Turing complete problems

In this section we argue that there exist problems for which no algorithm exists that
correctly solves all instances. The goal of this section is to train to recognize such problems.
If one needs to solve an intrinsically hard problem, one needs to reflect about the desired
requirements. Maybe, by imposing some additional assumptions on the data, one can obtain
a problem for which both an algorithm provably works and might also be useful in practice. ..

Recall that we are still studying computability theory, which means that we do not worry
about time and space efficiency of our programs. We just wonder whether there exists an
algorithm that solves the problem and terminates. At the same time, several techniques such
as diagonalization and the use of Turing reductions which we learn here, are also important
in computational complexity theory.

1 Diagonalization and the Halting problem

Previously, we argued that many functions are Turing computable. We now argue that there
exist functions that are not computable. We use the technique of diagonalization to show that
some object does not belong to some set. The main idea is illustrated by a funny story for
children (also used in in bars late in the night). Imagine that there is a village. In the village
works a barber for which the following rule holds: The barber razes everyone that lives in the
village and that does not raze himself. Does the barber live in the village? To answer this
question, assume that the barber also lives in the village. Does he raze himself? If he razes
himself, he should not raise himself, and if he doesn’t raise himself, he should raise himself.
We get a contradiction, and our assumption must be wrong: the barber can not live in the
village.

Diagonalization can be used to show that the real numbers are not “countable”. Let us
first clarify what we mean by this. There exist two types of infinite sets. A set is countable
if there exists a list that contains all the elements of the sets (in any order, possibly with
repetitions). The most obvious example of a countably infinite set is the set of natural
numbers: they all appear in the list 1,2, 3,4, ... Many other sets are countable:

Integer numbers 0 -1 1 —2 2 -3 3
Pairs of natural numbers (1,1) (1,2) (2,1) (3,1) (2,2) (1,3)
Rational numbers 0 /1 12 2/1 3/1 2/2 1/3
Strings € 0 1 00 01 10 11

Figure 1: Countable sets



Verify that every string you can think of, will appear in the list above. Is it possible to make
such a list for the real numbers?

Exercise 1. If A and B are countable, give lists that contain all elements of AU B, A x B,
A for all k and A*. These sets are all countable.

Subsets of countable sets are also countable. All sets whose elements can be encoded as
bitstrings, are countable because the set of bitstrings are countable. For example, there are
countably many finite state machines and Turing machines. It turns out that not all sets are
countable and to prove the following theorem, we use diagonalization.

Theorem 1. The set of infinite binary sequences is not countable.

10111...
01001...
01110...
00001...
01100. ..

U W N =

inverse | 00011 ...
diagonal

Figure 2: The method of diagonalization

Proof. Suppose there exists a list that contains all binary sequences. Consider the sequence
containing the inverse of the 1st bit of the 1st sequence, the inverse of the 2nd bit of the 2nd
real, etc., see figure Because the table contains all sequences, the constructed sequence
must appear in it, say in the ¢th row. By construction, the ¢th bit must equal its inverse,
which is impossible. O

With a similar argument we can show that also the set of real numbers in the interval
[0, 1] is not countable: Suppose a list of all real numbers exists. We convert this list into a list
of all binary representations of real numbers. Note that some real numbers have two binary
representations, for example: 0.0111--- =0.1000.. ., so we insert both representations in the
list. In the same way as in the proof above we construct a sequence that does not appear in
the list to obtain a contradiction.

Corollary 2. There exists a binary function that is not computable.

Proof. The set of Turing machines is countable, because Turing machines can be encoded as
strings and the set of strings is countable. Hence, also the set of computable binary sequences
is countable. Therefore, they must be a strict subset of the binary sequences. O

In fact, this argument shows that most binary functions are not computable: if we define
a binary function f by choosing the bits f(1), f(2), f(3),... from independent fair coin flips,
the function f is not computable with probability one.



Theorem 3. If for a binary function f, the bits f(1), f(2), ... are chosen independendly and
uniformly randomly, then f is not computable with probability one.

Proof. Because there are only countably many Turing machines, also the list of computable
functions is countable. Let fi, fo,... be a list of computable binary functions and choose any
¢ € N. We show that f is not computable with probability 2~¢. With probability at most
271 f equals fi on the values 1,...,¢+ 1. With probability at most 27¢~2, f equals f» on
the values £+ 2, ...,2¢+ 3. With probability at most 27¢~3, f equals f3 on the next segment
of length ¢+ 3, and so on. By the union bound, f equals one of the functions fi, f2,... with
probability 2¢~1 4+27¢2 ... = 27¢_ This holds for any ¢, hence, with probability one, f is
not computable. ]

Exercise 2. Recall that computable functions are total. Let ¢ : N x N — N be a function
such that for every computable function f : N — N there exists an m such that f = p(m, ).
Show that ¢ is not computable.

Imagine there exists a programming language and a code checker. This checker inspects
some code and verifies whether it implements a unary function in this language and that this
program returns a value for each argument. Imagine this verifier is computable and correct
for all possible codes in this programming language. Argue that there exists a computable
function that can not be implemented in this language (but evaluating this function might
go unrealistically slow). (Hint: apply the checker to all possible codes to generate a list
containing all unary functions it can produce. By assumption all these functions are total.)

We now show that there exist a more natural set that is not decidable. Using a similar
proof technique as in Theorem (1], we prove that the halting set is not decidable. Let ¢ be
a universal function (See Theorem 9 of the previous notes). Recall that a universal function
defines a list of all computable one argument functions ¢,. The halting set is the set of all
pairs (n,m) € N x N for which ¢, (m) is defined.

Theorem 4. Let ¢ be a universal numbering. The Halting problem on ¢ is not decidable,
i.e., the function
h(n,m) = 1 if apn(m) halts
0 otherwise

is not computable.

Proof. E| For every computable function f, there exists a row in the table of h that represents
the domain of f. The inverse diagonal of the table represents the domain of the function

( 1 if ¢, (n) is undefined, i.e., if h(n,n) =0
n)=
7 undefined otherwise, i.e., if h(n,n) = 1.

If h were computable, then g would be partial computable and there exists a row in the table
that corresponds to the domain of g. Let this row be the mth row. By construction g(m)
is defined if and only if h(m,m) = 0. But h(m,-) represents ¢g’s domain: g(m) is defined
if and only if h(m,m) = 1. Both statements contradict each other, hence, h can not be
computable. O

LA funny visual animation of this proof can be found here:
http://wuw.youtube.com/watch?v=92WHN-pAFCs&t=100


http://www.youtube.com/watch?v=92WHN-pAFCs&t=100

In fact, in the proof above, we obtain a contradiction if we assume that the set {n : ¢,(n)
halts} is decidable. Hence, already this set is undecidable.

Exercise 3. An extension of a partial function g is a partial function which equals g on
all arguments for which g is defined. Modify the proof of Theorem 4] to show that there
exists a partial computable binary function that has no computable extension. (Hint: choose
g(n) =1—p,(n) if g,(n) € {0,1} and undefined otherwise.)

The halting set is not decidable, but its elements are recognizable: if an element belongs
to the set, a machine can verify this. On the other hand, there might not be a way to certify
that an element does not belong to the set. Such sets are called enumerable.

Definition 5. A set is enumerable if there exists a partial computable function whose domain
equals the set.

Obviously, the halting set is enumerable. If a set of strings is enumerable, there exists a
machine that never terminates and outputs on a separate output tape a sequence of strings,
separated by blanks, containing all elements of the set. Such machines are called enumerators.
Vice versa, if a set has such an enumerator, then it is enumerable. In the following exercise
some more equivalences are given.

Exercise 4. show that the following are equivalent for a set A C {0,1}*:
1. A is enumerable,
2. A is the image of a computable function,

3. There exists a computable predicate (i.e., a function R : N x N — {True, False}),
such that A € n < 3t : R(t, n).

Also computable sets can be characterized by images of computable functions.

Exercise 5. Show that a set of natural numbers is decidable if and only if it is the image of
an increasing function.

Exercise 6. Show that:
e The union and intersection of two enumerable sets are enumerable.

e The join A@ B of two sets is given by ({0} x A)U ({1} x B). Show that the join of two
enumerable sets is also enumerable.

o Ifaset AC {0,1}* and its complement {0,1}*\ A are enumerable, then A is decidable.

e There exists a set that is not enumerable for which the complement is also not enumer-
able. (Hint: use the join of two sets.)

e Adapt the proof of Theorem [3| to show that for most binary functions f, the set {n :
f(n) =1} is not enumerable.



2 Turing reduction

In the previous paragraph we used diagonalization to prove that the halting set is not decid-
able. We now prove the same for many other sets. It is rather time consuming to repeat a
similar diagonalization argument for each such set. A faster method is to show that these
problems are “at least as hard” than the halting problem. By this, we mean that if an al-
gorithm for the problem exists, this algorithm could be transformed to an algorithm that
decides the halting problem. Hence, if the original problem where decidable, then the halting
problem would be decidable too, which is impossible.

2.1 Informal examples

Let us illustrate the relation “at least as hard as” informally. Because Turing machines are
rather hard to code, we consider real code in any popular programming language. The set Halt
contains all pairs (p, x) for which p represents some code for a one argument function such that
the code terminates for the argument x. Consider now the set HaltSomewhere of programs p
for which there exists some x such that p halts on input x. We claim that HaltSomewhere is
at least as hard to decide as Halt, in other words, HaltSomewhere computes Halt.

Given (p,x) and the set HaltSomehwere, how can we know whether (p,x) € Halt? We
might ask whether p € HaltSomewhere, if not, we know that p does not halt on input =x.
Otherwise, we can not conclude anything. A better approach is to transform the code p and
hard code the argument z in it. Suppose p represents some Python code that implements a
one argument function:

def foo(arg):

‘some code’
This code is transformed to

def foo(arg):
arg = x
‘some code’

Let us denote this code as g ,. If the original code does not terminate on input x, then
the transformed code will not terminate on any input. If the original code does terminate
on input x, then the transformed code will terminate on any inputE| Hence, (p,z) € Halt if
and only if g, € HaltSomewhere. So HaltSomewhere computes Halt. This implies that also
HaltSomewhere is not decidable.

The reverse also holds: Halt computes HaltSomewhere. We want to know whether some
program p halts on some input and we can use the set Halt. Let us assume the program p
takes natural numbers as input. We consider the program that ignores its argument and tries
p on all possible inputs in parallel and terminates as soon as it finds one input on which p
terminates. This can be done in the following way:

2 In Python the above construction will not work in some rather esoteric cases. For example if one accesses
line numbers of the source code, or input variables that are stored through the function frame object. In these
cases, the transformation is a bit more complicated but still possible.
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Terminate if one of the evaluation processes terminates.

Let ¢, be this transformed program. p € HaltSomewhere if and only if (g,, 1) € Halt. Hence,
Halt computes HaltSomewhere.

Exercise 7. Let HaltOnOne be the set of programs that halt on input 1. Argue that the set
HaltOnOne computes Halt and vice versa.

2.2 Definition

To define Turing reducibility, we need to represent a possibly infinite set A C N on a tape of
a Turing machine. This is straightforward: on the nth cell we place a 1 if n € A and zero
otherwise. For any other type of elements in a countable set, e.g. strings or pairs of natural
numbers we represent set membership in the same way using some natural order of elements
(for example the order from table [I]).

A Turing machine with an oracle for a set A is a multitape Turing machine for which at
the beginning of the computation, one of the tapes represents A.

Definition 6. We say that a set A (Turing) computes a set B, (or B Turing reduces to A)
notation B <t A, if there exists an oracle Turing machine U with states accept and reject
such that U4 (x) terminates in the state accept if x € B and terminates in the state reject

ifx € B.
Exercise 8. Let A, B,C C N. Prove that:
o If A<y B, thenAgTN\B,N\ASTBand N\ASTN\B

e If A<y Band B <y C, then A <y C.

If B is decidable and A <p B, then A is decidable.

Let f be a computable function such that z € A if and only if f(x) € B. Show that
A<r B.

Question: If B is enumerable and A <p B, can we conclude that A is enumerable?
Prove the statement or give a counter example.



2.3 Examples of reductions and Rice’s theorem

We illustrate the definition of a Turing reduction. We start by repeating the first example
from subsection @ is a Godel numbering if for every partial computable two argument
function 1), there exists a computable function w such that ¢, = 9,,(,) for all n. An optimal
Godel numbering is a Goédel numbering, and such numberings exist by Theorem 10 of the
previous chapter. Let ¢ be a Godel numbering.

Halt = {(n,m) : ¢n(m) is defined}
HaltSomewhere = {n : Im [¢pp(m) is defined]} .
We show that HaltSomewhere computes Halt. (Hence, HaltSomewhere is undecidable.)
Let (-,-) denote the function that maps pairs of natural numbers to natural numbers defined

in table Clearly, this function is computable. To decide whether (n,m) € Halt, we consider
a numbering ¢ defining a series of constant functions:

Note that 9 is a partial computable 2-argument function. Because ¢ is a G6del numbering,
there exists a computable function w such that

1 if o, (m) is defined

undefined otherwise.

Cu((nm)) = Vinm)-

(In the informal discussion w({n,m)) corresponds to ¢, m, i.e., the program n with hard
coded argument m.) Hence, (n,m) € Halt if and only if w((n,m)) € HaltSomewhere. Hence,
HaltSomewhere computes Halt. Indeed, in Deﬁnition@ one can choose U4(¢) to be a machine
that first computes w(¢), then accepts if w(f) € A or rejects otherwise.

Consider the following problem: given a Turing machine and a deterministic finite automa-
ton, decide whether the Turing machine halts precisely on the strings that are accepted by the
automaton. To formalize this question consider a list of all automata and let Ry, Ro, R3 the
corresponding sets of accepted strings. The list should be such that the set {(i,z) : = € R;}
is decidable. If ¢ is the Godel function constructed in the proof of the existence of optimal
Godel functions, (Theorem 10 of the previous chapter), then 1, @2, @3, ... are the functions
computed by a list of all Turing machines. The deciding whether the domain of some Turing
machine equals the language accepted by a finite state machine is equivalent to deciding

HaltOnReg = {(n,r) : Domy, = R, }.

Does HaltOnReg compute Halt? The empty set is a regular set. Hence, HaltSomewhere is
a subproblem of HaltOnReg. More formally, if rg is an index of the empty set in the list of
regular sets, then n € HaltSomewhere if and only if (n,r¢) € HaltOnReg. Hence, HaltOnReg
computes HaltSomewhere. Therefore HaltOnReg also computes Halt by the second property
of exercise 8l

Let us now consider a closely related problem. Is the set of strings on which a Turing
machine halts, a regular set? Let

DomlIsReg = {n : Dom ¢, is regular} .



We show that DomlsReg computes HaltOnOne = {n : ¢,(1) halts}, hence, by exercise
the set is undecidable. Obviously, the empty set is decidable. Let NR be a computable non-
regular set (for example the set of all strings 0°1%). Let ¢ be a partial computable function
such that

NR  if ¢,(1) is defined

0 otherwise.

Dom v, = {

For example, 9, (z) equals 1 if ¢, (1) halts and x € NR, and is undefined otherwise. Let w
be such that ¢, = ¥y for all n, then

w(n) € DomlIsReg < n € HaltOnOne.
Hence, HaltOnOne computes DomlisReg.

All previous examples somehow state that given a program, nothing “can be said” about
the output of the program. For any nontrivial property of a one argument partial function,
one can not decide whether a program computes a function with this property. For some
programs, it is easy to see whether their output satisfies the property, but their always exist
programs for which it is very hard to understand whether the property holds. With a trivial
property, we mean that it either holds for all partial computable functions or for none.

Theorem 7. If ¢ is a Godel numbering and F is a set of functions, then
I={n:¢,cF}
is either empty, equals N, or is undecidable.

Proof. First assume that the everywhere undefined function does not belong to F. If I is
empty nothing needs to be proven. Assume [ is non-empty and let k be such that ¢ € F.
Let

o = Pk if o, (1) is defined
" ] undefined otherwise.

Note that 1 is a partial computable function. Let w be the function such that Puw(n) = U
for all n. Hence,
w(n) € I & n € HaltOnOne

Hence, I computes HaltOnOne, and this implies that I is undecidable.
The case where the everywhere undefined function does belong to F' is proven in the same
way by choosing k such that ¢ € F'. This is possible if I # N. O

In fact, this proof implies a stronger result: the set I is either empty, equals N or decides
Halt. Observe that the statement of the theorem is symmetric after replacing F by its
complement, i.e., by letting I be the set of n such that ¢, € F. One can also give a proof
where this symmetry is better visible.

Second proof. In exercise[3]it is shown that there exists a partial computable binary function g
without computable extension. We show that if I was nontrivial and decidable, then we can



construct a computable extension g. Let @i, and @yt be two partial computable functions in
and out F'. Unless I = () or I = N, these functions exist. Let

Pin if gn) =1
Un = Pout if g(n) =0
undefined otherwise.

Consider the following extension of g:

o 1 ifwm) el
g(n)_{o if w(n) & 1.

If I was decidable, then g is a computable extension of g, which contradicts the choice of g.
The theorem is proven. O

Rice’s theorem implies that in every universal programming language, there are infinitely
many programs that compute the same function. Indeed, every finite set is decidable, and
for some program n we can apply Rice’s theorem with F' = {p,}.

2.4 Turing complete sets

Informally, the Turing complete sets are the “most difficult” enumerable sets to decide.

Definition 8. A set is Turing complete if it is enumerable and it computes any other enu-
merable set.

The Halting set Halt is Turing complete. Indeed, if S is enumerable, it is the domain of
a partial computable function. Therefore, it equals Dom ¢,, for some n, and deciding this set
is a subproblem of deciding Halt.

Exercise 9. Prove the statement or provide a counter example.
e If A is Turing complete and A <r B for some enumerable B, is B Turing complete?

e If A and B are Turing complete, is A U B Turing complete?

Exercise 10. Let ¢ be a Goédel numbering. Show that the sets {n : ¢, (1) halts} and {n :
¢n(n) halts} are Turing complete.

All the enumerable sets we have seen so far are either computable or Turing complete. This
seems also to be true for all natural examples of sets encountered outside computability and
mathematical logic. One might wonder whether this is always the case. Remarkably, it has
been shown that there exist enumerable sets that are neither decidable nor Turing complete
(the Friedberg-Muchnik theorem). In fact, there is an infinite chain of enumerable sets such
that A} <7 Ay <7 ... where A <7 B means that A <r B and B £ A.



3 Beyond Turing completeness

The goal of this section is to show that there exist natural problems that are even harder to
solve than the Halting problem.

First we start with some philosophical note. Imagine at some point in the future, humans
construct a new device that is able to decide a set which is undecidable using Turing machines.
From this point on, computers are equipped with such a device. The definition of a Turing
machine becomes obsolete and is replaced by a more powerful concept. What should be
changed in our theory of computation? Is Rice’s theorem still valid for this new type of
machine? What about other theorems or properties we’ve met in the exercises? It turns out
that basically nothing will change. Why? We can model the communication with the device
by a binary function and represent this as an oracle on a Turing machine. All our proofs that
use ordinary Turing machines, also work for machines that have an oracle.

3.1 The jump operator

With the same arguments as in the proof of Theorem 10 of the previous chapter, it can be
shown that there exist oracle Turing machines that define optimal G6del numberings relative
to any oracle, i.e., we can construct an oracle Turing machine that simulates any other oracle
machine by prefixing it with some fixed instructions. We fix such a machine and denote it as
¢ when used with an oracle A. The halting problem on such a machine is denoted as A’.

A" = {(n,m) : 2 (m) is defined}.

With the same arguments as above, we conclude that A’ is not decidable on a machine with
oracle A, i.e., A’ £ A. However, from A’ we can recover A.

Lemma 9. A <p A’

Proof. Let

undefined otherwise.

111‘4:{1 ifneA

Clearly 1% is partial computable with oracle A. Let w be the function for which gpﬁ(n) = w;?
for all n. Then,
(w(n),1)e A/ =neA O

Exercise 11. Show that if B is enumerable on a machine with oracle A, then B <p A’.

The mapping A to A’ is a mapping from sets to sets, and this can be iterated: A” is the
halting problem on a machine with oracle A’. We denote the empty set as 0. The halting
problem is then written as 0’. The halting problem relative to the halting problem is 0”. In
the subsequent section we will show that deciding whether a Turing machine halts on every
input, is Turing equivalent to 0”.

Exercise 12. Show that
{n : o, is total} <7 0"

{n : ¢, has finite domain} <7 0”.

For both sets, also the >7 inequality holds. This will be proven in the next subsection.

10



3.2 The arithmetical hierarchy

In computability theory, the arithmetical hierarchy is a very convenient technical tool to prove
that some problem is even harder than the halting problem. There exists a polynomial variant
of the arithmetical hierarchy and we will study this too, in the next part about computational
complexity.

A predicate is a function with the logical values True or False. A Y;-formula is a formula
of the type
ds € N: R(s,n).

for some computable predicate R. With this formula we associate the set of all n for which
the expression is true. The class Y is the class of sets associated to ¥Xi-formulas. The set
defined by 3s3t : R(s,t,n) is equivalent to a Xj-formula: using a computable pairing function
one can replace the variables s and t by a single variable. In exercise |4] it is shown that >
coincides with the class of enumerable sets. (Checking whether a Turing machine U on input
n halts within ¢ steps can be done by a computable function.)

The class II; contains the sets characterized by IIj-formulas, i.e., formulas of the type

Vs € N: R(s,n)
A set is I1; if and only if its complement is ;.

Definition 10. The classes Yo and Iy equal the decidable sets. For k = 0,1,2,..., we say
that:

e q set A is Xpi1 if and only if there exists a lli-set B such that A contains the elements
n for which 3t € N : B(t,n).

o q set A is Uy if and only if there exists a X-set B such that A contains the elements
n for which ¥t € N : B(t,n).

One can verify by induction that a set is X if its complement is IIy. A Xg-formula is
a formula that consists of £ alternations of quantifiers 3 and V followed by a computable

relation R:
k alternations
N

Vs
Js1Vsodss ... 38’; : R(n, s1, 82,83, ...,SkK).

Similar for Ilg-formulas where one starts with a V quantifier. The sets in ¥ and Il
are precisely the sets that have ¥ and Ili-formulas. Recall that subsequent quantifiers
...3udv3dw... can always be contracted to a single ...dz... variable and similar for V; thus
we could equivalently define ¥ and Ilg-formulas by formulas that start with any number of
quantifiers but that alternate at most k£ times between 3 and V. Note that ¥, C ¥, and
> C Iy set for all £ > k, by adding dummy variables to R.

Exercise 13. X; and Il are closed under intersection and union, i.e., A, B € X, then
AUB,AN B € X and similar for IIj.

Exercise 14. Verify that

1. {n:Domy, # 0} is X,
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2. {n:|Domy,| <1} is I

3. {n : Dom ¢, is finite} is Xy

4. {n: @, is total} is IIy

5. {n : Dom ¢, has finite complement} is X3

6. {n : Dom ,, has infinite complement} is IIs.

It is not hard to prove that if A € X1 or A € II; implies A <p 0.
Exercise 15. Use induction to show that A <p 0& for all A in ¥, and II.

The next theorem shows that 0% € £, and hence, 0¥ is “Turing complete” in X.
Theorem 11. 0% € ¥ for all k.

To better understand the idea, we give a direct proof of the theorem for a special case.
For £k = 0 and £ = 1 the arguments are straightforward, so let us choose the case k = 2.
Afterwards we will repeat the proof with more detailed explanations and also prove the
general case.

Direct proof of Theorem [I1] for k = 2. Recall that any set A C N can be represented as an
infinite sequence. We write x C A if x is an initial segment of this sequence. We need to
show that 0” € 35. The statement: “z C 0’ is equivalent to

(3tVi < |z|[x; = 1 = U(i) halts in less than ¢ steps]) AND
(VsVi < |z| [x; = 0 = U(i) does not halt in s steps]) .

For some computable predicates R and S, this is of the form Jt[R(z,t)] AND Vs[S(z,s)],

because the quantifier Vi < |z| can be included in the programs for R and S. Let U*(n) be

the result of the computation of an oracle machine on input n if the string x is written on the

beginning of the oracle tape and if during the computation only bits of = are accessed. If this

computation does not halt, or other bits of the oracle are accessed, then U*(n) is undefined.
n € 0" if and only if U% (n) halts, i.e., if

JzIt[U%(n) halts in less than ¢ steps] AND z C 0.

After substituting the above expression for “r = 0’ and rearranging the quantifiers, we
obtain a Yo-formula for 0'. O

We now repeat this argument more carefully. The argument is broken up in several steps in
the lemmas below. For any set A, the class %{! is given by all sets {3t : R(n,t)} where R is
a predicate that is computable with oracle A. One easily verifies that A’ € 2‘14.

Lemma 12. If A€ X8 then {x: 2 = A} = B\ C for some B,C € 5.

12



Proof. Let S be a predicate that is computable relative to B such that
neA < Jt:S(tn)

Let S be the monotone variant of S, i.e., S(s,n) < 3t < s:S(t,n). Clearly, S'(t,n) implies
S(t+d,n) for all d > 0, and S is computable relative to B. Let

rC A & Vi < |z [mizlig(t,i)}
AND NOT 3t3i < |z [x —0= S(m)} .
The expression above corresponds to the difference of two %P sets, because the Vi < |z

and 3i < |z| quantifiers can be included in the B-computable predicates (that both have
arguments x and t). O

Definition 13. Let C be a class of sets. The class of C-difference sets is the class of all sets
A\ B for A and B in C.

Recall that A’ € %!, Lemma [12] implies:
Corollary 14. {z: 2 T A’} is a S{\-difference set.
Lemma 15. If A is a Xy-difference set, then {n : It[A(n,t)]} is a Xp41 set.

Proof. Because A is a Y-difference set, we have that A = A; N Ay for some A; € ¥ and
Ay € I, The set
=2 A1 (n, t)

is in X, and therefore also in ¥g1. The set
3t : As(n,t)

is Xx41 by definition of X; 1. Hence, the intersection of both sets defined above is X411 too,
and this intersection is precisely {n : 3t[A(n,t)]}. O

Lemma 16. If A € 8 and the set {b: b C B} is a Sg-difference set, then A € Sy 1.

Proof. Assume that A € 8 and let S be the predicate that is computable with oracle B
for which n € A is equivalent to 3¢t : A(n,t). Let A(n,t;b) be the predicate that is true if
the computation of the predicate A is started on input (n,t) with the string b written on the
oracle returns true; assume that if in this computation the oracle is accessed at a position at
the right of b, then A(n,t;b) is false. The statement n € A is equivalent to

Jt3b[S(x,t;0) N BJ.
Because the set of prefixes of B is a 3, difference set, Lemma [15|implies that A € ¥p 1. O

Corollary 17. If A is a SB-difference set, and the set {b : b T B} is a Y-difference set,
then A is a ¥j11-difference set.
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Proof of Theorem|[I1] Clearly, the empty set 0 is computable and hence a -difference set.
Suppose that {z : z C 00} is a ¥j-difference set for some k > 0. We show that {z : = C
O(k+1)} is a Xjyi-difference set. By Corollary this set is a Z?(k)—difference set and by
Corollary it is Ygy1. Recall that A" € Zf for all sets A. The theorem follows by one
additional application of Lemma O

Exercise 16. Show that for every set A € Y9 and every n we can define a function f,, such
that n € A if and only if f, is total. Conclude that 0” <p {n : ¢, is total} (and by exercise
0" =7 {n : ¢, is total}). Using a very similar argument, show that also 0” = {n : ¢, has
finite domain}.

4 Turing complete problems

In conversational speech, one sometimes says that a computer language or any mechanism for
computation is “Turing complete” if it can simulate a Turing machine. It is often cumbersome
to define “simulate” mathematically. However, if a system can simulate a Turing machine,
then deciding whether the system halts when initiated in some initial configuration is hard.
Hence, we are interested in how difficult it is to decide the halting problem on several systems
that can compute.

4.1 Mathematical problems

The following programming language is called FRACTRAN and was invented by John Con-
way. Every program consists of a number n and a list of positive fractions fi, fa,..., fe.
The program is executed in steps. At each step n is replaced by the left most value of
fin, fon, ..., fen that is integer. If none of these numbers are integer, then the computation
halts. For example, the program given by n = 5 and the fractions [2/3,6/5,1/2] halts and
the values for n are: 5, 6, 4, 2, 1.

Exercise 17. Show that the set of halting FRACTRAN program is Turing complete. Tip:
use the goto programming language defined before. Recall that the copy command is redun-
dand. Encode finitely many variables a,b,c,...,e as 223°5°...p9. Associate with each line
number ¢, a prime number gy different from the prime numbers used to store a,b,c,...,g. In
each computation step, let n be ¢,2%3°5¢...p9.

It is funny to note that also IXTEX can simulate Turing machines, see here for an imple-
mentation of a Turing machine:
http://en.literateprograms.org/Turing machine_simulator_(LaTeX) Hence, deciding
whether latex programs terminate is Turing complete.

A set S C Nis Diophantine if there exists a polynomial with integer coefficients P(n, x1, ..., x.)
such that n € S if there exist z1,...,2z. € N such that P(n,z1,...,z.) = 0. Clearly, a Dio-
phantine set is enumerable. In 1970, Y. Matiyasevich showed that the reverse is also true:
every enumerable set is Diophantine.

This settled Hilbert’s 10th problem, which asked for a procedure to decide whether a
polynomial with integer coefficients has a solution. Matiyasevich’s result implies that such
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a procedure can not exist. Indeed, let P(n,z1,...,z.) be a polynomial that corresponds to
an enumerable set S that is not decidable. If a procedure for Hilbert’s problem existed, then
we could decide S by applying the procedure for a fixed value of @ in P(7,z1,...,T¢). A
contradiction.

4.2 Tag systems

Another simple mechanisms capable of computing is a k-tag systems. For each & > 1, a
k-tag system has as input, a word over an alphabet A. Its operation is described by a partial
function § : A — A* which transforms the input string w step by step. If at some point, w
has length less than k or 6(w;) is undefined for the first letter w; of w, the computation halts
(and w is the output). Otherwise, the first k letters of w are deleted, §(w;) is appended at
the end of the word and the process is iterated.

For example, consider a 2-tag system over {0,1} with §(0) = 011 and §(1) = 1. On input
01111 we obtain:

— 64111011 — 4410111 — 461111 — H111 — H11 — 1.

Exercise 18. Show that for every 1-tag system over A, the set of strings in A* for which the
computation halts is decidable.

On the other hand, 2-tag systems can simulate Turing machines. The remainder of this
subsection gives a proof of this claim. This proof is given only as an illustration of the claim
for the interested reader.

Before, we considered Turing machines that operate as follows:

Write a; o Move D; o ——f Go to state g;

Write a; 1 Move D; 1 ——f Go to state ¢; 1

Now, consider a variant of Turing machines that operate as follows:

0 1 Go to state g; o

’ State g; }—»’ Write a; }—»{ Move D;

Go to state g; 1

Exercise 19. Show that by doubling the states, these machines can simulate ordinary ma-
chines. At the formal level, we run into a small problem: In the first computation step,
something is written, but this means that the initial contents of the first cell can not be red.
So we assume that on this type of machine, the input is preceded by an arbitrary symbol.
Now the claim can be proved by induction.

We make some more assumptions on the machine:

e The head can only move left or right (and can not remain in the same position).
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e The machine has a two symbol tape. As noticed below the proof of Theorem 77, such
machines can simulate any Turing machine by encoding the input using two cells for
each bit. For the blank symbol we choose 00.

The idea is to represent a configuration of a Turing machine by three variables ¢, € N and
q € Q, as illustrated in figure

oo

o[ To]1 ]t ]

O‘O‘O‘W

~

¢ in binary r in reverse binary

Figure 3: Example of configuration with ¢ = 2,r = 6.

Let |r] be the largest integer not above r. Let ¢ be a state that writes b. Let gp and ¢; be
the states that follow ¢ after reading 0 and 1. Let (¢,7,q) be the state of the Turing machine
just before writing. At the next computation step, also just before writing, the state is
left: (I_E/QJ,Q’I“—F b, q¢ mod 2)
I'ighti (26 + ba LT/ZJ > 4r mod 2)'

We now describe the 2-tag system that simulates a Turing machine described above. The
alphabet contains several copies of (), more precisely:

Q x {o,o,+} x {7} x{,5,5}.
(we use sub and superscript, the notation will soon be clear). A state (¢,r,q), just before a
bit b is written, is represented by

£ times r times

0394 -4 400, --- 4.0

We explain how this string is transformed when the Turing machine moves left and writes b.
The first transformation reflects the change of ¢ and r:

q — q

q- = g

q. — Q+é+Q+é+
P i

“ GG.d.q ifb=1.

After applying these rules, we obtain the word

¢ times 2r+b times
4.9 ---99:9: 9.9 - - - 4,4, -
Now the machine reads a bit. In the left column we conseder the case where the machine
reads a zero (i.e., £ is odd) and goes to state u. In the right column we consider the machine
reads a one, (i.e., £ is even) and the machine goes to a state v. We apply the transformation:
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¢ —qq

4o = 4-4-
G, — .4, 4. = 0.0,
G = U, q. —0.0.
After applying these rules, we obtain
|£/2] times 2r+b times [£/2] times 2r+b times
——— —
q U, . G4.4G ... Gq V0,00, ...0.0, .

q.eq_.e q.—q_'— st (.j—q ﬁ@ﬁe 7\1’+ﬁ+ st
We go a third time through the sequence, transforming the initial part of the state. For the
right side, note that after the replacement of the last ¢,, we have deleted the first §..

qe % ueae QE —>’0er6

4. — u. q —v..

Uy —> Uy U Uy —U, U,

U, — u, U,. U, —U,7,
‘We obtain the state

£/2 ti i
[4/2] times 2r+b times / Jimes\ 2r+b times

% VU,V .. VD V0 VLU, .. VLD,

- — — — —
U U U+« U U U U, U Uy - . . UL U

We are now ready to start the next computation step.
The simulation of a left movement is analogues. We conclude that we can use tag systems

to simulate Turing machines.

4.3 Tilings
A Wang tile is a square characterized by 4 colors on each side. Here are some examples:

L

Tiles can not be rotated, only translated. Using the tiles above, we can fill a quarter of a

plane such that touching edges have the same color:
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We will show that the set of tile sets that can fill a quarter of a plane, is Turing complete.
This will be helpful for the last section where we study the Godel incompleteness theorem.

More formally, we consider a finite set C of colours. A tile set T is a subset of C*. For
convenience, we write the components of ¢ as (tn,tg, ts, tyw ), which reflect the colours of the
North, East, South and West sides of the tile. A (T, t)-tiling is a mapping f : Nx N — T such
that f(1,1) = t and such that the colours of neighbouring tiles match, i.e., for all (7, j) € NxN:

[, 5)e = f(i+1,7)w and f(i,j)n = f(i,j + 1)s.
Theorem 18. The set of pairs (T,t) for which no (T,t)-tiling exists is Turing complete.

Proof. We first show that the set of (T,t) for which no tiling exists is enumerable, i.e., we
can “recognize” these pairs (7,t). For any R C N x N, we say that f is a (7 t)-tiling for
R if neighbouring colours of tiles in R match, i.e., for all (i,j) € R we have that f(i,j)ny =
F(i,5 + 1) and f(i,j)p = f(i + L fw-

Lemma 19. There ezists a (T,t)-tiling if and only if a (T,t)-tiling exists for all finite sets
RCNxN.

This lemma implies that tiling problems without a solution are enumerable: one can search
through all finite sets R, and check whether all possible configurations of tiles in R violate
one of the conditions of a solution.

Exercise 20. We have defined the sets of colors C and tiles T to be finite sets. Show that if
we also consider infinite sets of colors C' and T, there exists a counter example for the above
lemma. (Hint: The rough idea might be as follows. Let C' = N and construct tiles such that
in every tiling, the colours decrease when one needs to go to the right. Then create a problem
when one becomes below some treshhold.)

Proof of Lemma[19 Obviously if a (7T t)-tiling exists, then there exists a tiling of any finite
part of N x N. We need to show that if there exists a tiling of any finite part, then one can
construct a tiling for the whole plane.

Let [1,n] = 1,2,...,n, and for any function f on N x N, let ™) be the restriction of
this function on [1,n] x [1,n]. Note that there exists at most finitely many functions from
[1,n] x [1,n] to T. Let

fi, fo, f3,- -
be a sequence such that f, is a (T,¢)-tiling of [1,n] x [1,n]. We construct a solution f, by
induction on n. Suppose we have defined f(i,j) for all 4, 5 < n such that f (") equals fi(n) for
infinitely many ¢. Of those functions fi(n) with ¢ > n+1, there are infinitely many f; that have
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the same restriction because there are finitely many functions from [1,n+1] x [1,n+1]
to T'). We fix f in [1,n + 1] x [1,n + 1] to be equal to this function.
The construction defines a function f on N x N and f is a (T, t)-tiling. O

We now show that for every Turing machine we can define a tiling set such that a tiling
simulates represent a computation transcript of the Turing machine. The tile set T and
the initial element ¢ guarantee that there is a tiling of the plane if the machine never halts.
Otherwise, if the machine halts, we make sure that a tiling becomes impossible: we let a colour
appear that does not appear on any other tile. In each computation step, the configuration of
a Turing machine is represented by a row of the tiling. The cells of the tape are represented by
subsequent tiles that each encode the symbol of one tape cell. In every row (that corresponds
to a valid computation step), there is a special tile located at the position of the computation
head. This tile encodes both the state of the machine and the contents of the scanned cell.

The only technical issue appears in the movements of the computation head. We assume
that in each computation step the machine always moves one cell to the right or the left,
i.e., it can not remain in the same position. In every row, there is also a second special tile,
located next to the position of the computation head. This tile encodes the next state of
the machine and the contents of the current cell, see figure [4l To initialize the computation
correctly, we will need to define some additional tiles, which can only appear on the first row
of a tiling.

Figure 4: A tiling that simulates a Turing machine going through states qo,...,¢s. The machine moves
three times right and one times left. Subsequent configureations of the machines are represented by rows from
bottom to top. Letters in the beginning of the alphabet represent tape symbols. Darkgray tiles correspond
to cells above which the computation head is located. Light gray tiles are located at the next position of the
computation head.

We present now the details of the construction. They are tedious but straightforward.
Consider a Turing machine (@, {0,1}, A,0,qs). As marked before, we can easily replace a
Turing machine that does not move in some state g, by a machine that always moves if it
does not halt (see exercise ...). The set of colours is given by

C = (Qx {LR)U(Qx A)UAU {0,0,0,¢}
We now construct the tile set.

e For each tape symbol, we have a cell of the following type.
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They encode tape cells on which the computation head is not located, and hence, above
and below them should be tiles that encode the same symbol.

For each (¢,a) € Dom §, there is a tile that represents the reading, writing and change
of state of the Turing machine. Let §(¢q,a) = (¢/,d’, D). D represents the direction in
which the computation head moves. Corresponding to this direction we either add the
left or the right tile to the tile set T

(¢,a)

Here, ¢p is shorthand for (¢, D) € Q x {L, R}.

For each (¢,a) € @ x A, there is a tile that is needed to implement the movement of
the head. For left and right movements we have:

(g,a)

4R °

(q,a)

° qr

Note that only tiles of this and the above type have colours Q x {L, R} C C, on the
left or the right side. This implies that a tile of this type always has exactly one
neighbour which is a tile of the previous type and vice versa. Also note that the colours
@ x A C C only appear in tiles of this and the previous type. (There is only one
exception, corresponding to a single tile that can only appear on the first row.) This
implies that in each subsequent row, the position of the computation head will be in
the desired place.

The initial configuration is given by the state ¢; € Q and a tape containing only blank
symbols u € A. Note that in the first computation step, the head always moves right.
Let a’ be the symbol that is written in this step and g1 be the new state. (The case where
the machine halts immediately is described in the next item.) To start the computation
correctly, the first row of the plane should be filled with the following tiles:

O

(q1,0)

<
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e For each (¢,a) ¢ Domd, (which can only appear in a terminating configuration), we
add the tile

(¢,a)

The colour ¢ does not appear elsewhere in the tile set T, hence, such a tile can not
appear in a (T, t)-tiling.

It is not hard to show by induction that in a tiling of the first n rows corresponding to
n valid computation steps, there is exactly one cell of the second and third type. Therefore,
the state encoded in these cells must correspond to the states of the Turing machine in this
computation. Hence, if the computation never terminates, this tile set can fill the plane.
Otherwise, no tiling exists. O

In section |5 we will use a closely related result. A rectangular (T,t)-tiling is a tiling of
[1,n] x [1,m] for some n and m. For some colour ¢ € C, we say that a tiling is c-containing
if it contains a tile that has a colour c.

Corollary 20. The set of triples (¢, ', T,t) such that a rectangular ¢ and ¢ -containing (T, t)-
tiling exists, is Turing complete.

Proof. To the tile set constructed in the proof of Theorem [18 we add a new colour # and the
tiles

i i
. i o 7*
i i

These tiles can only appear on the right border of a tiling. The idea is that if such a border
is present in a rectangle tiling, the computation head can not leave the rectangle during the
simulated computation steps.

We show that if a Turing machine halts, then there exists an [1,n] x [1, m]-tiling that
contains tiles with the colours # and #. Indeed, if the machine halts in the nth step, then
there is a column m where the computation head never comes. In this position we have a
column of tiles that have only the colour e on there west side. Hence, at this position we can
place a column of #-containing tiles.

Now suppose that a rectangular colouring exists that contains the # and # colours. Note
that an #-containing tile can only have #-containing tiles below and above it, and it can have
no other tile at the right of it. Hence, any rectangular tiling that contains an #-containing
tile must have a full column of such tiles at the rightmost column. A tile that encodes a right
moving computation head can not be a (left) neighbour of such a tile. Hence, we can obtain
a computation transcript by assuming that all cells form the column of the #-containing cell
on are blank. O
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There exists a tile set T and a t € T for which a tiling exists, but for which every such tiling
f is a non-computable function. We will prove this result in the two subsequent exercises.

Exercise 21. Show that there exists an oracle machine U that always halts when started
on empty input with an oracle that contains a computable set, i.e., if A is computable, then
U4(e) halts. Tip: use exercise

Using tilings, we can only simulate machines with a single tape. So how can we get rid
of the work tape and obtain a single tape Turing machine satisfying the conditions of the
exercise? We use a single tape both to carry the information of the oracle and as a work
tape by expanding the tape alphabet Ap to {0,1} x Ap. (We don’t loose any information if
a cell (b,a) € {0,1} x Ap is only overwritten by symbols (b,a’).) In this way we can still read
and write anything on the tape without loosing the information of the oracle. Now, you can
understand why the required tile set exists.

Exercise 22. Show that there exists a tile set T and a t € T for which a tiling exists, but
for which every such tiling f is a non-computable function.

5 Godel’s incompleteness theorem

In this section we argue that there exist no proof systems that are both correct and can prove
all true arithmetical formulas. We assume the reader is familiar with basic logical notation.

Arithmetical formulas are formulas that contain variables that have values over the non-
negative integer numbers, have equality relations in them, contain the constants 0 and 1,
contain operations for addition + and multiplication *, contain the logical connectives A
“and”, V “or”, - “not”, =, and the quantifiers V “for all” and 3 “there exists”. Formally,
arithmetical formulas are defined as the first order language that contains one binary predi-
cate symbol (equality), two constants (0 and 1), and two binary function symbols (addition
and multiplication). We say that a formula is true if it is true in the standard interpretation
over the set {0} UN =0,1,2,.... For example, Vc(F(c)) is true if the expression F(c) is true
for all non-negative integers c.

Some examples of arithmetical formula: 0 = 1 and Ja(a * a = 2). Both formulas are false.
The formula VaV¥b (a* — b* = (a + b)(a — b)) is true. In the construction of bigger formula we
also consider expressions with free variables: the formulas a = b = a? = b2, 3c(a+c = b) and
Ve(—=(a = b+ 14 ¢)) have two such variables a and b. The first formula is true for all values
of a and b. The two others formulas are equivalent to a < b.

The following proposition shows that the set of arithmetical formula is Turing complete.
Recall the definition of a rectangular tiling given below the proof of Theorem

Proposition 21. There exists a computable function that maps every quadruple (¢, ,T,t) to
an arithemtical formula that is true if and only if there exists a ¢ and ¢’ -containing rectangular
(T, t)-tiling.

Let us explain the main technical difficulty using some one dimensional variant of the
problem. Suppose we are given a number N and a relation F C N x N which is expressible
as an arithmetical formula. Is there a formula that is equivalent to:

“There exists a list 41, ..., £, with /1 = 1 that contains NV
and such that F(¢;,¢;+1) holds for alli =1,...,n— 1.7
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Arithmetical formula have no quantifiers over lists of natural numbers. So we use an indirect
approach, inspired by how we write numbers in some base b. Given a large number L, we get
the ith number in base b by | L/b'] mod b, where |z] denotes the smallest integer that does
not exceed x. From now on we only use integer devision, hence, we can omit |-|. We show
that the statement above is equivalent to

JL, b, P[“all dividers of B are powers of b”
ALmodb=1
A 3B (B|E/\ (L/B) mod b = N)
AVB (Bb|§ = F((L/B) mod b, (L/bB) mod b)) } .

We first show that the claim implies the formula. If the list contains only one element,
then N = 1. The formula is true for L = B = 1 and b = 2. Suppose that for some n > 2, a
list of numbers ¢1,..., ¢, exists that satisfies the statement. Let b be a prime number that
exceeds all these numbers. Let B = b"2 and let L = Y 7 ¢;b6°~1. The divisors of B are exactly
b' for i =0,...,n—2, and hence, the possible values for ((L/B) mod b, (L/bB) mod b) in the
formula above are precisely (¢;,¢;+1) fori=1,...,n— 1.

We now show that the formula implies the claim. First note that the statement “all
dividers of B are powers of b” implies that B # 0, because all natural numbers divide zero.
It also implies that b # 0 because 1 always divides B and is not a power of zero. The list
{1,..., 4, is given by L mod b, (L/b) mod b, L/b*> mod b, up to the maximal b° such that b*|B.
This list satisfies all properties.

The statement above can be rewritten as an arithmetical formula by using the following
equivalences: a # b < —(a = b) and for any expression F we have

E(a mod b) e VYuvr((a=ub+rAr<b)= E(r))
E(a/b) S VYuvr((a=ub+rAr <b)= E(u))
IB(B|BAE(B)) < 3¢3u(¢B = B A E(B))

VB(B|B = E(B)) <« VBVq(¢B =B = E(B)).

Finally, the statement “the only dividers of M are powers of b” is equivalent to:
M#0ANbD£0 A Vu,v((M:uv/\U;é 1) :>M:ub(v/b)>.

Indeed, the |}-direction is direct. For the {} direction, assume that M has a divisor d that is
not a power of b. Let d = bv for some v such that bfv. Note that v # 1 and v|M. Hence,
uv = M with u # 0. implies that M > ub(v/b), i.e., the formula is false.

Proof of Proposition |21 We need to encode a 2d-array of tiles as a single number. We use
the technique above twice. First we encode every row as a single number, and then we encode
all these numbers as a single number. Let A be the number that encodes the array and let

ASL, = ((A/D mod d) /B) mod b
The tile at position (i + 1,7 + 1) is represented as [A}Z;ij for i,j € [0,n —1].

Let t1,t2,...,ti7 be a list of all the tiles in T. Let H and V be the sets of tiles (i, )
with matching horizontal and vertical colors, i.e., H = {(i,j) : t;g = t;w} and V = {(7,7) :
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tin =tjs}. For c € C, let IT, be the sets of indices of tiles that contain the colour ¢. The
statement “There exists a rectangular ¢ and ¢’-containing (7', t1)-tiling” is equivalent to

JA, b, B, d,ﬁ[“all dividers of B are powers of b”

A “all dividers of D are powers of d”

AlA =1

A 3B, D(B\E AD[D A (Al € ITC>

A 3B, D(B|§ ADID A (Al € ITC/)

AVB ((BI(B/b) A DID) = 1 ([, (45 1))
AVB ((BIB A DI(D/d) = V ([l (A5 ) |

With the same observations as above, this formula can be transformed to an arithmetical
formula; it remains to note that testing whether = € S for some finite set S = {s1,...,Se}, is
the same as x = s1 A ... Az = s,.

Using the observations above the proof, we can show that this statement is equivalent with
the existence of a rectangular ¢ and ¢’-containing (7', ¢)-tiling. Moreover, the corresponding
formula is computable from (¢, ¢, T, t1). O

Godel’s theorem states that for any correct proof system there is a statement which can
not be proven. For this we must explain what we mean by a proof system. A proof system
is a computable language over an alphabet, whose elements we call proofs, together with a
computable binary function f(z,y), which expresses whether a proof x proves a formula y.
Note that the set of formulas that have a proof, is enumerable.

Corollary 22. Every proof system either proves a false formula or has a true formula without
proof.

Proof. Suppose there is a correct proof system that can prove all true statements. For each
formula w, either w or its negation NOT(w) is true (and not both). Hence, either w or
NOT(w) is provable. The third item of exercise |§| implies that the set of true formulas is de-
cidable. On the other hand, the Halting problem is an enumerable set, and by Proposition
it is expressible as an arithmetical set. Hence, we can solve the Halting problem by deciding
whether some sequences are true; and this is impossible. Therefore, a correct proof system
can not prove all true formulas. ]

We can prove the corollary in a more direct (and closely related way). Consider the
following:

The statement in the box has no proof. ‘

Suppose the statement has a proof. Then the proof system proves a false theorem. Otherwise,
it is true, and hence unprovable by assumption. In both cases it supports Godel’s claim.

How can we express the statement above using an arithmetical formula? Consider a
Turing machine U that takes a binary encoding = of an arithmetical formula « as input and
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searches for a proof. Upon finding such a proof it outputs 1, otherwise it runs forever. By
Proposition [21] there exists an arithmetical statement that is equivalent to U(z) = 1. This
statement is true if and only if “a has a proof”.

Now, we must find a way to let a formula refer to itself. Note that we can make a list
of arithmetical formulas containing all formulas with one free variable, i.e., that have one
variable in them that is not in the scope of a quantifier (3 or V). We can make a Turing
machine V' that on input n computes the nth such formula and replaces the variable with
the value n. Then V runs the machine above to check whether this formula has a proof.
The statement V' (n) = 1 means: “After substituting the value n for the free variable in the
nth formula, we obtain a provable formula.” We can now apply Proposition [21] to obtain an
equivalent arithmetical formula a(n). Consider its negation:

NOT «a(n).

Clearly, this formula has one parameter, and it appears in the list. Let N be its index. The
formula
NOT «(N)

has no parameters. It means “After substituting the value IV for the free variable in the Nth
formula, we obtain an unprovable formula.” The Nth formula in the list is NOT «(n), thus
after replacing n with the value N, we obtain the formula itself. So it is either unprovable or
false.
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