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0.1 Complete agreements on subgame perfect equilibria un-

der priority to the agreement.

For complete agreements the equivalence between self-enforceability under priority to
the agreement and under priority to rationality does not hold. When the epistemic
priority falls on the agreement, a "strict" SPE is self-enforcing. I say that an equi-
librium s € S is strict when for every i € I, r;(s—;) € S;({(s)). Strictness yields
self-enforceability on top of credibility (of the whole agreement; the path agreement

credibility test can give negative response).

Proposition 1 Fiz a strict SPE s € S of a game with observable actions.! The

corresponding complete agreement is self-enforcing under priority to the agreement.

Proof:

For every i € I and p; € AY, p;(s_;|h°) = 1, hence p(u;) C 7(s_;) C Si(¢(s))
by strictness. So Sfh. C S}?Ae C Si(¢(s)), yielding self-enforceability in case of
credibility.

Fixi € I and m > 1. For every n < m and h € H(S]'s), fix p; € A§ that strongly
believes (SziAe)Z;& such that p(y;)(h) # 0. For every 5_; € Suppy,(-|h) and h = h,
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'Battigalli and Friedenberg [1] provide a game without observable actions and with no relevant
ties (which implies strictness of equilibria) where a SPE outcome is not induced by any extensive form
best response set and so it cannot be delivered by strong-A-rationalizability (see next subsection).



5_;(h) = s_;(h). Thus by subgame perfection, there exists 3; € p(u,)(h) C SPac(h)
such that for every h = h, 5;(h) = s;(h). Then for every j € I, there exists 1y € A
that strongly believes (S7; Ac)jLo- So S;fzrel # (0. Inductively S5%. # 0. B

0.2 Implementability, extensive form best response sets and

mutually acceptable courses of actions

Natural candidates for implementability are the sets of outcomes for which there exists
an FEztensive Form Best Response Set (Battigalli and Friedenberg, [1]; henceforth
EFBRS) inducing a subset of them. EFBRS’s are defined in [1] for the 2-players case.
They show that any EFBRS is delivered by strong-A-rationalizability under some
restrictions, while strong-A-rationalizability always delivers an EFBRS. The concept
and the result are extended to the N-players incomplete information case by Battigalli
and Prestipino [2]. Here I present a simpler version of the two for the framework of

this paper.

Definition 1 (EFBRS) An Extensive Form Best Response Set is a cartesian subset

of strategy profiles Q) C S such that for every i € I and s; € Q;, there exists j; €
AH(S_}) such that:

1. s; € p(p;);
2. u; strongly believes Q_; (Vh € H, Q_;(h) # 0 = 1;(Q_;|h) = 1);
3. plps) € Qi
Proposition 2 Fiz X;c;Q; C S. The following are equivalent:
1. Q is an EFBRS;
2. Q = S for some first-order belief restrictions (A;)icr.

Selective rationalizability can be seen as a special case of strong-A-rationalizability
by incorporating S3 in the first-order-beliefs restrictions. Hence, also selective ratio-
nalizability delivers an EFBRS. Thus, regardless of the epistemic priority assumption,

I can claim the following.



Proposition 3 A set of outcomes P C Z is implementable only if there exists an
EFBRS Q such that {(Q) C P.

Proof. If P is implementable, ((S2°) C P for some credible e = (e;);c; and by
the proposition above S is an EFBRS. B

The existence of an EFBRS @ such that ((Q) C P is however not sufficient for
P to be implementable, even when the epistemic priority falls on the agreement.
The reason is that the first-order belief restrictions delivering () through strong-A-
rationalizability could not correspond to any agreement. First, it may be impossible
to translate them into independent restrictions over pure actions. Moreover, when
players are more than two, they may need to have different restrictions about a third

player, like in this game borrowed from Greenberg, Gupta and Luo [3].

1
L,/ N\ R
(1,1,1,—1) 2
Ly / N\ o
(27 27 27 0) 3
Ls / N\ 3
(0,3,3,0) 4

Ly / N Ry
(0,4,4,1)  (0,0,0,1)

((Ry, Lo, R3, Ly), (Ry, Lo, R3, Ry)) (inducing outcome Ry, Ls) is an EFBRS. Indeed it
is delivered by strong-A-rationalizability when the restrictions impose on player 2
the belief that 4 will play R, and on player 3 the belief that 4 will play L,. These
restrictions cannot come from an agreement because 2 and 3 have discordant ideas
about how 4 will play. In the analysis of [3] the path (R, Ls) is instead a mutually
acceptable course of actions. In their interpretation, (Ry, Ls) can be achieved through
an agreement between player 1 and 2. Such agreement does not work here, not
because of forward induction (which is not a feature of [3]) but because the definition
of implementability is more restrictive. An outcome is implemented if the first-order-
belief restrictions induced by the agreement suffice to deliver it as the only possible

one.



0.3 Formal analysis of the examples of Section 2

Formal analysis of example 1 in Section 2.

P\P, | M R P\P,| N O
M (6,6) R A (2,0) ,
R | (0,0)](55) s [(0,10)] (2,8)
Agreement:

61(ho) = {M}> 61((M7 R)) = {A}a 62(h0) = {M}a 62((M’ R)) = {N}

First-order-belief restrictions:

A = {( (-11°), i ([(M, R))) € AT(Sy) = puy (M.N)|R®) = 1, 4y (R.N|(M, R)) =
1}

AS = {(a(|h%), o (-[(M, R))) € AT(S1) & pp((M.A)R) = 1, (M. A|(M, R)) =
1}.

Note that the two sets are singletons.

Strong-A-rationalizability:

Sine = {M.A}, S5 ne = {M.N,M.O}, S3%. = {M.A}, S5 = {M.N,M.O}.

The sequentially rational strategies of player 2 do not allow (M, R); hence, at
the second step, player 1 can still believe in R.N after (M, R) and the procedure
already comes to convergence. Strongly-A-rationalizable strategies comply with the
agreement at the reached information sets. The agreement is self-enforcing under

priority to the agreement.

Strong rationalizability:

St ={M.A,M.S,R.A,R.S},S; ={M.N,M.O,R.N, R.O};

S ={M.A,M.S,R.A,R.S},5° ={M.N,M.O,R.N, R.O}.

each strategy is a sequential best reply to some conjecture: for s; = R.- and
sy = M.- it is enough to put at h° probability 1 on, respectively, R.- and M.A; for
s; = M.A and s; = M.S on M.- at h° and on, respectively, R.N and R.O at (M, R);
for s, = R.N and s, = R.O on R.- at h° and on, respectively, M.S and M.A at
(M, R).

Selective rationalizability:



S%,RAE - {.]\414}7 S%,RAE - {]\4]\[7 MO}, SioRAe - {MA}7 ZO?RAE - {MN, MO}
The procedure is equivalent to strong-A-rationalizability, because all strategies

are strongly rationalizable, hence S3 has no bite.

Formal analysis of example 2 in Section 2.

AB|Cc|D|P
C [55/26]0,2
D |6,2]33]0,2
P 20]20]1,1

The game is symmetric, so what follows holds for : = A, B.

Agreement:

ei(h") ={C}; ei((C,C)) = {D}; es(h) = {C, D, P} Vh # 1°, (C, C).

First-order-belief restrictions:
AL = {p; € AT(S_;) = p(S—i((C,0), (D, D)))|n°) = 1}

(the conjectures are restricted also at (C,C') by the chain rule.)

Strong-A-rationalizability:

Sine = {5 € Sit5i((5:(h°), C)) = D Asi((si(h°), D)) # C # si((si(h°), P))}

It is worth deviating in the first stage only if after the expected C', P is expected
with sufficiently low probability, so that D is the best reply. A deviation to P is
(weakly) optimal if it is expected to induce the co-player to cooperate in the second

stage. Moreover, there is no incentive to cooperate in the second stage.

Sﬁm ={s; € S},Ae 1 5;(h%) #£ P A si(h°) = C = s;((C, D)) = 5,((C, P)) = D}

There is no incentive to punish in the first stage since it cannot trigger C' in the
second. Moreover, if the co-player has deviated and her beliefs are confirmed by
observing C, she will not play P, so there is no incentive to react with P to the
deviation after having cooperated.

SPne = {si € S}ac = 5i(h°) = D}
There is no incentive to cooperate in the first stage since defecting will not trigger

the punishment.



S Ae = = (), i.e. the agreement is not credible.

Strong rationalizability:

V= {s; € S5 : VYh € H(s;),h # h%si(h) # C A si(h°) = C = Fa_; €
Z—hsi((ca a-;)) # P}
It is not rational to play C in the second stage, or in the first and then play P

2 Excluding to believe in such strategies, among

whatever the co-player has chosen.
the remaining ones also those that feature C' in the first stage may be sequential best

replies when one expects P as a reaction otherwise. Thus, we have:
co __ Q1
S = 5.

Selective rationalizability:

Sil,RAe = il,Aem{Si GSZ$l<hO)7éP}
Since no rational(izable) strategy of the co-player prescribes to cooperate in the

second stage, punishing in the first stage cannot induce cooperation in the second.

Strac = {8i € Sigac 1 5i(h%) = C'= s5,((C, D)) = D}
After cooperating against a defection, there is no incentive to punish. Note that

S2

i rae 18 not a subset of Sﬁ Ae because having already excluded punishment in the first

stage, if punishment occurs there is no constraint to expect defection thereafter. This
is due to the epistemic priority difference: if player 1 observes P in the first stage,
here she concludes that player 2 does not believe in the agreement, so 2 could expect,
say, always P; before, player 1 concluded that player 2 does not believe that player 1

is rational, so 2 could expect C' in the second stage.

zRAe ={si € RAe : 5i(h?) = D}
There is no incentive to cooperate in the first stage since defecting will not trigger

the punishment.

St 'rac = 0. The agreement is not credible.

2With P one can expect at most 2 but under conjectures that make D more profitable. Moreover
under every conjecture one can expect at least 1. Thus there is no incentive to give up at least 1 by
playing C' in the first stage if then one believes that P is the most profitable action in any case.



0.4 Why are players not required to believe in strategies that
comply with the agreement at no more reachable histo-

ries?

Consider the following partial representation of a game, where Ann obtains a payoff
of 2 after Out, at most 1 in the subgames that follow Down, and up to 3 in the
subgames that follow Up.

Ann
1/ N\ O
Bob 2
/L R\
Ann Ann
U/ N\, D D/ N U
up to 3 max 1 max 1 up to 3

Ann and Bob reach the following agreement: Ann claims to play D at (I, R). At
(I, L, D), Bob cannot believe that Ann is rational and would have played D also at
(I, R), because any strategy of Ann which prescribes I, D at (I, L), and D at (I, R)
is dominated by O. There are instead rational strategies of Ann that allow (I, L, D),
those that prescribe U at (I, R) and aim to a payoff of at least 2 afterwards. Thus, if
Bob were required by his restrictions to believe at (I, L, D) in strategies of Ann that
comply with the agreement, strong-A-rationalizability would yield an empty set at
the second step. But then, the agreement would be deemed not credible only because
if a history were reached (and it is not if Ann is rational and plans to comply with the
agreement), this would signal the past intention of a player to violate the agreement
at a no more reachable history.

Yet "D at (I, R)" should suggest to Bob that Ann will try to get more than 2
after (I, L,U). Will Bob take this into consideration? The answer is yes as long as
Ann behaves as he expects. At I, Bob is required to believe that Ann plans to comply
with the agreement. If Bob believes also that Ann is rational, he expects Ann to play
U after L and aim to a payoff of at least 2 afterwards. This expectation is transfered
by CPS-3 to (I, L,U). Yet, if the players reach an information set that Bob does not



expect at (I, L,U), Bob is free to believe in Ann’s rational strategies that prescribe
U at (I, R). Therefore, Bob uses his belief in the agreement only as long as Ann
behaves as he expects. However, if at some step n of the rationalizability procedure
Ann excludes to play U at (I, R), Bob will believe in strategies of Ann that prescribe
D at (I, R) at each information set that the strategies of Ann which survive n steps

allow.

0.5 Equilibrium paths that can be upset by a convincing de-

viation

Take the T-fold repetition G of an arbitrary two-players (i and j) static game G
with action sets A; and A; and payoff function vy : A; x A; — R, k =1, j. Let b* and
c* be the first- and second-ranked stage-outcomes of G for player k = 1, j.

Let (a',..,a’) be a path of pure Nash equilibria of G. Suppose that there exist
T €{l,....,T — 1} and a; € A; such that

vi((ai,a;)) + Ui(ci) + (T —7— l)vi(bi) < Zvi(at) < vi((&\i,a;-)) + (T — T)Ui(bi> (1)
and
(T = 7)v; (V") > ajeﬂlifbé}vj(bﬁa a;) + (T — 7 = v (V), (J)
where j # 1.

Such a path is called by Osborne [4] "equilibrium path that can be upset by a
convincing deviation". In this framework, such paths can be characterized as non

credible agreements.

Proposition 4 Let z = (a',...,a") be a path that can be upset by a convincing devi-

ation. The corresponding path agreement is not credible.

Proof: For k =i, j and every (a',...,a”) € Z, define uy, : Z — Rasug((a', ...,a")) :
SF u(at). Let b= (@, .., (@,a})) and z := (@, .., (@, @), b\, ..., bY).

For every p; € A¢, s; € Suppu,;(-|h°) and s, € S;(z), ((s,s;) = z; for every
s € Sl(ﬁ)\Sl(z), by (I) ui(2) > ui({(si, 7)), thus s; ¢ S} .. Yet, there exist s; € S;



and u; € A¢ such that p,(s;|h°) = 1 and for every h = (a,...,a") # h, sj(h) = ait!
and for every h = h, s;(h) = b%. By (I) p(1;) € S} ac(h) # 0.

Then for every p; € AS that strongly believes S} x., 5; € Suppp;(- ]h) and s €
Si(2), ((si,8)) = z; for every s; € Sj(ﬁ)\Sj(z), (J) uj(z) > u;(C(ss,5;)), thus
sj ¢ S7ac. Yet, there exist s; € S; and p; € A§ that strongly believes S} 5. such that
11;(si|h%) = 1 and for every h = (a',...,a") € H, s;(h) = a;*'. So p(u;) N S;(Z) # 0
and then S \.(h) # 0.

Then for every j; € AY that strongly believes S? 5., 11;(S;(2 )p(h)) = 1, so by (I)
p(1;)(Z) = 0. Hence S35.(Z) = 0.7

So, there does not exist u; € A§ such that MJ(S?’ Ae

h%) =1, thus Sj,. = 0. W

Other than delivering a class of non credible path agreements, the proposition
provides epistemic conditions under which the deviator can confidently upset the
path. They are the ones employed in the proof up to the footnote and give rise to the
same instances of forward induction reasoning as in the second example of Section 2.
That path would indeed fall in the class of paths that can be upset by a convincing

deviation by extending the definition to all paths in the natural way.

0.6 Proof of Lemma 1

Lemma 1 Fiz a reduction procedure ((S}'))ier)g>0, @ € I, n € N, h € H" and
AHh<sh ) L. (S™)nzg such that (S (h)|p(h) = 0. Fix sl € p(ul),
tsb (St (W)[P)s=g and st € p(ul).
Conszder the umque sh —h h such that for every h ¢ Hh sh (?L) = sh(ﬁ)
There exists iy =" ul t.s.b. (Sﬁlq)” \ such that for every h ¢ H", at(|h) =

ul(-|h), and 37 € p(ii}) (so that p(ul')(h) # 0 implies p(7i)(h) #0).

Proof.

Fix amap ¢ : SE- — 5", that associates each s, € Sh with a s, € Sﬁzm(h) such
:h s".}. Construct
an array of additive measures (7 (”}VL))’;LE ;n oon S™ such that for every h & H"

fl(-[h) = pt(-|h), and for every h € H" and s*, € S, j'(c(s®,)|h) = ul(s",|h).

that s”, —h SEZ-, where m := max{q < n : 3s", € Sﬁijq(ﬁ),s’ji

3Under the beliefs used so far player i is shown to be willing to deviate from the path, confident
of having convinced player j to follow her preferred subpath after the deviation.



Since ¢ is injective, ﬁf” satisfies CPS-1. Using the definition of ¢, it is immediate to
verify that 7 =h ,ui’A‘, satisfies CPS-2, and strongly believes (S™; )—. Finally, since
il (S_;(h)|p(h)) = 0, " satisfies CPS-3.

Fix h € H(Z)\H" = HGE)\H". If h < h,

by p(S",(h)|p(h)) = 0 and CPS-3,
(" (h (A)m) — 0, and for every sh. @ Sh(h), C(sh, s

h

S

Z) = (30, s",). If h £ h, for
s".). Hence st € P(ul, )

,S
every s", EShl(h) thH( )9% so ((sh, s Z,
/f;) the proof is over. Else, fix
C( ’1)|h) = ul( |7L) For every

(ul ,h) implies 5" € F(i", h).

implies " € F(ul,h) = (Nh h). If § sz,sl ¢
he H"n H(") = H(s"). For every sh, e st b

% € 81(R), R, ) = (3 <(sh,). So, U = o

=3

0.7 Proof of Lemma 3

Lemma 3 Fix a red. procedure ((S’qu)iej)qzo, subsets of strategies (??)ig, m € N
and 1 € I. Let HY := H(gh) and D5 = Dl(gh). For every i # 1, suppose that
there ezists a map T, : ?? — AH"(S")) such that for every sl e g?, Tir (sh) strongly

believes g}ii, and:

A1 there exist maps Jil : g? — AP"(SM) and 5" : E? — SI such that for every sl €
S, (st =17 T () strongly bel. (St )it and p(El(sh)) 5 5h(sl) =117 sl

A2 for every st e gil and pl =H° ﬁz( h) t.s.b. (Sh, et p(ul) € §th

Fz'x ul t.s.b. (Sh 2o and x#l(_h(s?)) . Fiz D C DS and for every h € D,
fir Tl t.s.b. (St ( )|h)q o- Let H* := Hh\U,;eﬁHh
There exists Jiy =" ul t.s.b. (SELQ)TZO such that for every heD, i —h o

Proof.
For every h € D fix a map " : Sh, — S, that associates each sh VNS Shl with a

sh, € Sfln(ﬁ) such that s, =" sh h . where n := max{q < m : 3s", € Sh, (ﬁ) sh, =h

10



SEZ}. Define an array of additive measures (ﬁ?(%))ﬁe onoon S as follows:

(s ) = (SR  Tlhen (M R)R), VA € HO, Vs, € S"(h);

Ar(st Ry = Es () (S () p(R)). Wh € DS, h € HP it (S" (h)p(h)) # 0,¥s", € S"(Rh);

Ar(sh ) = Fp((") N (sm)IR), Yhe D,Vh e HY Gl (S™ ()lp(h)) = 0,95, € o(Sh);

(", [h) = 0, Vhe D,VheH" S",R)p(h) =0,Vs", & "(Sh) AVR € H" ¥s", ¢ S",(h);
ArCIR) = P (Ih) else.

Fix h € H% and s";, € S" (h). For every 5", € S_ lH*,Sh;;Il = 5" ”}l*: Sh(A).

So:

FEENR) = S o TR = Yo g 1 (5B TTie A (G ARIB) = (57 1R)
i (&)
where the last equality holds because ((3",|h); . Blan jesh = XGe DS Fix Z = h such
that p(2) € H*. For every h < %, h € H*. Then S",(2) = Ugfilesil(as_’hﬁ*, a union of
pairwise identical or disjoint sets by A. Then by A 7i(S*,(2)|h) = up(S™,(2)|h) (V).
Hence il (S",(A)F) = p (S",(A)IF) = 1, thus with i'(S"\S" () = 0, it (-7
satisfies CPS-1,2. Using V¥ in the last equality of the first equation and the first

equation in the second and third equalities of the second equation:

h) = (82 |R) /i (S™ ) =p (S™, () [)=iy (S™(R)[R), Wh € H" 0 H(s") 0 H;

h)/Hy (s
h)/Hy (s

i (s (
i (s ) = E (st - (S () () /T (s_l|7p( ))=Tir (8" (R >|p< ) - Ty (8", (p(h)[h)=
= 7 (S",(h)[h), Vhe DS H" Yh e H(s") 0 H" i (5", (R)[p(h)) # 0;

while by A, since p!' strongly believes Xi#l(g?(s?))sheg% ﬁf(Sﬁl(ﬁ)\E) = 0 for all
h¢ UEGDSHE U HS. So Jii" satisfies CPS-3 when C' = 5" (h).

Fix h € D\D and h € H" such that ﬁ?(Sﬁl(Eﬂp(ﬁ)) # 0. Since 7ij'(- Ip(h))
satisfies CPS-1,2, by definition 7i)'(-|R) satisfies CPS-1,2 too. Moreover, for every
h > h such that 7if (S™, (h)|h) # 0, ﬁ?(Sﬁl(%)\p(ﬁ)) # 0 too. So for every s, € Sﬁl(ﬁ),
using that 7i]' satisfies CPS-3 when C' = Sﬁi(p(/f;)),

iy ("R = 7 (s 1) - iy (S™ (1) p(R)) /7 (5™ () |p()) = it (5™ [R) - iy (S™ (1))

11



i.e., Jii" satisfies CPS-3 when C' = S”,(R). For every Z > h, using ¥ in the second
equality,

iy (St ()R = 7 (S™,E) (W) /17 (S™ (B p(h)) = pit (S (B |p(h) /it (S (R)p(R)) = i (S™4(Z)[R).
A ~ N A (V)
Fix either & ¢ Us_ s H"UHS or h € DS\D and h € H" such that 11}’ (S",(l)|p(h)) =
0. It holds 7i'(-|h) = pl(-|h). So, Ji)(-|h) satisfies CPS-1,2. Moreover, since for every
I R, i(-|k) = pt(-|h) too, fif satisfies CPS-3 when C' = S" (k). Finally, together

with ¥ and v, 71}’ =" u! (provided 7' is a CPS).

Fix h € D and h € HE Fix SAZ e sh (E) For every £ " e Shl, let Sh( ) =
(3", € S"(h) : 3, =" 3"}. Note that if ", # 5", 5"(3") N S"(",) = 0. So
(Sh(s" ))~h st R is a partition of S*,(h). Then:

i (S" (s )R) = T (S" (") (M) L cn oy i (S" (B ) p(R)) =
ALY - S ey 1S e lp(B)  Thiciy A (2B B)
St ety FEEAR) (S cnr ) 1S 1 1) Tl iy T (5" (R E) )

= AR S ®R =7 ) it il (3", (R) (1) 0
RESM IR = (R ) = (PR it i (5% (F) |p() = 0

because the quantity in brackets does not depend on the particular 73"21. So, like ﬁlﬁ,
7' (-|h) satisfies CPS-1,2 and CPS-3 when C' = S*;(h). Hence 7i}) ="" ul is a CPS
with 71 =" 71" for all heD.

Finally, I show that 1 pl strongly believes (Sh La)ieo-

Fix h € HS i #land 5" € SuppMargSih,ul (-|k). Since MargS?u?(SZfz |h) # 0 and
Marggn ' (3] (5] ))8 esh\h) 1, there exists s! € ?h such that s7(st) =" 3. For
every h € D, 5[ € SuppMarggy i (1F) € St (B £ 0 (by T € H(E(51),pcs0))
hence there exists u; t.s.b. (Sﬁlq( )|/f;)g‘_01 such that s?|h € p(,ui ). Since fl(sh) =H°
,uz( ") which strongly believes S_Z, (st (s hz(/ﬂ)|p(ﬁ)) = 0. Thus, by repeatedly
applying Lemma 1, T can find pf = ul( hy =H° T (sh) t.s.b. (§Ei,q);’;51 such that
st e p(ul). By A2 p(ul) € SP,.. So Iy (S_l?m\h) =1forall h € H,

12



Then, for every h € DS and h € H" such that 7 (S" (~)|p(A)) # 0, by construc-
tion ﬁ;‘(gh |h) =1 too. For every h € DS and h € H" such that Ji r(Sh (~)|p(A)) =
0, 72 (s (Supp (- |h))|h) — 1, 71}’ strongly believes (Sh ( )|h)q », and if Suppji (+|h) C
Sh, ( )h, < (Supp "(.|h) C §fl’q. Else, 7il'(-|h) = Mz( |h) and p" strongly believes
(SELQ)Z”:O. So 7i' strongly believes (S )i, ™

0.8 Proof of Lemma 5

Lemma 5. Fiz v <n and i € I such that 3" € A(r(3"))) and for every pl =* ",

t.s.b. (S" )ezg, p(ult) C Sh,. For every he D, fix ol e AN(SZhU(zL)ﬁL) There exists
o e A(SP,) such that G =* " and for every h € D_;, 5'|h =6

Proof.
Let H* := Hh\(uﬁeD_iHh). Define an additive measure ! on S} as:

~h
o7 (st) = 73 ( zH*) [liep @ ( 'h), Vsl € S
h hsh  qhsh .
Fix s € Sh. For every sl € S H* S@H* = S; p- Then:

~ -~ ~ h,sP

? zH* sh hgh % zH* hED_Z s = ? z}SI*

(S =2 res G (St) - Tlhep., 71 (301R) (53,1
7,H*

where the last equality holds because ((s; |h) Te D—z)~h

H

h= X7 Sh Hence & a €
heD_
leSL H*

A(SM). Fix Z € H" U Z" such that p(Z) € H°. For every h < Z, h € H*. Then
Shz) = Ushe SzL(g)SZ 5, a union of pairwise identical or disjoint sets. So 67(S"(2)) =
" (SM3Z)). Thus 6" =* 5.

Fix h € D_; and sh € St For every 3 € Sh, let Sh(3h) = {5" € SI(h) : $h|h =
). Note that if 37 # s, S"(5) N S"(sh) = 0. So (S"(3 §)>~h65h is a partition of

S%(h). Then:

CADIEDE G (sh) 8(?) Sgresneh) 71 (Shirt)- HheD Ay L GHR)
Siresi 015" GD) X 01D (Sapcsnn 01 S0 - Thiep gy 01GHR))

since the quantity in brackets does not depend on the particular s s . So 7} |h
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Finally I show that &, € A(SP,). Fix 5% € Supp&\? Slnce sy ) # 0, there

exists 37 € Suppa! such that 3 =" 5" Fix ub =" 7", t.s.b. (Shzq);’ 5. Since
5 e r(@",), by & there exists s" € p(ul) such that for every h € H*} (ﬁ) =

( ) = (h) For every h € D_;, 3 5; |h € Suppa) C St ( )|h so there exists ul* t.s.b.
(S", q( ) h) (1) such that $"|h € p(uz) Thus, by repeatedly applying Lemma 1, I can
find 71 =" 5", t.s.b. (S", oozt such that 5" € p(7i!), and by hypothesis p(fil) C Sk
|
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