warning! The classes rφ
pgq
k s are each taken in it’s “own” Jacpfgq and not in “one for all g” factor–

ring.

Example 3.12. Given f “ xn1 ` x
n
2 and Gf “ xgy with g “ p 1n , 0q. We have fh “ xn1 if h ‰ id.

Btot “ C
@

r1sξid, rx1sξid, rx2sξid, . . . , rx
n´2
1 xn2´2

2 ξids
D

(3.11)

‘ C
@

r1sξg, rx1sξg, . . . , rx
n´2
1 ξgs

D

‘ C
@

r1sξg2 , rx1sξg2 , . . . , rx
n´2
1 ξg2s

D

‘ . . . (3.12)

¨ ¨ ¨ ‘ C
@

r1sξgn´1 , rx1sξgn´1 , . . . , rxn´2
1 ξgn´1s

D

. (3.13)

The total dimension of Btot is pn´ 1qpn´ 1q ` pn´ 1qpn´ 1q “ 2pn´ 1q2.

In what follows we will need a special choice of the basis in Atot and Btot in order to establish

the mirror symmetry. We need to take into account the “speciality” of both Jacpfq and Gf outlined in

Propositions 2.53 and 3.8.

Loop type polynomial total spaces

Let f be of loop type. We have

Atot “ Jacpfqωid

à

˜

à

gPGf ztidu

Cωg

¸

, Btot “ Jacpfqωid

à

˜

à

gPGf ztidu

Cξg

¸

.



30 CHAPTER 3. MIRROR SYMMETRY AS THE VECTOR SPACES ISOMORPHISM

If N P 2Z denote

Jacp1qpfq :“ C

C

r
ź

kP2Z
xak´1
k s, r

ź

kR2Z
xak´1
k s

G

, Jacp0qpfq :“ Jacpfq
H

Jacp1qpfq,

where r¨s stands for the class of a monomial in Jacpfq. If N R 2Z we will use

Jacp1qpfq :“ 0, Jacp0qpfq :“ Jacpfq,

to unify the formulae.

Denote

Ap1qtot :“ Jacp1qpfqωid Ă Atot, Bp1qtot :“ Jacp1qpfqξid Ă Btot. (3.14)

Ap0qtot :“ AtotzAp1qtot, Bp0qtot :“ BtotzBp1qtot . (3.15)

Chain type polynomial total spaces

Let f be of chain type. Denote

Jacppqpfq :“ C

C«

N
ź

i“1

xrii

ff

| pr1, . . . , rN q satisfies (JCp)

G

.

By Proposition 3.8 we have

Jacpfq “
tN{2u
à

p“0

Jacppqpfq.

For any g P Gf we have fg of chain type or zero. We have

Atot “
à

gPGf

tNg{2u
à

p“0

Jacppqpfgqωg, Btot “
à

gPGf

tNg{2u
à

p“0

Jacppqpfgqξg.

Denote

Appqtot,g :“ Jacppqpfgqωg Ă Atot, Bppqtot,g :“ Jacppqpfgqξg Ă Btot.

3.2.2 A- and B-model group actions

Note that Gf acts in a natural way on Jacpfgq for every g by

h ¨ rxα1
1 ¨ ¨ ¨xαNN s :“ rh ¨ pxα1

1 ¨ ¨ ¨xαNN qs :“
N
ź

k“1

hαkk ¨ rpxα1
1 ¨ ¨ ¨xαNN qs.

for any h “ ph1, . . . , hN q P Gf .

Remark 3.13. Writing all variables x1, . . . , xN in the product above we assume αk “ 0 for all k R Ig.

Extend this action to the Gf–action on Atot and Btot. Set h to act on ξg and ωg by

h : ξg ÞÑ h˚pξgq :“
ź

kPIcg

h´1
k ¨ ξg (3.16)
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or

h : ξg ÞÑ h˚pωgq :“
ź

kPIg

hk ¨ ωg. (3.17)

Finally we have

h˚

˜

r

N
ź

k“1

xαkk sξg

¸

:“

˜

rh ¨
N
ź

k“1

xαkk sh
˚pξgq

¸

(3.18)

h˚

˜

r

N
ź

k“1

xαkk sωg

¸

:“

˜

rh ¨
N
ź

k“1

xαkk sh
˚pωgq

¸

(3.19)

Because Icid “ H, we have h˚pξidq “ ξid and h˚pωidq “ detphqωid. Similarly h˚pξJq “ detphqξJ and

h˚pωJq “ ωJ .

Exercise 3.14. Show that this is indeed a group action. Namely, ph1h2q
˚ “ h˚1 ¨ h

˚
2 .

Remark 3.15. The action of h P Gf on a vector from Atot, Btot is just by a scalar multiplication.

Finally define the A–model state space Apf,Gq and the B–model state space Bpf,Gq by

Apf,Gq :“ pAtotq
G

and Bpf,Gq :“ pBtotqG . (3.20)

Namely

Apf,Gq “ C xrφsωg P Atot s.t. h ¨ prφsωgq “ rφsωg @h P Gy

— a linear span of the Atot vectors that are invariant w.r.t. the action of all elements of G,

Bpf,Gq “ C xrφsξg P Btot s.t. h ¨ prφsξgq “ rφsξg @h P Gy

— a linear span of the Btot vectors that are invariant w.r.t. the action of all elements of G.

Example 3.16. Let f “ xa11 — the Fermat type polynomial. Assume a1 “ rm and consider G to be

generated by g “ p1{rq. We have

Atot “ Cxr1sωid, rx1sωid, . . . , rx
rm´2
1 sωidy ‘ Cxr1sωg, . . . , r1sωgr´1y,

Btot “ Cxr1sξid, rx1sξid, . . . , rxrm´2
1 sξidy ‘ Cxr1sξg, . . . , r1sξgr´1y.

Because Icg “ Icgk “ t1u, we have

pgkq˚pωglq “ ωgl and pgkq˚pξglq “ exp

ˆ

´2πi ¨
k

r

˙

ξgl .

However pgkq˚prxl1sq “ exp
`

2πi ¨ klr
˘

rxl1s and the G–invariant monomials are xrn1 with n P Z. This gives

Apf,Gq “ Cxrxr´1
1 sωid, . . . , rx

pr´1qm
1 sωid, r1sωg, . . . , r1sωgr´1y,

Bpf,Gq “ Cxr1sξid, rxr1sξid, . . . , rx
rpm´1q
1 sξidy.

Obviously, as a vector space Jacpf,Gq – Jacpxr`1
1 q.
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Proposition 3.17. Let f1 P Crx1, . . . , xks and f2 P Crxk`1, xN s define quasihomogeneous singularities.

Then

Btotpf1 ‘ f2q – pBtotpf1qq b pBtotpf2qq.

In particular, if Btotpf1q “ Cxrφpgqk sξgy with the basis indexed by pk, gq P I1 and Btotpf2q “ Cxrψphql sξhy

with the basis indexed by pl, hq P I2, then

Btotpf1 ‘ f2q “
à

Cxrφpgqk ψ
phq
l sξghy

where the summation if taken over I1 ˆ I2.

The same holds for Atot.

Remark 3.18. Note that the classes r¨s are taken in the three different quotient rings.

Proof. TBA fill in the proof

3.2.3 Bigrading

Let Crx1, . . . , xN s be graded by q1, . . . , qN . For a homogeneous polynomial p let degppq be the degree of

p w.r.t. this grading. Extend this grading to both Atot and Btot as follows.

For g “ 1
r pα1, . . . , αN q with 0 ď αk ă r, the age of g is defined as the rational number

agepgq :“
1

r

N
ÿ

k“1

αk. (3.21)

Exercise 3.19. If g P GSL
f then agepgq P Z.

Exercise 3.20. For any g P Gf we have

agepgq ` agepg´1q “ N ´Ng “ dg. (3.22)

For any homogeneous p P Crx1, . . . , xN s assume the element tpuξg P Atot and tpuωg P Btot. Define

for both rpsξg and rpsωg its left charge ql and right charge qr to be

pql, qrq “

¨

˝deg p´
ÿ

kPIcg

qk ` agepgq,deg p´
ÿ

kPIcg

qk ` agepg´1q

˛

‚. (3.23)

This definition endows Atot and Btot with the structure of a Q-bigraded vector space. It follows immedi-

ately that

q‚pξuq ` q‚pξvq “ q‚pξuvq

for u, v P G, s.t. Icu X I
c
v “ H.

This bigrading restricts to Apf,Gq and Bpf,Gq. In particular, we see that Atot and Btot are

isomorphic as the graded vector spaces.

Exercise 3.21. For any rpsξg we have J˚prpsξgq “ erdegppq ´
ř

kPIcg
qks ¨ rpsξg.
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Calabi–Yau condition

Assume N ě 3 and the weight set of f to satisfy
řN
k“1 qk “ 1. The latter equality is called Calabi–Yau

condition 1 and we will say that f satisfies CY condition.

Under this condition we have J Ď GSL
f and for any g, h P G Ď GSL

f we have

h˚pξgq “
ź

kPIcg

h´1
k ¨ ξg “

ś

kPIg
hk

śN
k“1 hk

¨ ξg “
ź

kPIg

hk ¨ ξg.

It follows that rpsξg P Atot is G–invariant if and only if rpsωg P Btot is G–invariant and there is a vector

spaces isomorphism Apf,GqÑ̃Bpf,Gq. It follows directly from the definition that this isomorphism

respects the bigrading.

Another important property is the following

Proposition 3.22. For f satisfying CY condition and G s.t. J Ď G Ď GSL
f both left and right charges

ql and qr of any X P Apf,Gq and any Y P Bpf,Gq are integer.

Proof. Note that qrprpsξgq “ qlprpsξgq ´ pN ´Ngq ` 2agepgq. By Exercise 3.19 the right charge qrprpsξgq

is integral if and only if qlprpsξgq is integral because g P GSL
f . Let rpsξg be nonzero in Apf,Gq, then it’s

invariand under the action of J and erdegppq ´
ř

kPIcg
qks “ 1 by Exercise 3.21. This gives integrality

of ql. The case of rpsωg is treated similarly.

The following two propositions state that the graded pieces of Apf,Gq and Bpf,Gq are organized

into a diamond when CY condition holds.

Proposition 3.23. For f satisfying CY condition and G s.t. agepgq is integer for any g P G let V be

either Apf,Gq or Bpf,Gq and V a,b stand for the bidegree pa, bq–subspace. We have

piq V a,b “ 0 for a ă 0 or b ă 0,

piiq V 0,0 – C, generated by r1sξid or r1sωid,

piiiq V a,b “ 0 for a ą N ´ 2 or b ą N ´ 2,

pivq V N´2,N´2 – C, generated by rhesspfqsξid or rhesspfqsωid,

Proof. Assume X “ rpsξg or X “ rpsωg for p being a polynomial in the variables, fixed by g.

(i) Let g “ id. Then qlpXq “ qrpXq “ deg p ` 1 ě 1. For g ‰ id we have agepgq P Ně1 by

Exercise 3.19. Rewriting

qlpXq “ deg p`
ÿ

kPIg

qk ´ 1` agepgq

we see that qlpXq ě 0 because the weights q‚ are all strictly positive. Similarly for qrpXq by the same

argument applied to agepg´1q.

(ii) For g “ id we have that qlpXq “ qrpXq “ 0 if and only if deg p “ 0. By Proposition 3.6 we

have rps “ r1s in Jacpfq.

1see “Learn more” section for the explanation of the terminology
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For g ‰ id in order to satisfy qlpXq “ 0 we need deg p `
ř

kPIg
qk “ 0. Both summands are

nonnegative so that the equality hold only if deg p “ 0 and |Ig| “ 0. Then Ng “ 0. If qrpXq “ 0 we have

qlpXq ´ qrpXq “ 2agepgq ´N `Ng “ 0 what gives agepgq “ N{2 “ agepg´1q. We conclude

qlpXq “ ´1`
N

2
ą 0 for N ě 3.

(iii) If g “ id, the statement follows from Proposition 3.6. For g ‰ id apply the same proposition again

to estimate deg p in Jacpfgq. It gives

qlpXq ď Ng ´ 2
ÿ

kPIg

qk `
ÿ

kPIcg

qk ` agepgq “ Ng ´
ÿ

kPIg

qk ´ 1` agepgq.

At the same time we have Ng ` agepgq “ N ´ agepg´1q ď N ´ 1 because agepg´1q P Ně1. Combining

this with the inequality above we get

qlpXq ď N ´ 2´
ÿ

kPIg

qk ď N ´ 2.

One gets in the similar way that qrpXq ď N ´ 2.

(iv) If g “ id, by Proposition 3.6 we see that qlprhesspfqsξidq “ qrprhesspfqsξidq “ qlprhesspfqsωidq “

qrprhesspfqsωidq “ N ´ 2.

If g ‰ id, we have Ng ă N and deg p ď Ng ´ 2
ř

kPIg
qk. If qlpXq “ qrpXq “ N ´ 2 we have

N “ Ng ` 2agepgq and

deg p “ Ng ` agepgq ´ 1´
ÿ

kPIg

qk ą Ng ´ 2
ÿ

kPIg

qk,

what concludes the proof.

The condition J Ă G Ă GSL
f can be relaxed in the proposition above. In particular, the statement

of this proposition also holds for the subspaces of Atot and Btot, spanned by all the g–sectors with integral

agepgq.

Proposition 3.24. For f satisfying CY condition let V be either Apf,Gq or Bpf,Gq and V a,b stand for

bidegree pa, bq–subspace. Then we have the C–vector spaces isomorphisms

V a,b – V b,a and V a,b – V N´2´a,N´2´b.

Proof. We construct the two isomorphism explicitly.

Let ψ : Atot Ñ Atot be given by rpsξg ÞÑ rpsξg´1 . This is an isomorphism because fg “ fh

and Jacpfgq “ Jacpfhq for gh “ id. Under this isomorphism we have directly by the definition that

qlpψpXqq “ qrpXq and qrpψpXqq “ qlpXq. This gives the first isomorphism.

Let φg : Jacpfgq Ñ Jacpfgq be the isomorphism of Proposition 3.6, (ii). Denote by φ : Atot Ñ Atot

the linear map acting by rpsξg ÞÑ φgprpsqξg´1 . This is an isomorphism again. We have

ql
`

φgprpsqξg´1

˘

“ Ng ´ 2
ÿ

kPIg

qk ´ deg p´
ÿ

kPIcg

qk ` agepg´1q

“ N ´ 2`
ÿ

kPIcg

qk ´ deg p´ agepgq “ N ´ 2´ qlprpsξgq.
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Similarly qr
`

φgprpsqξg´1

˘

“ N ´ 2 ´ qrprpsξgq, what shows that this isomorphism is exactly the one

claimed.

For a fixed pair pf,Gq set

ha,bApf,Gq :“ dimC tX P Apf,Gq | pqlpXq, qrpXqq “ pa, bqu , (3.24)

ha,bBpf,Gq :“ dimC tX P Bpf,Gq | pqlpXq, qrpXqq “ pa, bqu . (3.25)

It follows from Proposition 3.23 that for f satisfying CY condition and G s.t. J Ď G Ď GSL
f , both

the numbers ha,bApf,Gq and ha,bBpf,Gq form a diamond.

h0,0

h0,1

h0,2

h0,n

h1,0

h2,0

hn,0

hn,n´2

hn,n´1

hn,n

hn´2,n

hn´1,n

h1,1

hn´1,n´1

. . .

. . .

...

...

. . . . . .

...

...

ð

Serre

Ù Hodge

where ha,b is either ha,bApf,Gq or ha,bBpf,Gq and we denote n :“ N ´ 2.

By Proposition 3.24 this diamond is subject to two symmetries that we call Serre and Hodge

symmetries. Plotting the numbers as above this is equivalent to say that this diamond is symmetric

under the reflections by both the horizontal line going from hn,0 to h0,n and by the vertical line going

from h0,0 to hn,n.

Example 3.25. Consider f “ x21x2 ` x
2
2 ` x2x

6
3 ` x

6
4 ` x1x

9
3 and G “ GSL

f . Then G “ xJy with

J “

ˆ

1

4
,

1

2
,

1

12
,

1

6

˙

.

The basis of Apf,Gq is given by the elements

ξJ3 , ξJ5 , ξJ7 , ξJ9 , rx1sξJ4 , rx1sξJ8 , rx24sξJ6 , (3.26)

rx43x
4
4sξid, rx1x3x

4
4sξid, rx1x

3
3x

3
4sξid, rx2x

3
4sξid, rx

2
1x

3
4sξid, rx1x

5
3x

2
4sξid, rx2x

2
3x

2
4sξid, (3.27)

rx21x
2
3x

2
4sξid, rx2x

4
3x4sξid, rx1x2x3x4sξid, rx

3
1x3x4sξid, rx

2
1sξid, rx

2
2sξid. (3.28)

all having the bigrading p1, 1q, and the elements

ξJ , ξJ11 , r1sξid, rx1x
2
2x3x

4
4sξid,

having the bigrading p0, 2q, p2, 0q, p0, 0q and p2, 2q respectively. Note that the bigrading of these elements

is fully determined by the propositions above.

One gets the following diamond
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1

1

1 120

3.3 Vector spaces mirror symmetry conjecture

Conjecture 3.26 (Vector spaces mirror symmetry conjecture). For any f P Crx1, . . . , xN s defining a

quasihomogeneous singularity and G Ď GSL
f there is some rf P Crx1, . . . , xN s defining a quasihomogeneous

singularity and some rG Ď G
rf s.t. there is a vector space isomorphism

τ : Bpf,Gq Ñ Ap rf, rGq,

s.t.

qlpτpXqq “ qlpXq, qrpτpXqq ` qrpXq “
N
ÿ

k“1

p1´ 2qkq, @X P Bpf,Gq. (3.29)

Such isomorphism τ is called the mirror map.

It’s important to stress that the starting data of the conjecture above if the pair pf,Gq, while the

mirror pair p rf, rGq is the right pair that should be found.

The theorem above appeared first in [Kra09] however without the full proof.

Theorem 3.27. Vector spaces mirror symmetry conjecture holds for the invertible polynomials f with

the pair p rf, rGq given by the Berglund–Hübsch–Henningson construction.

Remark 3.28. The reason for that is for example that we don’t know up to now anything about mirror

symmetry for the quasihomogeneous singularities that are not defined by an invertible polynomial.

One of the problems on extending mirror symmetry outside of the class of invertible polynomials

is that the set of quasihomogeneous singularities is very big and much more complicated than those

defined by invertible polynomials (cf. previous sections). At the same time it’s not enough to prove the

conjecture for say four or five cases. In order to give good evidence that the conjecture holds for a larger

class of singularities, one has to show it at least for some infinite class.

Exercise 3.29 (far from being resolved). Solve vector spaces mirror symmetry conjecture for the quasi-

homogeneous singularities that are not defined by an invertible polynomial.

We prove the theorem in two steps. Step 1: construct the isomorphism τ : Btotpfq Ñ Atotp rfq,

Step 2: show that it restricts to the G and rG invariants on the B and A sides, respectively. Step 1 is

accomplished in Section 3.3.3 and Step 2 in Section 3.3.4.

By Proposition 3.17 it’s enough to define the map τ for the polynomials f of Fermat, loop and

chain type.
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Remark 3.30. The mirror map τ was first proposed by Kreuzer (see Sections 4 and 5 in [Kreu94]) for

G “ tidu and later used by Krawitz (cf. [Kra09, Section 3.2]) for arbitrary G Ď Gf . However, Krawitz

did not prove the bijectivity of the mirror map and his map τ for chain and loop type polynomials with

the even number of variables is not bijective.

3.3.1 Mirror symmetry under the Calabi–Yau condition

Note that the conjectural mirror map τ is not a bidegree preserving isomorphism. However, when CY

condition
ř

k qk “ 1 holds, relations Eq. (3.29) get the special meaning. In particular, in terms of the

Hodge diamonds of Bpf,Gq and Ap rf, rGq (recall Section 3.2.3), Eq. (3.29) is equivalent to

Hodge diamond of Bpf,Gq coincides with the Hodge diamond of Ap rf, rGq reflected by qr “
N ´ 2

2
.

If N ´ 2 “ 3

3.3.2 Mirror map for a Fermat type polynomial

Consider f “ xa11 — the Fermat type polynomial. We have f “ rf . The map

τ : rxk1sξid ÞÑ r1sωρk`1 , r1sξρk`1 ÞÑ rxk1sωid, 0 ď k ď a1 ´ 2 (3.30)

sets up the isomorphism Btotpfq Ñ Atotp rfq. It’s easy to check that this isomorphism satisfies Eq (3.29).

Assume a1 “ rm and consider G to be generated by g “ p1{rq. The dual group rG was computed

in Example 2.61 to be generated by h “ p1{mq. By Example 3.16

Bpf,Gq “ Cxr1sξid, rxr1sξid, . . . , rx
rpm´1q
1 sξidy.

Ap rf, rGq “ Cxrxm´1
1 sωid, . . . , rx

pm´1qr
1 sωid, r1sωg, . . . , r1sωgm´1y.

The B–model state space is not isomorphic to the A–model states space whatever r and m are. However

G Ę GSL
f .

Assume G “ tidu. We have rG “ Gf – Z{a1Z. We get

Bpf, tiduq “ Cxr1sξid, rx1sξid, . . . , rxa1´2
1 sξidy.

Apf,Gf q “ Cxr1sωρ, r1sωρ2 , . . . , r1sωρa1´1y

and the map τ above sets up the mirror isomorphism Bpf, tiduq – Apf,Gf q.

Exercise 3.31. Consider f “ xa11 ` . . . , xaNN with ak “ rkmk. Establish the mirror isomorphism

Bf,tidu Ñ A
rf,G

rf
.

3.3.3 Mirror map for loop and chain type polynomials

Let f be of loop type. We define τ separately on Bp0qtot and Bp1qtot (recall Section 3.2.1). Set

τ : Bp0qtotpfq Ñ Ap0qtotp rfq to be given as follows. For any fixed g P Gztidu let s1, . . . , sN be the unique

numbers such that g “
ś

kPIcg
ρsk`1
k (recall Proposition 2.53). Set

τ : r
ź

kPIg

xrkk sξg ÞÑ r
ź

kPIcg

xskk sωh, (3.31)
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with h :“
śN
kPIg

σrk`1
k .

For N P 2Z extend it to Bp1qtotpfq Ñ Ap1qtotp rfq by

τpr
ź

kR2Z
xakk sξidq :“ r

ź

kR2Z
xakk sωid, τpr

ź

kR2Z
xakk sξidq :“ r

ź

kR2Z
xakk sωid. (3.32)

Let f be of chain type. Introduce τ : Bppqtot,gpfq Ñ Appqtot,hp rfq (recall Section 3.2.1) as follows. For

any fixed g P Gztidu let s1, . . . , sN be the unique numbers s.t. g “
ś

kPIcg
ρsk`1
k . Set

τ : r
p
ź

i“1

x
a2i´1´1
2i´1

ź

kPIg

xrkk sξg ÞÑ r
ź

kPIcg

xskk

p
ź

i“1

x
aN´p2i´1q´1

N´p2i´1q sωh, (3.33)

with h :“
śN
kPIg

σrk`1
k .

Extend this definition to any linear combination of Btot–elements vm as above by

τ

˜

ÿ

m

αmvm

¸

:“
ÿ

m

αmτ pvmq , (3.34)

for any αm P C.

Proposition 3.32. Assume f to be of loop or chain type.

piq The map τ above is well–defined,

piiq It established the vector spaces isomorphism Btotpfq – Atotp rfq,

piiiq This isomorphism preserves the grading ql.

Proof. The proof is given separately for loop and chain types. We use Proposition 3.8 and Proposi-

tion 2.53 to fix the bases of the vector spaces assumed.

Loop type. Fix g P Gf ztidu. Then fg “ 0. By Proposition 2.53, all elements X “ r1sξg P Btot
are indexed by the vectors s

s “ ps1, . . . , sN q, s.t. 1 ď sk ď ak ´ 1, g “
N
ź

k“1

ρskk . (3.35)

By Proposition 3.8 all elements Y “ rφsξid P Btot are indexed by

r “ pr1, . . . , rN q, s.t. 0 ď rk ď ak ´ 2, φ “
N
ź

k“1

xrkk . (3.36)

Combine the two vectors s, r assuming s “ p0, . . . , 0q if g “ id and r “ p0, . . . , 0q if g ‰ id. We conclude

that Btot has the basis given by the elements indexed by a pair of vectors pr, sq.

The same indexing statement holds for Atot in a straightforward way.

Set

τpsq :“ ps1 ´ 1, . . . , sN ´ 1q, and τprq :“ pr1 ` 1, . . . , rN ` 1q. (3.37)
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Then τ maps a Btot basis element pr, sq to the Atot basis element pτpsq, τprqq. This map is a bijection by

Proposition 2.53 and Proposition 3.8 if N R 2Z.

If N P 2Z consider

Y1 :“
ź

kR2Z
xak´1
k ξid, Y2 :“

ź

kP2Z
xak´1
k ξid, (3.38)

Y 11 :“
ź

kR2Z
xak´1
k ωid, Y 12 :“

ź

kP2Z
xak´1
k ωid. (3.39)

Due to the relations
ś

kR2Z σ
ak
k σk`1 “ id and

ś

kP2Z σ
ak
k σk´1 “ id the map τ acting as above is not

well–defined for Y1 and Y2. We have

τpY1q “ Y 11 , τpY2q “ Y 12 . (3.40)

Bigrading. Compute the left and right charges for X and τpXq as above. Denote by q1, . . . , qN the

reduced weight set of f and by rq1, . . . , rqN the reduced weight set of rf . We have

qlpXq “ agepgq ´
N
ÿ

k“1

qk “ p1, . . . , 1qE
´1
f

¨

˚

˚

˝

r1
...

rN

˛

‹

‹

‚

´ p1, . . . , 1qE´1
f

¨

˚

˚

˝

1
...

1

˛

‹

‹

‚

(3.41)

“ p1, . . . , 1qE´1
f

¨

˚

˚

˝

r1 ´ 1
...

rN ´ 1

˛

‹

‹

‚

“ pr1 ´ 1, . . . , rN ´ 1q
´

E´1
f

¯T

¨

˚

˚

˝

1
...

1

˛

‹

‹

‚

(3.42)

“

N
ÿ

k“1

rqkprk ´ 1q “ qlpτpXqq. (3.43)

Similarly

qrpXq “ N ´ agepgq ´
N
ÿ

k“1

qk “ N ´ 2
N
ÿ

k“1

qk ´

˜

agepgq ´
N
ÿ

k“1

qk

¸

“

N
ÿ

k“1

p1´ 2qkq ´ qlpXq. (3.44)

qrpτpXqq “ qlpτpXqq, (3.45)

and we have qrpXq ` qrpτpXqq “
řN
k“1p1´ 2qkq by the computations of ql above.

qlpY1q “ qrpY1q “

N{2
ÿ

k“1

pa2k´1 ´ 1qq2k´1 “

N{2
ÿ

k“1

pa2k´1q2k´1 ` q2kq ´
N
ÿ

k“1

qk (3.46)

“
N

2
´

N
ÿ

k“1

qk “
N

2
´

N
ÿ

k“1

rqk “ qlpY
1
1q “ qrpY

1
1q. (3.47)

Chain type. Fix g P Gf ztidu. Then fg is zero or of a chain type again. By Proposition 2.53 applied to
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f and Proposition 3.8 applied to fg, an element X “ rφsξg P Bppqtot,g can be indexed by a pair of vectors s

and r

s “ ps1, . . . , sb, 0, . . . , 0q, r “ p0, . . . , 0, ab`1 ´ 1, 0, . . . , ab`2p´1 ´ 1, 0, rb`2p`1, . . . , rN q, (3.48)

s.t. g “
b
ź

k“1

ρskk , φ “
p
ź

k“1

x
ab`2k´1´1
b`2k´1

N
ź

k“b`2p`1

xrkk , (3.49)

where s is subject to the group chain condition in Gf (see Eq.(2.20)) and r subject to Jac chain condition

in Jacpfgq (see Eq. (JCp)). The number b is s.t. Ig “ tb, . . . , Nu. We also have N ´ b ě 2p.

For a untwisted sector element X “ rφsξid we have b “ 0 and s “ p0, . . . , 0q.

We have

τpXq “

«

b
ź

k“1

xsk´1
k ¨

p
ź

k“1

x
ab`2k´1
b`2k

ff

ωh, h “
N
ź

k“b`1

σrk`1
k “

N
ź

k“b`2p`1

σrk`1
k (3.50)

An element Y “ rψsωh P Appqtot,h can be indexed by (recall Remark 3.10)

rs “ p0, . . . , rsi`1, . . . , rsN q, rr “ prr1, . . . , rri´2p´2, 0, ai´2p ´ 1, . . . , 0, ai ´ 1, 0, . . . , 0q, (3.51)

s.t. h “
N
ź

k“i`1

σrsk
k , φ “

i
ź

k“1

xrrkk , (3.52)

and i ě 2p. The relations between i and p, b and p guarantee that the equation i` 1 “ b` 2p` 1 has a

solution for given b and p. According to Propositions 2.53 and 3.8 the ranges of s‚ and rr‚ are the same

as well as the ranges of r‚ and rs‚. This gives the bijectivity of τ for chain type polynomials.

Bigrading. Compute the left and right charges for X and τpXq as above. We have

qlpXq “
p
ÿ

k“1

pab`2k´1 ´ 1qqb`2k´1 `

N
ÿ

k“b`2p`1

rkqk ` agepgq ´
b
ÿ

k“1

qk (3.53)

“ p`
N
ÿ

k“b`2p`1

prk ` 1qqk ` agepgq ´
N
ÿ

k“1

qk (3.54)

The same computation applied to τpXq gives

qlpτpXqq “ p`
b
ÿ

k“1

skrqk ` agephq ´
N
ÿ

k“1

rqk. (3.55)

Similarly to the loop type case above we have

agepgq “
b
ÿ

k“1

skrqk,
N
ÿ

k“b`2p`1

prk ` 1qqk “ agephq,
N
ÿ

k“1

qk “
N
ÿ

k“1

rqk,

what gives qlpXq “ qlpτpXqq.

We have seen in the proof of the proposition above that for a loop type polynomial with the even

number of variables, the spaces Ap1qtotpfq and Bp1qtotpfq are G–invariant for any group assumed in mirror

symmetry conjecture.
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Example 3.33. Let f “ xa11 x2 ` x
a2
2 be a 2–variable chain. We have rf “ xa11 ` x1x

a2
2 and

Btotpfq “
à

0ďk1ďa1´2
0ďk2ďa2´2

Cxrxk11 x
k2
2 sy

à

0ďk1ďa1´2

Cxrxk11 x
a2´1
2 sy ‘ Cxrxa1´1

1 sy (3.56)

à

1ďl1ďa1´1
0ďp2ďa2´2

Cxrxp22 sρ
l1
1 y

à

1ďb1ďa1´1
1ďb2ďa2´1

Cxρb11 ρ
b2
2 y

à

1ďl2ďa2´1

Cxρa11 ρ
l2
2 y, (3.57)

Atotp rfq “
à

1ďb1ďa1´1
1ďb2ďa2´1

Cxσb11 σ
b2
2 y

à

1ďl1ďa1´1

Cxσl11 σ
a2
2 y

à

1ďl2ďa2´1
0ďp1ďa1´2

Cxrxp11 sσ
l2
2 y (3.58)

à

0ďk1ďa1´2
0ďk2ďa2´2

Cxrxk11 x
k2
2 sy

à

0ďk2ďa2´2

Cxrxa1´1
1 xk22 sy

à

Cxrxa2´1
2 sy. (3.59)

The map τ gives

τprxk11 x
k2
2 sq “ rσ

k1`1
1 σk2`1

2 s. τprxk11 x
a2´1
2 sq “ rσk1`1

1 σa22 s, τprxa1´1
1 sq “ rxa2´1

2 s. (3.60)

τprxp22 sρ
l1
1 q “ rx

l1´1
1 σp2`1

2 s, τpρb11 ρ
b2
2 q “ rx

b1´1
1 xb2´1

2 sωid, τprρa11 ρ
l2
2 q “ rx

a1´1
1 xl2´1

2 sωid. (3.61)

Exercise 3.34 (unresolved). For N P 2Z and f of loop type classify all symmetry groups G Ă Gf , s.t.

the monomial
ś

kP2Z x
ak´1
k is G–invariant.

3.3.4 Proof of Theorem 3.27

In order to prove Theorem 3.27 we should investigate the group action of both A– and B–side. In

particular, it is enough to show that

(A) if r
ś

kPIg
xrkk sξg is G–invariant, then h :“

śN
kPIg

σrk`1 P rG,

(B) X P Btot is G–invariant if and only if τpXq is rG–invariant.

On the B–side assume for some g “
ś

kPIcg
ρsk`1
k P G the Btot–element r

ś

kPIg
xrkk sξg to be G–

invariant. Then for any o “ po1, . . . , oN q P G we have
ś

kPIg
orkk

ś

kPIcg
ok
“

ś

kPIg
ork`1
k

detpoq
“

ź

kPIg

ork`1
k P Z,

where we used that G Ď GSL
f . Then r

ś

kPIg
xrkk sξg is invariant w.r.t. any o P G if and only if the monomial

ś

kPIg
xrk`1
k is invariant w.r.t. the action of any o P G. Consider the following lemma.

Lemma 3.35. Let p11, . . . , p
1
N and p21, . . . , p

2
N be some nonnegative integers. Then

śN
k“1 ρ

p2k
k preserves

the monomial
śN
k“1 x

p1k
k if and only if

śN
k“1 σ

p1k
k preserves the monomial

śN
k“1 x

p2k
k .

Proof. Both statements are equivalent to

pp11, . . . , p
1
N qE

´1
f

¨

˚

˚

˝

p21
...

p2N

˛

‹

‹

‚

P Z. (3.62)
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The monomial r
ś

kPIg
xrkk sξg is invariant w.r.t. any o P G if and only if

pr1 ` 1, . . . , rN ` 1qE´1
f

¨

˚

˚

˝

b1
...

bN

˛

‹

‹

‚

P Z, @b1, . . . , bN , s.t.
N
ź

k“1

ρbkk P G. (3.63)

The latter condition holds if and only if
ś

kPIg
σrk`1
k P rG. This completes (A).

To show (B) assume f “ f1 ‘ ¨ ¨ ¨ ‘ fm with each fi being of Fermat, loop or chain type. Let

X P Btotpfq be given by X “ X1 b ¨ ¨ ¨ bXm, Xi P Btotpfiq. Then τpXq “ τpX1q b ¨ ¨ ¨ b τpXmq. For any

w P rG we have w “ w1 ¨ ¨ ¨wm with wi P rGwi and

w˚pτpXqq “ λ1 ¨ ¨ ¨λmτpXq, where w˚k pτpXkqq “ λkτpXkq.

Assume first that for all of Xi the map τ is given by Eq.(3.31). Namely, either fi is of Fermat

type or Xi P B
p0q
tot for chain or loop type fi. Then for X “ r

ś

kPIg
xrkk sξg with g “

ś

kPIcg
ρskk we have

h “
ś

kPIg
σrk`1
k , Ih “ Icg and

τpXq “

«

ź

kPIh

xsk´1
k

ff

ωh.

Repeating the arguments above, τpXq is invariant w.r.t. w P rG if and only if g P
r

rG “ G. In particular,

we get that the number λi above is obtained by

wip
ź

bPIhi

xsbb q “ λk
ź

bPIhi

xsbb .

Consider now the special cases: Xi P Bp1qtot for a loop type polynomial or Xi P Bppě1q
tot for a chain

type polynomial. In the first case it’s easy to see that w˚i pτpXiqq “ Xi. In the second case assume Xi to

be given as in Eq. (3.50). Then the number λi satisfies

wip
b
ź

k“1

xskk q “ λi

b
ź

k“1

xskk .

This reduces the treatment of the special cases to that of the general cases above.

Remark 3.36. The first big achievement in vector spaces mirror symmetry was given in [Kra09] without

any doubts. However the loc.cit. has several huge mistakes. In particular, the mirror map itself was not

totally fixed — it was not clarified how to fix the numbers rk that depend heavily on the choice of R;

the analogue of Proposition 3.32 (being called “unprojected mirror theorem”) was not proved and even

appeared to be wrong — this can be checked even by a simple dimension count of the identity sector and

group order of the twisted sector; the final step concerning the group action (Section 3.3.4 above) was

just claimed to be obvious.

Important result of [Kra09] is the combinatorial presentation of rG. Namely, the group GT . This

was important for the definition of the mirror map. However one can not call the dual group rG to be an

invention of Krawitz because it’s been known since Henningson.
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We are sure that the author could have done all these steps carefully, however we insist that [Kra09]

could only be considered as a starting point for the serious investigation.

Because of all this we also don’t see any reason to say “Berglund-Hübsch-Krawitz mirror symme-

try”.

3.4 Learn more

3.4.1 Pairing

The algebra Jacpfq can be endowed with the C–bilinear pairing η called residue pairing. There are several

ways to introduce it (see [GH94, Chapter 5], [AGV85, Section 5.11]). The easiest one makes use of the

Hessian of f defined as the following determinant:

hesspfq :“ det

ˆ

B2f

BxiBxj

˙

i,j“1,...,N

. (3.64)

Its class is non-zero in Jacpfq and therefore one can take rhesspfqs as one of the C–basis elements of

the Jacobian algebra. The value ηprus, rvsq is than taken as the rhesspfqs coefficient of rusrvs written

in this basis. This pairing makes Jacpfq a Frobenius algebra: ηprusrvs, rwsq “ ηprus, rvsrwsq for any

rus, rvs, rws P Jacpfq.

Similarly, one can introduce the pairing on Atot and Btot that descends to Apf,Gq and Bpf,Gq
respectively. To do this note that Fixpgq “ Fixpg´1q for any g P G. Therefore the g-th sectors of Atot

and Btot are isomorphic to the g´1-th sectors of Atot and Btot respectively and one can make use of the

residue pairings of fg. Recall that for fg “ 0 we had Jacpfgq “ C. It has the unique C–bilinear pairing

that we denote by η too.

Define for rusξg, rvsξh P Atot

ηf,Gprusξg, rvsξhq :“

$

&

%

0, if gh ‰ id,

ηprus, rvsq, if gh “ id,

where η on the second line is computed in Jacpfgq – Jacpfhq. This bilinear form is immediately non–

degenerate. The same definition also works for Btot.
One can show that the mirror map Apf,Gq τ

ÝÑ Bp rf, rGq preserves the pairing on both sides in the

sense that η
rf, rGpτpXq, τpY qq “ ηf,GpX,Y q for all X,Y P Apf,Gq.

3.4.2 Milnor lattice

to be filled in

3.4.3 Calabi–Yau A–model

Given f P Crx1, . . . , xN s, defining a quasihomogeneous singularity with the reduced weights qk “ dk{d0,

s.t. gcdpd0, d1, . . . , dN q “ 1, and G Ď Gf consider the variety

Xf,G :“ tpx1, . . . , xN q P Ppd1, . . . , dN q | fpx1, . . . , xN q “ 0u {pG{Jq.
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The quasihomogeneity condition on f implies that the zero–set f “ 0 is well–defined in Ppd1, . . . , dN q. If

f satisfies the Calabi–Yau condition
ř

k qk “ 1, then Xf,G is Calabi–Yau in the sense that its canonical

class vanishes. If G{J is non–trivial, Xf,G is an orbifold.

The orbifold cohomology or Chen–Ruan cohomology H˚orbpXf,Gq provide another A–model of

pf,Gq.

3.4.4 Hodge diamond

The numbers ha,b (both ha,bA and ha,bB ) may be organized into the so-called E–function

Epf,Gqpt, tq :“
ÿ

p,qPQ
p´1qp`q´Nhp,q ¨ tp´

N
2 t
q´N2 ,

that is a function of two independent formal variables t and t. Serre and Hodge symmetries are equivalent

to the following equalities

Epf,Gqpt, tq “ Epf,Gqpt, tq, Epf,Gqpt, tq “ Epf,Gqpt´1, t
´1
q.

These equalities together with the explicit formula for Epf,Gq were proved in [?] by Ebeling and Taka-

hashi. They have also proved that the mean of ha,b is N{2. Namely

ÿ

p,qPQ
p´1qp`q´N pq ´

N

2
qhp,q “ 0

see Corollary 9 of loc.cit..

More on the Hodge diamond of a Landau–Ginzburg orbifold (for not necessarily invertible singu-

larity) can be found in [BI24].

3.4.5 On the bigrading

The bigrading on Atot and Btot was first introduced by Intriligator and Vafa in [IV90, Eq.3.2]. However,

they reference [V89] at this point. The grading operators ql and qr are equal to the grading operators of

Intriligator–Vafa shifted by 1
2

řN
k“1p1´ qkq.

The bigrading of Intriligator–Vafa was later used by Krawitz in [Kra09]. However he has introduced

8 more grading operators on p.13 of loc.cit., so that it was not really clear which exactly should be used.

We also think, some of these operators were not introduced at all (like degA` and degA´) and the other

defined in the specific situation only (degB´ in Eq.16 of loc.cit.). The grading operators that are indeed

used could be read off in the proofs given in Section 3.3. It took us some time to check that the grading

preserving statement of Krawitz (Section 2.4 of loc.cit.) is equivalent to ours (see Eq. (3.29)).



Chapter 4

Nonabelian symmetry groups

Let f “ f1‘¨ ¨ ¨‘ fp be an in invertible polynomial with each fk of Fermat, loop or chain type. Together

with the symmetry groups G Ď Gf acting diagonally on the variables of f , one may assume the symmetry

groups that may interchanges different variables. The main examples are

f “ x41 ` x
4
2 ` x2, σ : px1, x2, x3q ÞÑ px2, x1, x3q (4.1)

when the polynomials in the ‘–decomposition get interchanged or

f “ x31x2 ` x
3
2x3 ` x

3
3x1, σ : px1, x2, x3q ÞÑ px2, x3, x1q (4.2)

with the group acting on the variables of just one loop type polynomial. Both directions are not yet

settled even on the level of the vector space isomorphisms.

Speaking about the nonabelian symmetry groups one assumes the action of G Ď S ˙ Gf , where

S Ď SN and fpu ¨ xq “ fpxq for any u P G. Let’s expand these words.

Any u P S ˙Gf can be written as a pair u “ σ ¨ g for some σ P S and g P Gf . Every such u acts

on CN by

u ¨ x “ σpg ¨ xq.

Namely, it first rescales x via the action of g and then permutes the coordinates of the rescaled vector

obtained. Note that for u1 “ σ1 ¨ g1 P S ˙Gf and u2 “ σ2 ¨ g2 P S ˙Gf we have

u1u2 “ σ1σ2 ¨
`

σ´1
2 pg1qg2

˘

,

where σ´1
2 pg1qg2 P Gf is obtained as a product of two Gf elements, the first σ´1

2 pg1q being obtained from

g1 via the action of the permutation σ´1
2 permuting the components of g1.

Mirror pairs

Mirror symmetry for nonabelian groups is still an open topic and there are just five papers from two

groups of people on this subject ([EGZ18, EGZ20, BI21, BI22], an example is computed in [PWW20]).

Currently, the candidates for the mirror pairs were proposed by Takahashi to be

pf, S ˙Gq and p rf, S ˙ rGq,

45
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where rf and rG are the BHH duals for G Ď Gf .

It’s not clear how far mirror symmetry should go. One should not also consider to be a good

practice a big goal to find a mirror symmetry even though there is none.

In particular, the leading researchers in this field Ebeling, Gusein–Zade and Takahashi, conjecture

that additional condition should hold in order for mirror symmetry to take place. They call it PC for

“parity condition”.

for any T Ď S holds dim
`

CN
˘T
” N mod 2. (PC)

In particular, S can only satisfy PC if S Ď AN . In [BI22] the authors gave more geometric reformulation

of PC.

Remark 4.1. In [BI21] the authors have found several examples of the mirror pairs, for which the vector

spaces mirror symmetry conjecture holds, but PC is not satisfied. The mirror maps in that cases became

in some sense “wild”. This is still an open question if such mirror pairs are the fluctuations of a small

dimension or not.

Remark 4.2. Note that one should still take S “ tidu Ă SN and get a diagonal symmetry group as

discussed in the previous chapters. Therefore working with the nonabelian symmetry groups one should

provide the mirror maps that are compatible with all the results obtained before.

The best result up to now concerning vector space mirror symmetry is Theorem 4.15 below. And

it only assumes the symmetries of f “ xn1 ` ¨ ¨ ¨ ` xnN for n “ N and prime N with G “ SLf . It will be

shown that no mirror symmetry should be expected for n ‰ N .

Exercise 4.3 (unresolved). Set up the vector spaces mirror symmetry for f “ xN1 `¨ ¨ ¨`x
N
N for non-prime

N or G different from SLf or J .

From now on to the end of the chapter assume

f “ xn1 ` ¨ ¨ ¨ ` x
n
N ,

with n,N P Zě2. In this chapter we also call the ‘ sum of several Fermat type polynomials to be of

Fermat type too

In order to work with the nonabelian symmetry groups one has to supply some reformulation of

the notation and objects of diagonal symmetry groups.

4.1 Preliminaries and notation

For any u P SN ˙Gf let λ1, . . . , λN P C be the eigenvalues of the linear transformation x ÞÑ ux. We may

assume λk “ expp2π
?
´1akq for some ak P QX r0, 1q. Denote:

agepuq :“
N
ÿ

k“1

ak.
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Then for the inverse element u´1 we have

agepuq ` agepu´1q “ N ´Nu “ du.

Assuming u as an element of GLN pCq set Fixpuq to be the eigenvalue 1 subspace of CN and Icu be

the set of all indices k, s.t. u ¨ xk ‰ xk. Decompose further

Fixpuq “ FixT puq ‘ FixEpuq

into a tautological fixed locus FixT puq :“ tx P CN | xj “ 0, j P Icuu and a eigen fixed locus FixEpuq.

Example 4.4. Consider a special cycle σg P SN ˙ Gf with σ “ pi1, . . . , ikq. Let g act trivially on xj

with j R ti1, . . . , iku.

For ζk “ expp2π
?
´1{kq consider the change of the variables

rxib :“
1

k

k
ÿ

a“1

ζ
p1´bqpa´1q
k rgiaxia , 1 ď b ď k,

with rgi1 :“ 1 and rgia :“ gi1 ¨ ¨ ¨ ¨ ¨ gia´1
for 1 ď a ď k. Then we have

σgprxibq “ ζb´1
k rxib .

In particular, the variable rxi1 is preserved by the action of σg. We have:

xia “
1

rgia

k
ÿ

b“1

ζ
pb´1qpa´1q
k rxib , 1 ď a ď k,

and also

fσg “ k ¨ rxni1 `
ÿ

lRti1,...,iku
1ďlďN

xnl .

We have

FixT ppσ, gqq “ tx P CN | xi1 “ ¨ ¨ ¨ “ xik “ 0u, (4.3)

FixEppσ, gqq “ tx P CN | xj “ 0, j R ti1, . . . , iku and xia “ t ¨ rg´1
ia
, t P Cu. (4.4)

For every xia , considered as a function of rx‚ we have

xi1 |Fixpσgq “ rgi2xi2 |Fixpσgq “ . . . “ rgikxik |Fixpσgq “ rxi1 |Fixpσgq , (4.5)

rxib |Fixpσgq “ 0 for b ą 1. (4.6)

From this we conclude t
`

rgipxip
˘q

u “ trxqi1u in Jacpfσgq.

In what follows denote

rxσg :“ rxi1 “
1

k

k
ÿ

a“1

rgiaxia .

Proposition 4.5. Restriction of f to Fixpuq, fu :“ f |Fixpuq is a Fermat type polynomial again or a

constant zero–function.
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Proof. We have fu “
`

f |FixEpuq
˘

|FixT puq. The polynomial f |FixEpuq is of Fermat type by the example

above and restricting to FixE one only sets some variables to be equal to zero, what does not spoil the

property of being of Fermat type.

Let σ “
śp
a“1 σa be the decomposition into the non–intersecting cycles. Denote by |σa| the length

of the cycle σa. We will also allow σa to be of length 1, so that we always have
řp
a“1 |σa| “ N . There exists

the unique set g1, . . . , gp of Gf–elements, s.t. ga acts non–trivially only on Icσa and σ ¨ g “
śp
a“1 σaga.

We call the product σ ¨ g “
śp
a“1 σaga generalized cycle decomposition of u.

Said differently, the GLN pCq–element u can be represented by a block–diagonal matrix with the

blocks given by the GL|σa|pCq–elements σaga.

A generalized cycle σaga is said to be special if detpgaq “ 1 and non–special otherwise. It is clear

that Fixpσagaq XCI
c
σaga “ 0 for a non–special cycle, where by CIcu we mean the subspace of CN spanned

by standard basis vectors with indices in Icu. For a special cycle we have dim Jacpfσaga |CI
c
σaga

q “ n´ 1.

Lemma 4.6. We have

(1) If u P Gf is a non–special cycle or u P Gd. Then FixEpuq “ 0.

(2) If u P Gf satisfies u “
śk
i“1pσi, giq for some non-intersecting cycles pσi, giq. Then

FixT puq “ Xki“1FixT ppσi, giqq and FixEpuq “ Yki“1FixEppσi, giqq.

Proof. 1) Let σ be of length k. Assumed as a GLN–element, u is given by a matrix that is the product of

the permutation matrix (fixed by σ) and the diagonal matrix, fixed by g. The characteristic polynomial

of u equals λk ´ detpgq. It follows that σg has the eigenvalue 1 if and only if g is special.

2) Decomposition into the non-intersecting cycles provides the decomposition of CN together with

the operator σg into the direct sums with the summand tx P CN | xj “ 0, j P Icσgu and the summands

on which one of the cycles of the decomposition act nontrivially.

Denote by tφpxqu the class of the polynomial φpxq in Jacpfσagaq. Let rxia be the σaga-invariant

linear combination of x‚ with indexes in Icσaga , s.t. Jacpfσaga |Icσaga q has the basis trxk‚u, k “ 0, . . . , n´ 2.

Set

A1σaga :“ xt1u, trxiau, . . . , trxn´2
ia

uyξωaga ,

B1σaga :“ xt1u, trxiau, . . . , trxn´2
ia

uyξσaga ,

where we denote by ξσaga the formal letter associated to σaga. The elements of B1σaga will be denoted by

tφpxquξσaga .

In particular, for ga “ id we have rxia “
ř

i xi where the summation is taken over i P Icσa . We

adopt the notation above for the non–special cycles too, assuming trx0iauξσaga “ t1uξσaga . For u P G with

generalized cycle decomposition u “
śp
a“1 σaga we have

A1f,u “
p
â

a“1

A1σaga B1f,u “
p
â

a“1

B1σaga .
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Fix ζn :“ expp2π
?
´1q{nq and tk P Gf with k “ 1, . . . , N by

tk : px1, . . . , xN q Ñ px1, . . . , ζnxk, . . . , xN q.

Then the Fermat type polynomial maximal diagonal symmetries group Gf is generated by t1, . . . , tN .

Denote also

SLf :“ tg P Gf | detpgq “ 1u , J :“ t1 ¨ ¨ ¨ tN , J “ xJy.

The groups S ˙ SLf and S ˙ J with S Ď SN will be in particular important in this paper.

4.1.1 The phase space

Consider the spaces

Atot :“
à

uPS˙Gf

A1f,u, Btot :“
à

uPS˙Gf

B1f,u.

We call its direct summands A1f,u and B1f,u the u-th sectors. The subspaces A1f,u and B1f,u are called

narrow sectors if Fixpuq “ 0 and broad sectors otherwise.

For any G Ď SN ˙ Gf we denote by Af,G and Bf,G the phase space of G, being the subspace of

Af,G and Btot respectively, defined as follows.

Let CG stand for the set of representatives of the conjugacy classes of G and Zpuq for the centralizer

of u. Denote

Af,G :“
à

uPCG

`

A1f,u
˘Zpuq

, Bf,G :“
à

uPCG

`

B1f,u
˘Zpuq

. (4.7)

The action of v P Zpuq on A1f,u and B1f,u is computed as follows.

Let λuk , λ
v
k be the eigenvalues of u and v computed in their common eigenvectors basis. For

Y “ tφpxquωu P A1f,u and v P Zpuq we have

v˚ pY q “
ź

k“1,...,N
λuk“1

λvk ¨ tφpv ¨ xquωu. (4.8)

For X “ tφpxquξu P B1f,u and v P Zpuq we have

v˚ pXq “
ź

k“1,...,N
λuk‰1

1

λvk
¨ tφpv ¨ xquξu. (4.9)

Remark 4.7. The G–action for the nonabelian groups is more complicated. For v P G we have

v˚ : B1f,u Ñ B1f,vuv´1 for any u P G. This is the reason why we have the sum over the conjugacy classes

in Eq. (4.7).

For any G1, G2 Ď SN ˙ Gf we have the natural inclusion i1 : B1f,G1
Ñ Btot and the projections

π2 : Btot Ñ B1f,G2
. In what follows we will consider the maps ψ : B1f,G1

Ñ B1f,G2
via the maps rψ : Btot Ñ

Btot by ψ :“ π2 ˝ rψ ˝ i1.

With respect to a generalized cycle decomposition u “
ś

a σaga we have the relation ξu “
śp
a“1 ξσaga between the generators of the different vector spaces Bf,G1 , Bf,G2 . This extends to the

product of arbitrary X1 “ tφ1uξu and X2 “ tφ2uξv assumed as Btot–elements by X1X2 :“ tφ1φ2uξuv

when Icu X I
c
v “ H

1.

1this should not be confused with the cup-product on Hochschild cohomology as in [?]
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4.2 Mirror map

In this section we define the mirror map τ : Btot Ñ Atot. It will be used later in Theorem 4.15 to set up

a mirror isomorphism. First consider the following examples.

4.2.1 Examples

Example 1 shows that there is no mirror map if N ‰ n. Example 2 considers the case when there is a

mirror map, interchanging broad and narrow sectors. Example 3 deals with the symmetry group that

does not satisfy PC condition of Ebeling–Gusein–Zade. Even though, the mirror map exists. Example 4

depicts the situation when mirror map exists but does not always interchange broad and narrow sectors

as it is for diagonal symmetry groups.

Examples 2 and 3 are the particular cases of Theorem 4.15 and Example 4 is the particular case

of Theorem 4.17.

In all the examples beneath we consider the groups G “ S ˙ SLf and rG “ S ˙ J with different

S Ď SN . There is a decomposition

Bf,S˙SLf “ BSL,d ‘ BSL,s, Af,S˙xJy “ AxJy,d ‘AxJy,s

for BSL,d and AJ ,d being the direct sums of all u–th sectors of Bf,S˙SLf and Af,S˙J , s.t. u P id ¨ SLf

and u P id ¨ J respectively.

Example 1: N “ 3 and n “ 4, S “ S3

We have

BS3˙SLf ,s “ C
A

tpx2 ´ x1q
2uξp1,2,3qt21t22t23 , tpx1 ` x2 ` x3q

2uξp1,2,3q

E

, (4.10)

AS3˙J ,s “ C
@

tpx1 ` x2 ` x3q
2uωp1,2,3q

D

(4.11)

showing that there is no mirror map between Bf,S3˙SLf and Af,S3˙J when N ‰ n.

Example 2: N “ n “ 5 and S “ xp1, 2qp3, 4qy Ă S5

Denote

φa,b,cpxq :“ px1 ` x2q
apx3 ` x4q

bxc5, a, b, c ě 0. (4.12)

We have

AJ ,s “
4
à

k“1

Cxωp1,2qp3,4qJky
à

a`b`c“2
or a`b`c“7

Cxtφa,b,cuωp1,2qp3,4qy, (4.13)

BSL,s “
à

a`b“2
or a`b“7

Cxtφa,a,buξp1,2qp3,4qy
4
à

a,b“1
a`b‰0

Cxξ
p1,2qp3,4qta1 t

b
3t

5´a´b
5

y. (4.14)
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The vector space isomorphism Bf,S˙SLf Ñ Af,S˙J is

tHkuξid ÞÑ ωJk´1 , (4.15)

ξp1,2qp3,4qta1 tb4tc5 ÞÑ tφa´1,b´1,c´1uωp1,2qp3,4q (4.16)

tφa,a,cuξp1,2qp3,4q ÞÑ ωp1,2qp3,4qJc´1 . (4.17)

This map interchanges bidegree p1, 2q classes with bidegree p1, 1q classes and bidegree p2, 1q classes with

bidegree p2, 2q classes.

The group considered can be diagonalized, however this requires also the change of the polynomial

f so that we will not have the relation rf “ f any more.

Example 3: N “ n “ 5, S “ xp1, 2, 3q, p1, 2qy Ă S5

Denote

φa,b,cpxq :“ px1 ` x2 ` x3q
axb4x

c
5, a, b, c ě 0. (4.18)

We have

AJ ,s “
4
à

k“1

Cxωp1,2,3qJky
à

a`b`c“2
or a`b`c“7

Cxtφa,b,cuωp1,2,3qy, (4.19)

BSL,s “
à

a`b“2
or a`b“7

Cxtφa,b,buξp1,2,3qy
4
à

a,b“1
a`b‰0

Cxξ
p1,2,3qt5´a´b1 ta4 t

b
5
y. (4.20)

The vector space isomorphism Bf,S˙SLf Ñ Af,S˙J is

tHkuξid ÞÑ ωJk´1 , (4.21)

ξp1,2,3qta1 tb4tc5 ÞÑ tφa´1,b´1,c´1uωp1,2,3q (4.22)

tφa,b,buξp1,2,3q ÞÑ ωp1,2,3qJb´1 . (4.23)

This map interchanges bidegree p1, 2q classes with bidegree p1, 1q classes and bidegree p2, 1q classes with

bidegree p2, 2q classes.

Example 4: N “ n “ 5, S “ S5

Denote

φa,b,cpxq :“ px1 ` x2 ` x3q
apxb4x

c
5 ` x

c
4x
b
5q,

ψa,bpxq :“ px1 ` x2 ` x3q
apx4x5q

b.

We have AJ ,s “ Ap1qJ ,s ‘Ap2qJ ,s, BSL,s “ Bp1qSL,s ‘ Bp2qSL,s with

Ap1qJ ,s “ Cxtφ0,0,2uωp1,2,3q, tφ1,0,1uωp1,2,3q, tφ2,2,3uωp1,2,3q, tφ3,1,3uωp1,2,3qy, (4.24)

Ap2qJ ,s “ Cxtψ0,1uωp1,2,3q, tψ1,3uωp1,2,3q, tψ2,0uωp1,2,3q, tψ3,2uωp1,2,3qy, (4.25)

Bp1qSL,s “ Cxξp1,2,3qt1t4t35 , ξp1,2,3qt21t4t25 , ξp1,2,3qt31t34t45 , ξp1,2,3qt41t24t45y (4.26)

Bp2qSL,s “ Cxtψ0,1uξp1,2,3q, tψ1,3uξp1,2,3q, tψ2,0uξp1,2,3q, tψ3,2uξp1,2,3qy. (4.27)
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We see that AJ ,d contains only narrow sectors, AJ ,s only broad sectors. BSL,d contains only broad

sectors while BSL,s is a direct sum of both broad and narrow sectors.

It’s easy to guess the vector space isomorphism Bf,S5˙SLf Ñ Af,S5˙J in this case.

tHkuξid ÞÑ ωJk´1 , (4.28)

ξp1,2,3qta1 tb4tc5 ÞÑ tφa´1,b´1,c´1uωp1,2,3q (4.29)

tψa,buξp1,2,3q ÞÑ tψa,buωp1,2,3q (4.30)

The first two lines of it interchange degree p1, 2q and p2, 1q classes with the degree p1, 1q and p2, 2q classes

respectively. However the last line sets up the isomorphism Ap2qJ ,s Ñ Bp2qSL,s mapping the degree p1, 1q and

p2, 2q classes to the degree p1, 1q and p2, 2q classes again.

4.2.2 Definition of the mirror map

For any u P S˙Gf let u “
śp
a“1 σaga be its generalized cycle decomposition. Arbitrary element X P B1f,u

reads

X “

p
ź

a“1

trxraia uξσaga .

with ra “ 0 if σaga is non–special and 0 ď ra ď N ´ 2 if σaga is special.

Set

τ pXq :“
p
ź

a“1

τ
`

trxraia uξσaga
˘

for the product on the right hand side understood in the sense of Section 4.1. The map τ is defined on

the generalized cycles as follows.

Case 1: u “ σ1 ¨ g1 is a non–special cycle

Assume g1 “
ś

p t
d1,p
p with p running over Icg1 . Denote d1 :“

ř

p d1,p mod N with 1 ď d1 ď N . Set

τpξσ1¨g1q :“ trxd1´1
i1

u ¨ ωσ1 . (4.31)

Case 2: u “ σ1 ¨ g1 is a special cycle

For any 0 ď r1 ď N ´ 2 set

τptrxr1i1 uξσ1¨g1q :“ ωσ1¨h (4.32)

for h :“ p
ś

a taq
k1 with a running over Icσ1

and k1 P 1, . . . , N ´ 1, the unique integer, s.t. r1 ` 1 ” k1|σ1|

modulo N .

4.2.3 Mirror map of Krawitz

The mirror map τ generalizes the mirror map of Krawitz (see ). Namely τKr : Bf,SLf Ñ Af,J by the

following rule
p
ź

a“1

xrpp ξid ÞÑ ωśp
a“1 t

rp`1
p

, ξśp
a“1 t

dp
p
ÞÑ

p
ź

a“1

xdp´1
p ωid
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Let’s see that our mirror map coincides with the mirror maps of Krawitz on B1f,u, s.t. u “ id ¨ g. The

generalized cycle decomposition of such elements is given by u “
śN
a“1paqt

da
a for g “

ś

tdaa . We have

xa “ rxa if da ” 0.

When g “ id we have

τp
p
ź

a“1

txraa uξidq “
p
ź

a“1

τptrxraa uξidq “
p
ź

a“1

´

t1uωtra`1
a

¯

“ t1uωśp
a“1 t

ra`1
a

. (4.33)

For da ‰ 0 for all a we have

τpt1uξśp
a“1 t

da
a
q “

p
ź

a“1

τpt1uωtdaa q “
p
ź

a“1

trxda´1
a uωid. (4.34)

4.3 The vector space structure

In this section consider prime N “ n and arbitrary S Ď SN . The aim of this section is to describe the

structure of the vector spaces Bf,S˙SLf and BS˙J .

According to the definition, we should consider the sets of representatives of the conjugacy classes

CS˙SLf and CS˙J . Let CS be some set of representatives of the conjugacy classes of S. We have

CS˙J “ tσ ¨ Jk | σ P CS , k “ 0, . . . , N ´ 1u.

The map S ˙ SLf Ñ S is compatible with the conjugation action. We chose representatives in

CS˙SLf in a way compatible with the choice of CS . The set CS˙SLf is described in Proposition 4.10 below.

Concerning the bases of Bf,S˙SLf , Bf,S˙J we show the following proposition.

Proposition 4.8.

(A). The basis of Bf,S˙SLf can be chosen to consists of narrow vectors
ś

a ξσatdaia
and broad vectors

ś

atrxraia uξσa ,

(B). The basis of Af,S˙J can be chosen to consists of narrow vectors
ś

a ωσaJq and broad vectors
ś

atrxraia uωσa ,

with 0 ď ra ď N ´ 2, 1 ď da ď N ´ 1 and 1 ď q ď N ´ 1 in both cases.

Note that this proposition does not guarantee that all vectors of the form given do appear in the

bases of Bf,S˙SLf and Af,S˙J . The proof is given in the following sections beneath.

4.3.1 The group G “ S ˙ SLf

Proposition 4.9. For any g P SLf and length N cycle σ we have
´

B1f,σ¨g
¯Zpσ¨gq

“ 0.

Proof. The element σ ¨ g is special with 1–dimensional fixed locus. We have B1f,σ¨g – Cxtrxp1uξσ¨gy for

p “ 0, . . . , N ´ 2. We also have J P G and J P Zpσ ¨ gq. The action of J gives

J˚ ptrxp1uξσ¨gq “ ζp`1
N ¨ trxp1uξσ¨g,
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because detpJq “ 1. The vector assumed is invariant under the action J if and only if p` 1 ” 0 mod N ,

what never holds for the range of p given.

In the obvious way one gets that for a length N´1 cycle σ, an element σ ¨g is conjugate to σ ¨td1i1 t
d2
i2

in the group G for d1 ` d2 ” 0 mod N and i1 P I
c
σ, i2 R I

c
σ. This can be generalized to the following

statement.

Proposition 4.10. Let u “ σ ¨ g P G be an element with the cycle decomposition σ “
ś

a σa. Let ia be

the first index of Icσa . Then for some da P Z, u is conjugate to
ś

a σat
da
ia

in the group G.

Proof. It is sufficient to consider the case, when σ “ pi1, i2, . . . , ipq is a single cycle and g “ t
di1
i1
t
di2
i2

. . . t
dip
ip

.

It is also sufficient to consider the bigger group S ˙ Gdf , since it is generated by its center and G. Now

we can conjugate by h “ t
di2`di3`...`dip
i2

t
di3`...`dip
i3

. . . t
dip
ip

to get the desired result.

The following corollary makes a clear distinction between broad and narrow sectors for the group

S ˙ SLf .

Corollary 4.11. Let X P BS˙SLf be a non–zero element with X “ tφpxquξu, then tφpxqu is non–constant

only if u is conjugate to
ś

a σa.

In particular for every such X, the conjugacy class of u contains exactly one v “ wuw´1, s.t.

tφpw ¨ xquξv P BS.

Proof. Put u “ σg with σ P S, g P Gd. If tφpxqu is non constant, then at least one of the cycles of σ is

special. Let it be σ1. Assume further, that there is a nonspecial cycle σ2 in the cycle decomposition of σ.

Let d be such that |σ1| ` d|σ2| ” 0 mod N . Consider the element h “ p
ś

i tiqp
ś

j tjq
d P SLf with

i running over Icσ1
and j running over Icσ2

. Then h commutes with u. We have h˚tx̃ri1uξu “ ζr`1
N ξu. Since,

h fixes other variables and r varies between 0 and n´2, there are no invariant elements in the sector.

This completes proof of Proposition 4.8, case (A).

Remark 4.12. The conjugacy classes of SN are indexed by the partitions of N . In particular, any length

N–cycle of SN is conjugate to σ “ p1, 2, . . . , Nq. We conclude that the representatives of the conjugacy

classes of SN ˙ SLf are given by two partitions of n “ N of the same length. The first one being given

by the cycle type of σ and the second by the set of exponents d‚.

4.3.2 The group rG “ S ˙ xJy

Let u “ σ ¨ Jq and σ “
śp
a“1 σa be the cycle decomposition. If q ” 0, all σa are special. If q ı 0, for

n “ N being a prime number, either p “ 1 and σ “ σ1 is special again, or all σa are non–special.

For the group assumed J P Zpuq. Consider the action of this element on A1f,u.
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Assume X “ tφpxquωσ¨J0 and Y “ ωσ1¨Jq with some q ı 0. Up to a constant multiple we have for

some 0 ď ra ď N ´ 2

X “

p
ź

a“1

trxraia uωσa giving J˚ pXq “ ζ
ř

apra`1q
N ¨X, (4.35)

Y “ trxr1i1 uωσ1Jq giving J˚ pY q “ ζr1`1
N ¨ Y (4.36)

Therefore X is only J–invariant if
ř

apra ` 1q P NZ and Y is not ever J–invariant.

Similarly we have that ωσ¨Jq is J–invariant for any q ı 0.

This gives the following proposition beneath and completes proof of Proposition 4.8, case (B).

Proposition 4.13. Consider X :“ tφpxquωσ¨g P A1S˙xJy. Assume X to be xJy–invariant. Then either

tφpxqu is a constant or g “ id.

4.3.3 Symmetric group action

For any u “ σ ¨ g P G Ď SN ˙Gf we have u P Zpuq and for any X “ tφpxquξu we have tφpu ¨xqu “ tφpxqu.

However the action of u on the generator ξu is not necessarily trivial. It was proved in Corollary 39 of

[?], or can be deduced from Eq. (4.9), that we have

u˚ pξuq “ p´1qsgnpσqξu.

Consider the xuy–invariant subspace of B1f,u.

`

B1f,u
˘xuy

“ 0 if σ is odd and
`

B1f,u
˘xuy

“ B1f,u otherwise. (4.37)

Due to this reason no sector of u “ σ ¨ g with σ odd appears in Bf,G. However such elements u, if

they exist in the group, can still affect the conjugacy classes decomposition and also the centralizers of

the other group elements, contributing non–trivially to Bf,G.

In the following proposition we consider group–action approach to the parity condition of Ebeling–

Gusein-Zade.

Proposition 4.14. Let u, v P AN be even commuting permutations. For T :“ xu, vy we have.

� PC holds for T if and only if u˚pξvq “ ξv and v˚pξuq “ ξu,

� if PC doesn’t hold for T we have u˚pξvq “ ´ξv or v˚pξuq “ ´ξu.

Proof. Let u and v share a common eigenbasis rx1, . . . , rxN . Let uprxkq “ λ1krxk and vprxkq “ λ2krxk. Assume

also λ11 “ ¨ ¨ ¨ “ λ1p “ 1 and λ21 “ ¨ ¨ ¨ “ λ2q “ 1. We have

v˚ pξuq “
1

λ1p`1 ¨ ¨ ¨λ
1
N

ξu “
1

λ1p`1 ¨ ¨ ¨λ
1
N

ξu q ď p (4.38)

v˚ pξuq “
1

λ1q`1 ¨ ¨ ¨λ
1
N

ξu “
λ1p`1 ¨ ¨ ¨λ

1
q

λ1p`1 ¨ ¨ ¨λ
1
N

ξu q ą p. (4.39)

It follows that for both cases

v˚ pξuq “
λ11 ¨ ¨ ¨λ

1
q

detpvq
ξu “

detpv|Fixpuqq

detpvq
ξu, (4.40)
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where v|Fixpuq stands for the restriction of v to the fixed locus of u. Assume q ą p. The action of v on

Fixpuq is given by a permutation of the set t1, . . . , qu. Therefore both determinants assumed are either

`1 or ´1. We have

detpvq “ p´1qN´dimFixpvq, detpv|Fixpuqq “ p´1qdimFixpuq´dimFixpvq.

This completes the proof.

4.4 Mirror isomorphism

We have seen in Example 1 of Section 4.2.1 that the condition N “ n is necessary for mirror symmetry

to hold. Assume it to hold true. Assume further N to be prime. Fix some S Ď SN .

Let G Ă S ˙Gf . We call u–th sector of Bf,G stable if

σ˚pξuq “ ξu for any σ P Zpuq X S Ă G (4.41)

and the u–th sector of Af,G stable if

σ˚pωuq “ ωu for any σ P Zpuq X S Ă G. (4.42)

Denote by Astable
f,G Ď Af,G and Bstablef,G Ď Bf,G the direct sum of all stable sectors Af,u and Bf,u

respectively. It’s important to note that our stability property considers the generator of the u–th sector

rather than an arbitrary element tφpxquξu of it.

In particular according to Proposition 4.14, we have Bstablef,G “ Bf,G if S satisfies (PC) of Ebeling–

Gusein-Zade. The converse is not true. In particular these vector spaces coincide in Examples 2 and 3

of Section 4.2.1. In the case of Example 4 we have Bstablef,G “ BG,d ‘ Bp1qG,s Ĺ Bf,G.

Theorem 4.15. The map τ establishes an isomorphism Bstablef,S˙SLf
Ñ Astable

f,S˙J . Under this isomorphism

we have qlpXq “ qlpτpXqq and qrpXq “ N ´ 2´ qrpτpXqq for any homogeneous X P Bstablef,S˙SLf
.

Proof. See Sections 4.4.1 and 4.4.2 for the first claim and Section 4.4.3 for the second claim.

To show Theorem 4.15 we need to consider the action of the centralizers of the elements u “ σg P

S ˙ SLf and v “ σJk P S ˙ J with the same σ P S.

4.4.1 Narrow sectors

Let u P S ˙ SLf be s.t. u–th sector is stable and narrow. Assume u to be decomposed into generalized

cycles as u “
śp
a“1 σat

da
ia

. Let Y :“ ξu P B1f,S˙SLf
. Then X :“ τpY q “

ś

atrxda´1
ia

uωσa P A1f,S˙J .

As u-th sector is narrow, any v P Zpuq Ă S ˙ SLf gives v˚pY q “ pdetpvqq´1Y “ Y and we know

that Y is non–zero in Bf,S˙SLf . We show that X is non–zero in Af,S˙J too.

The centralizer Zp
ś

a σaq Ă S ˙ J is generated by the element J and all permutations σ1 P S,

commuting with
ś

a σa. We have that J˚pXq “ X if and only if
ř

a da ” 0 modulo N , what is equivalent

to the condition
ś

a t
da
ia
P SLf . The action of σ1 is trivial on X because the u–th sector is stable.
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4.4.2 Broad sectors

Let u P S ˙ SLf be s.t. u–th sector is stable and broad. Assume u to be decomposed into generalized

cycles as u “
śp
a“1 σa. Take X :“

ś

atrxda´1
ia

uξσa P B1f,S˙SLf
.

Proposition 4.16. Let X “
śp
a“1trxraia uξσa be non–zero in Bf,S˙SLf . Let k1, . . . , kp be as in Section 4.2.2.

Then ka “ kb for all 1 ď a, b ď p.

Proof. Take a “ 1 and b “ 2. Let g1 :“ p
ś

aPIcσ1
taq

α and g2 :“ p
ś

aPIcσ2
taq

β . Then for α|σ1| ` β|σ2| ” 0

modulo N we have v :“ g1g2 P Zp
ś

a σaq Ă S ˙ SLf .

We have v˚pXq “ λr1`1
1 λr2`1

2 ¨X with λ1 “ ζαN , λ2 “ ζβN . We conclude that X is invariant w.r.t.

v if and only if pr1 ` 1qα` pr2 ` 1qβ ” 0. For N being prime this holds for α and β assumed if and only

if k1 ” k2.

It follows by the proposition above that Y :“ τpXq “ ωσaJk P B1f,S˙J is well–defined. We have

J˚pY q “ detpJq´1Y “ Y and it remains to consider the action of symmetric part elements on both X

and Y . Every S–element σ1 P Zp
ś

a σaJ
kq Ă S ˙ J gives pσ1q˚Y “ detpσ1q´1Y “ Y . At the same time

we have σ1 P Zpuq and pσ1q˚X “ X because the sector is stable.

4.4.3 Bidegree

Let X “ ξu P Btot with narrow u “
śp
a“1 σaga. Set Y :“ τpXq P Atot. Let d1, . . . , dp be the exponents

associated to g1, . . . , gp as in Section 4.2.2. We have

qlpY q “ qrpY q “
p
ÿ

a“1

da ´ 1

N
`
N ´ p

2
´
N ´ p

N
“

p
ÿ

a“1

da
N
´ 1`

N ´ p

2
, (4.43)

qlpXq “
N ´ p

2
`

p
ÿ

a“1

da
N
´ 1, qrpXq “

N ` p

2
´

p
ÿ

a“1

da
N
´ 1. (4.44)

This gives the desired statement for the map τ , sending narrow sector X P B1f,S˙SLf
to Y “ τpXq P

A1f,S˙J .

Because τ is involutive, this also approves the case when τ maps a broad sector element of B1f,S˙SLf

to a narrow element of A1f,S˙J . However we find it useful to provide the full prove in this case too.

Let X “
śp
a“1txraia uξσa and Y :“ τpXq “

śp
a“1 ωσaJk . According to the definition of the mirror

map we have for some la ě 0 that ra ` 1 “ k ¨ |σa| ´ laN . Moreover we can assume la ă |σa| due to our

assumptions on k and ra.

We have

qlpXq “ qrpXq “

řp
a“1 ra
N

`
N ´ p

2
´
N ´ p

N
“

řp
a“1pra ` 1q

N
´ 1`

N ´ p

2
.

The bigrading of Y has more complicated expression. The eigenvalues of
śp
a“1 σaJ

k are

λa,q :“ expp2π
?
´1

ˆ

q

|σa|
`
k

N

˙

q
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for a “ 1, . . . , p and q “ 1, . . . , |σa|. To compute agep
ś

a σaJ
kq note that that the expression in the

brackets is not always smaller than 1. We have

λa,q :“ expp
2π
?
´1

|σa|

ˆ

q ` la `
ra ` 1

N

˙

q.

Because ra ` 1 ď N ´ 1, we conclude that there are exactly la values of q, s.t. the expression inside

brackets is greater of equal to |σa|. This gives

agep
ź

a

σaJ
kq “

p
ÿ

a“1

¨

˝

|σa|
ÿ

q“1

q

|σa|
` |σa|

k

N
´ la

˛

‚“

p
ÿ

a“1

ˆ

|σa| ´ 1

2
`
k|σa|

N
´ la

˙

. (4.45)

Summing up we have qlpY q “
N´p
2 ` k ´

řp
a“1 la ´ 1 “ qlpXq. It’s easy to see that N ´ 2 “

qlpY q ` qrpY q, what finishes the proof.

4.5 Mirror map for Fermat quintic

The purpose of this section is to prove the following theorem.

Theorem 4.17. For N “ 5 there is a vector space isomorphism Bf,S˙SLf Ñ Af,S˙J .

Corollary 4.18. Denote hp,qSL :“ hp,qpf, S ˙ SLq and hp,qJ :“ hp,qpf, S ˙ J q. We have

h1,1SL ` h
2,1
SL “ h1,1J ` h2,1J .

Proof. In both spaces the subspaces of p0, 0q, p3, 3q, p3, 0q and p0, 3q classes are all 1–dimensional. Both

Bf,S˙SL and Af,S˙J have a pairing, respecting the bidegree (cf. Theorem 32 of [?]). The statement

follows now from the equality of the dimensions of Bf,S˙SL and Af,S˙J .

The proof of the theorem above occupies the rest of this section.

To show the theorem we first need to redefine the mirror map.

4.5.1 Definition

As in general case set pτ pXq :“
śp
a“1 pτ

`

trxraia uξσaga
˘

for X “
śp
a“1trxraia uξσaga . We (re)define pτ on the

generalized cycles.

Case 1: u “ σ1 ¨ g1 is a non–special cycle

Assume also g “
ś

p t
d1,p
p with p running over Icg . Denote d1 :“

ř

p d1,p mod N with 1 ď d1 ď N ´ 1.

pτpξσ¨gq :“ pτ1pξσ¨gq ` pτ2pξσ¨gq, (4.46)

for pτ1pξσ¨gq :“ trxd1´1
1 u ¨ ωσ, pτ2pξσ¨gq :“ ωσ¨h, (4.47)

for h “ p
ś

a taq
k1 and k1 P 1, . . . , N ´ 1, the unique integer, s.t. d1 ” k1|σ| modulo N .
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Case 2: u “ σ ¨ g is a special cycle

We have necessarily g “ id or σ “ id. For any 0 ď r1 ď N ´ 2 set

pτptrxr1i1 uξσ¨gq :“ ´pτ3ptrx
r1
i1

uξσ¨gq ` pτ4ptrx
r1
i1

uξσ¨gq, (4.48)

for pτ3ptrx
r1
i1

uξσ¨gq :“ trxr1i1 uωσ¨g, pτ4ptrx
r1
i1

uξσ¨gq :“ ωσ¨h, (4.49)

with h :“ p
ś

a taq
k1 and k1 P 1, . . . , N ´ 1, the unique integer, s.t. r1 ` 1 ” k1|σ| modulo N .

4.5.2 The properties of pτ

The map pτ mixes up the special and non–special generators ξσaga . However we have in Bf,S˙SLf and

Bf,S˙J only broad or narrow elements. It’s easy to check that the map pτ still generalizes the mirror map

of Krawitz.

Proposition 4.19. For G being SLf or J , let X,Y P B1S˙G be narrow and broad basis elements respec-

tively. We have in A1f,S˙G

pτpXq “ pτ1pXq ` pτ2pXq, pτpY q “ ´pτ3pY q ` pτ4pY q. (4.50)

Proof. This follows immediately from Proposition 4.8.

The following proposition considers the elements for which both pτ1 ‰ 0, pτ2 ‰ 0 or both pτ3 ‰ 0,pτ4 ‰

0.

Proposition 4.20. Let Y :“ ξv be a non–zero narrow element of Bf,S˙SLf . We have

(A) both pτ1pY q ‰ 0 and pτ2pY q ‰ 0 in Af,S˙xJy if and only if DX narrow non-zero in Bf,S˙SLf , s.t.

pτ1pY q “ pτ3pXq and pτ2pY q “ pτ4pXq.

(B) define the following C–linear map K : Bf,S˙SLf Ñ Bf,S˙SLf . Let it act by

KpXq :“ Y and KpY q :“ ´X

on X and Y as in (A) above and act by identity otherwise. Then the map

rτ :“
1

2
ppτ ˝K ` pτq

maps the basis elements of Bf,S˙SLf to the basis elements of Af,S˙xJy.

Proof.

(A). Assume pτ1pY q ‰ 0, pτ2pY q ‰ 0 and v “ σ ¨ g. Let σ “
śp
a“1 σa be the cycle decomposition.

Set X :“ pτ1pY q. By the construction X P A1f,u with u “ σ. For da as in Section 4.2.2 we have

X “
śp
a“1txda´1

ia
uωu. Let ka|σa| “ da mod N . Because pτ2pY q ‰ 0, we have that k1 “ ¨ ¨ ¨ “ kp :“ κ.

To show that X is non–zero in Bf,S˙SLf , consider the centralizer Zpuq in S˙xJy. It’s generated by

the permutations σ1 P S, commuting with σ and also the diagonal element J . In S ˙ SLf the centralizer

Zpvq is generated by the same set of σ1 P S as above and also the diagonal elements h P SLf commuting
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with σ. Denote Ja :“
ś

i ti with i P Icσa . Then for some l1, . . . , lp we have h “
śp
a“1 J

la
a . By Eq. (4.9)

we have

h˚ pXq “
p
ź

a“1

ζladaN ¨X.

Using the κ above, modulo N we have
řp
a“1 lada ” κ p

řp
a“1 la|σa|q ” 0 because h P SLf .

The action of σ1 considered is the same on X both considered in B1f,S˙SLf
and A1f,S˙xJy. It is

trivial because non–special pτ2pY q also has σ1 in it’s centralizer and is non–zero.

For pτ3pXq ‰ 0, pτ4pXq ‰ 0. Set Y :“ pτ4pXq. This case is treated completely similarly.

(B). The statement is obvious for X and Y , s.t. pτ1pXq, pτ2pXq and pτ3pY q, pτ4pY q are not simultaneously

non–zero. If this doesn’t hold, by case (A) above we have rτpY q “ pτ1pY q and rτpXq “ pτ4pXq.

Proposition 4.21. The map rτ is an isomorphism for N “ 5.

Proof. Let’s follow the steps of Section 4.4. Let X,Y be non–zero broad and narrow elements of Bf,S˙SLf

respectively. By using Proposition 4.20 (B) it’s enough to show that for non–zero X,Y we have pτ1pY q,

pτ2pY q are not simultaneously zero and pτ3pXq, pτ4pXq are not simultaneously zero. Moreover it’s enough

to consider the action of the symmetric part elements σ1 P S on both sides.

Assume pτ1pY q “ 0 in Af,S˙J . Then there is σ1 P ZpY q, s.t. σ1 P Zppτ1pY qq and pσ1q˚ppτ1pY qq “

´pτ1pY q. In this case we should have σ “ pi, jqpk, lq for some pairwise distinct 1 ď i, j, k, l ď 5. Without

loss of generality assume ti, j, k, lu “ t1, 2, 3, 4u. Then we should have u “ σg “ p1, 2qp3, 4qtd1t
d
3t
´2d
5 .

Then we have pτ2pY q “ ξσJ´2d that is non–zero in Af,S˙J . The case of pτ4pXq “ 0 in Af,S˙J is treated

completely similarly.

4.5.3 Examples

We follow the notation of Section 4.2.1. In particular, we make use of the spaces BSL,s and BJ ,s.

Case 1: Klein 4–group

Consider S “ xσ1, σ2y Ă S5 with σ1 :“ p1, 2qp3, 4q, σ2 :“ p1, 3qp2, 4q. Define also σ3 :“ σ1σ2. The spaces

BSL,s and AJ ,s are 24–dimensional. Let

φ
p1q
a,b,c :“

`

px1 ` x2q
apx3 ` x4q

b ´ px1 ` x2q
bpx3 ` x4q

a
˘

xc5, (4.51)

φ
p2q
a,b,c :“

`

px1 ` x3q
apx2 ` x4q

b ´ px1 ` x3q
bpx2 ` x4q

a
˘

xc5, (4.52)

φ
p3q
a,b,c :“

`

px1 ` x4q
apx2 ` x3q

b ´ px1 ` x4q
bpx2 ` x3q

a
˘

xc5. (4.53)

We have

BSL,s “
à

a,b“1,...,4
aďb

Cxξσ1ta1 t
b
3t

5´a´b
5

y
à

a,b“1,...,4
aďb

Cxξσ2ta1 t
b
2t

5´a´b
5

y
à

a,b“1,...,4
aďb

Cxξσ3ta1 t
b
4t

5´a´b
5

y. (4.54)

AJ ,s “
3
à

k“1

4
à

a“1

CxωσkJay
3
à

k“1

Cxφpkq1,0,1ωσk , φ
pkq
2,0,0ωσk , φ

pkq
3,1,3ωσk , φ

pkq
3,2,2ωσky. (4.55)
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The point that the polynomials φ
pkq
a,b,c are skew-symmetric w.r.t. action of σl with l ‰ k reflects the fact

that σ˚l pξσkq “ ´ξσk .

Because BSL,s only contains broad sectors, we should only consider the maps rτ1 and rτ2. One

computes

pτ1pξσ1ta1 t
b
3t
c
5
q “

$

&

%

φ
p1q
a´1,b´1,c´1 if a ‰ b,

0 if a “ b.
pτ2pξσ1ta1 t

b
3t
c
5
q “

$

&

%

0 if a ‰ b,

ωσ1Jc`1 if a “ b.
(4.56)

The last equality looks to be mysterious because it only depends on c. However, the mystery is resolved

by the fact that we have coincidence of the indices a, b in this case and a, b, c are all connected by the

degree condition.

In this example the map K appeared to be identity and rτ “ pτ .

Case 2: S – S3 ˆ S2

Consider S “ xp1, 2, 3q, p1, 2q, p4, 5qy Ă S5. The spaces BSL,s and AJ ,s are 8–dimensional. Let

φa,b,c :“ px1 ` x2 ` x3q
apxb4x

c
5 ` x

c
4x
b
5q. (4.57)

We have

BSL,s “ Cxξp1,2,3qt1t4t35 , ξp1,2,3qt21t4t25 , ξp1,2,3qt31t34t45 , ξp1,2,3qt41t24t45y (4.58)
à

Cxtφ0,1,1uξp1,2,3q, tφ2,0,0uξp1,2,3q, tφ3,2,2uξp1,2,3q, tφ1,3,3uξp1,2,3qy. (4.59)

AJ ,s “
à

Cxtφ0,0,2uωp1,2,3q, tφ1,0,1uωp1,2,3q, tφ2,2,3uωp1,2,3q, tφ3,1,3uξp1,2,3qy (4.60)
à

Cxtφ0,1,1uωp1,2,3q, tφ2,0,0uωp1,2,3q, tφ3,2,2uωp1,2,3q, tφ1,3,3uωp1,2,3qy. (4.61)

The mirror map gives

pτ3ptφa,b,cuξp1,2,3qq “ tφa,b,cuωp1,2,3q, pτ4ptφa,b,cuξp1,2,3qq “ 0, b ‰ c, (4.62)

pτ1pξp1,2,3qta1 tb4tc5q “ tφa´1,b´1,c´1uωp1,2,3q, pτ2pξp1,2,3qta1 tb4tc5q “ 0. (4.63)

In this example the map K appeared to be identity and rτ “ pτ .

Case 3: S – S3 revisited

To illustrate how the map K works, consider S :“ xp1, 2, 3q, p1, 2qy as in Example 3 of Section 4.2.1. We

have

pτptHkuξidq “ ωJk´1 , (4.64)

pτpξp1,2,3qta1 tb4tc5q “ tφa´1,b´1,c´1uωp1,2,3q, if b ‰ c, (4.65)

pτpξp1,2,3qta1 tb4tb5q “ tφa´1,b´1,b´1uωp1,2,3q ` ωp1,2,3qJb , (4.66)

pτptφa,b,buξp1,2,3qq “ ´tφa,b,buωp1,2,3q ` ωp1,2,3qJb´1 . (4.67)

Then Kpξp1,2,3qta1 tb4tb5q “ ´tφa´1,b´1,b´1uξp1,2,3q, Kptφa,b,buξp1,2,3qq “ ξp1,2,3qta1 tb4tb5 and K “ id on all the

other basis vectors.
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4.6 Learn more

This is exactly the bigrading introduced in [?, IV90].



Chapter 5

Notations

Throughout the text we keep the notation.

� µ – the Milnor number,

� x :“ px1, . . . , xN q — a point in CN ,

� N — number of the complex variables xi, i “ 1, . . . , N .

� e rαs :“ expp2π
?
´1αq for any α P Q.
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14.2 (1971): 123-142.

[S82] K. Saito, Primitive forms for a universal unfolding of a function with an isolated critical point, J

MATH SCI-U TOKYO. IA Math. 28 (1982), no. 3, 775–792.

[S83] K. Saito, Period mapping associated to a primitive form, PUBL RIMS, 19 (1983) 1231–1264.

[ST08] K. Saito and A. Takahashi: From Primitive Forms to Frobenius manifolds, P SYMP PURE

MATH, 78 (2008) 31–48.

[S20] D. Shklyarov, On Hochschild invariants of Landau–Ginzburg orbifolds, Advances in Theoretical and

Mathematical Physics, Vol. 24, pp. 189–258 (2020).

[V89] Vafa, Cumrun. String vacua and orbifoldized LG models. Modern Physics Letters A 4.12 pp. 1169–

1185 (1989).

[W93] Witten E. Phases of N= 2 theories in two dimensions. Nuclear Physics B. Aug 16;403(1-2):159–222

(1993).
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