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Abstract

Our recent research (see [17]) emphasizes the importance of hierarchies of lexicographic
beliefs in finite, static games, showing how it affects the epistemic justification of Iterated
Admissibility. Here, we discuss in detail the properties of hierarchies of lexicographic beliefs
in terms of their minimal representation. This allows us to elucidate our formulation of the
canonical type structure, and to compare it to the construction due to Lee ([40]). We also
show that the results in [17] do not hinge on the presence of redundancies in the representation
of Lexicographic Expected Utility preferences.
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1 Introduction

Lexicographic Probability Systems (henceforth, LPS) have been used in recent papers to provide
epistemic foundations of solution concepts in games. An LPS is a finite sequence (py, ..., it,,)
of probabilities (called also "theories") over a relevant space of uncertainty, and the decision
maker uses them lexicographically to determine her preferences. To clarify, the decision maker
starts by evaluating her optimal choice according to the first theory pq; if p; leads to more
than one optimal choice, then the decision maker uses py to break ties, and so on. So, LPS’s
generalize usual probabilistic beliefs, as they are representations of Lexicographic Expected
Utility preferences, which include standard Subjective Expected Utility preferences as special
case (see [7] for an axiomatic derivation). The advantage of LPS’s is that they can be used to
formalize the idea that a decision maker deems an event "infinitely more likely than" another,
without ruling out the possibility that the latter occurs.

Brandenburger, Friedenberg and Keisler ([15],henceforth, BFK) introduced the formalism
of lexicographic type structures as a device to model players’ interactive beliefs in a strategic
setting: Formally, for each player there is a set of types; each type is associated with an LPS
over the product of the space of primitive uncertainty and the set of the opponents’ types. Lex-
icographic type structures have been proven extremely useful for epistemic analyses of Iterated
Admissibility (i.e., iterated weak dominance) in finite, static games with complete information,
e.g., BFK, Dekel, Friedenberg and Siniscalchi ([20]) and Keisler and Lee ([37]).

A lexicographic type structure provides only an implicit way to describe the belief hierar-
chies of the players: The above mentioned papers do not construct a canonical, universal type
structure into which any other type structure can be mapped in a unique belief-preserving way.
By contrast, in this paper we adopt an explicit perspective, in which hierarchies of LPS’s are de-
scribed and discussed in detail: Our aim is to provide an in-depth analysis on the hierarchiecal
approach, by first comparing two seemingly opposite contributions to this field of research,
namely the works of Lee ([38],[40]) and Catonini and De Vito ([17],[18]). Next, we show how
hierarchies of LPS’s are fundamental for an epistemic characterization of Iterated Admissibility
in finite games.

Before describing our results in more detail we survey briefly the background.

Hierarchies of LPS’s and type structures. In our related works ([17],[18]), we establish the
foundation of lexicographic type structures and hierarchies of LPS’s in the same way as papers
such as [42] and [14] do for standard (i.e., probabilistic) type structures. Specifically, it is shown
the set of all hierarchies of LPS’s satisfying coherence and common full belief of coherence can
be endowed with the internal structure of a lexicographic type structure. Such "canonical" type
structure turns out to be universal in the sense that each type structure can be uniquely mapped
into it by a map—called type morphism—which preserves the beliefs associated with types.

The notion of coherence for hierarchies of LPS’s is a simple generalization of the standard one
for hierarchies of probabilistic beliefs; it simply requires that the marginals of the higher-order
LPS’s coincide with the corresponding lower-order LPS’s. There, the marginalization operation
is taken pointwise: e.g., the marginal of a length-n LPS is simply defined as the length-n sequence
of the marginals of the component measures. Consequently, each coherent hierarchy of LPS’s
consists of an infinite sequence of LPS’s of the same (finite) length. The notion of full belief is
the LPS-based analogue of the notion of certainty for probabilistic beliefs.

In [17], we make use of the universality property of the canonical type structure to provide
an epistemic characterization of Iterated Admissibility in finite games. We do this by weakening
BFK’s concept of Assumption, which is essentially an "infinitely more likely than" relation
between uncertain events. The weakening is crucial for the result in [17] to hold, since, as a
consequence of BFK’s results (see also [20]), in any complete and continuous type structure (e.g.,



the canonical one) the epistemic notion of Rationality and Common Assumption of Rationality
(RCAR) has no bite—that is, there is no state of the world consistent with RCAR.!

Preference redundancy and minimal LPS’s. The preference-based axiomatization of
LPS’s, given in [7], highlights the fact that multiple LPS’s can represent the same Lexicographic
Expected Utility preference relation. One source of redundant LPS-based representations of
lexicographic preferences is non-minimality: For instance, LPS’s (pq, f41, f19) and (pq, pi9) clearly
represent the one and the same preference relation. Therefore, as pointed out by Lee [38], for
every hierarchy of lexicographic beliefs there are infinitely many distinct hierarchies representing
the same hierarchy of lexicographic preferences. In other words, the costruction of the canon-
ical space of hierarchies in [18] results in a type structure containing redundant (in terms of
preferences) types.

By restricting attention to minimal LPS’s, i.e., minimal length representation of lexicographic
preferences, Lee ([40]) constructs a space of hierarchies of LPS’s satisfying a coherence require-
ment which is weaker than the one in [18]. Lee’s notion of coherence allows a (k + 1)-order belief
to be a longer LPS than k-order belief, but it preserves coherence of preferences represented by
the beliefs. Such approach is therefore closely related to the preference hierarchical approach of
Epstein and Wang [27] and Di Tillio [24].

Lee provides a "bottom-up" construction (@ la Mertens and Zamir [42]) of the space of hier-
archies of minimal beliefs in which some hierarchies cannot be generated by any type structure.
The reason why this occurs is that, while the length of all k-order beliefs is finite for all £ € N,
this may not be the case for k — oco. Consequently, there are hierarchies that cannot be summa-
rized by a single LPS, which must necessarily have a finite length. Lee uses this fact to provide
an epistemic justification of Iterated Admissibility under BFK’s notion of Assumption, and the
presence of hierarchies which cannot be generated by types is crucial to obtain a non-empty set
of states consistent with RCAR.?

Main questions and our contribution. Clearly, there are overlaps and similarities between
the approaches outlined above. At the same time, they offer distinct ways of analysis. This
raises some interesting questions.

The first question is as to whether the canonical type structure for lexicographic beliefs
constructed in [18] relate to the corresponding type structures with minimal beliefs in [40]. We
address this issue as follows. First, by selecting only the hierarchies with an upper bound on the
length of all finite-order beliefs, we show that a construction of a "canonical" type structure for
hierarchies of minimal beliefs is possible, along the lines outlined in [18]. The canonical space of
hierarchies constructed in this way turns out to be behaviorally equivalent to the canonical space
of hierarchies of LPS’s in [18]. This is so because Lee’s notion of coherence preserves coherence
of preferences exactly in the same way as the notion of coherence in [18] does. This version of
the canonical type structure satisfies a terminality property analogous to that in [18]. Indeed,
under an appropriate notion of hierarchy morphism, every type structure can be mapped into
it in a way that preserves the hierarchies of minimal beliefs.

It is noteworthy that the canonical type structure of minimal LPS’s is proper subset of the
space of hierarchies constructed in [40]. As we will formally elaborate in Section 7, in order to
meaningfully define the notion of full belief of coherence (in Lee’s sense), we need to restrict
attention only to those hierarchies with an upper bound on the length of all finite-order beliefs.

'BFK’s notion of rationality is stronger than the one in [17] (and also in the current paper), as it includes a
full-support requirement. In [17], we refer to Rationality in BFK’s sense as Open-minded Rationality.

*The epistemic notion of RCAR in [40] is, in a sense, more general than that in BFK, as it is stated in the
space of hierarchies (cf. [40, Section 5]).



The second question we address is whether the epistemic notion of Cautious Rationality and
Common Assumption of Cautious Rationality—as elaborated in our work ([17])—still character-
izes Iterated Admissibility in the new framework. We provide an affirmative answer, by showing
that the results in [17] do not hinge on the presence of redundancies in the representation of
Lexicographic Expected Utility preferences. Specifically, we show that an analogue of main re-
sult in [17] also holds for this version of the canonical type structure. This highlights the fact
the epistemic notion of Cautious Rationality and Common Assumption of Cautious Rationality
depends only on hierarchies of preferences, not on their LPS-based representations.

Structure of the paper. The remainder of this paper is organized as follows. Section 2
contains some definitions and the basic notation that will be used throughout. LPS’s and
ther minimal representations of lexicographic preference relations are introduced in Section 3.
Section 4 shows how a canonical type structures for hierarchies of lexicographic minimal beliefs
can be constructed. We also provide a terminality result for this type structure. Section 6
shows how the analysis in [17] to the epistemic characterization of iterated admissibility can be
easily adapted in this new epistemic framework. Section 7 concludes with a discussion on some
conceptual and technical aspects of the paper. Proofs omitted from the main text are collected
in the Appendix.

2 Preliminaries and notation

We begin with some definitions and the basic notation that will be used throughout the paper.?
A measurable space is a pair (X,Xyx), where X is a set and X x is a o-field, the elements of
which are called events. When it is clear from the context which o-field on X we are considering,
we suppress reference to Yx and simply write X to denote a measurable space. All the sets
considered in this paper are assumed to be metrizable topological spaces, and they are endowed
with the Borel o-field. A Polish space is a topological space which is homeomorphic to a com-
plete, separable metrizable space. A Lusin space is a topological space which is the continuous,
injective image of a complete, separable metrizable space.? Clearly, a Polish space is also Lusin.
Every metrizable Lusin space is measure-theoretic isomorphic to a Borel subset of some Polish
space.

If (X,)nen is a countable collection of pairwise disjoint topological spaces, then the set
X = UpenXy, is endowed with the direct sum topology.” The set X is metrizable Lusin (resp.
Polish) provided each X, is metrizable Lusin (resp. Polish).

We consider any product, finite or countable, of topological spaces as a topological space
with the product topology. As such, a countable product of metrizable Lusin (resp. Polish)
spaces is also metrizable Lusin (resp. Polish). Furthermore, given topological spaces X and Y,
we denote by Projy the canonical projection from X x Y onto X; in view of our assumption,
the map Projy is continuous and open (i.e., the image of each open set in X x Y is an open set
in X under the map Projy). Finally, for a measurable space X, we denote by Idx the identity
map on X, that is, Idx (z) = z for all z € X.

3 A more detailed presentation of the following concepts, as well as related mathematical results, can be found
in [8], [26], [47], [50], [53]. In the remainder of the paper, we shall make use of the results mentioned in this
section, sometimes without referring to them explicitly.

*If X is a Lusin topological space, and Xx is the corresponding Borel o-field, then the measurable space
(X,Xx) is Standard Borel (cf. [19]).

>The assumption that the spaces X, are pairwise disjoint is without any loss of generality, since they can be
replaced by a homeomorphic copy, if needed (see [26, p.75]).



3 Lexicographic beliefs and lexicographic preferences

3.1 Lexicographic probability systems

Given a topological space X, we denote by M (X) the set of Borel probability measures on
X. The set M (X) is endowed with the weak*-topology. Then, if X is metrizable Lusin (resp.
Polish), then M (X) is also metrizable Lusin (resp. Polish).

We denote by N (X) (resp. N, (X)) the set of all finite (resp. length-n) sequences of Borel
probability measures on X, that is,

N(X) = UnENNn(X)
= Unen (M (X))".

This means that if & € N (X), then there is some n € N such that @ = (i, ..., pt,,). Call each
= (1, pb) € N (X) alexicographic probability system (LPS). The length of the LPS
1 € N (X) is denoted by ¢ (zz) € N.

Each 7 = (ptq, ...y pt,) € N (X) is called lexicographic probability system (LPS). We say
that @ is a mutually singular LPS or a lexicographic conditional probability system
(LCPS) if there are Borel sets Fi,..., F, in X such that, for every | < n, u; (E;) = 1 and
p (Ep) = 0 for m # 1. Write £(X) (resp. L, (X)) for the set of LCPS’s (resp. length-n
LCPS’s). Both topological spaces N (X) and £ (X) metrizable Lusin provided X is metrizable
Lusin. In particular, if X is Polish, so are N'(X) and £ (X).%

For every Borel probability measure pu on a topological space X, the support of u, denoted
by Suppy, is the smallest closed subset of X such that p (Suppu) = 1. The support of an LPS
= (1, s ph) € N (X) is thus defined as Suppi = U<, Supppy. So, an LPS 1 = (pq, ..., ft,) €
N (X) is of full-support if U;<,,Suppu; = X. We write ;] (X) for the set of all full-support,
length-n LPS’s and N (X) (resp. £ (X)) for the set of full-support LPS’s (resp. full-support
LCPS’s).

_ Suppose we are given topological spaces X and Y, and a Borel map f: X — Y. The map
f:M(X)— M(Y), defined by

F)(B)=p(f1(E), pe M(X), E Xy,

is called the image (or pushforward) measure map of f. For each n € N, the map J?(n) N, (X) —
N, (Y) is defined by

(Ml? ...7Mn) = f\(n) ((/1’17 ,..,,LLn)) - <']7(Mk)>k§n '

Thus the map f : N (X) — N (Y) defined by
F (@) = Fouy (1) B € N (X)),
is called the image LPS map of f. In other words, the map f is the combination of the
functions (ﬁn)> N and it is Borel measurable.” In particular, if X and Y are metrizable Lusin
ne

spaces, then the marginal measure of € M (X x Y) on X is defined as margypu = P;;ng ().
Consequently, the marginal of 7 € N (X xY) on X is defined as margynz = Projx (1), and
Projx : N (X xY) — N (X) is a continuous and surjective map.

5We refer the reader to our companion paper [17] for a proof of those results.
"For details and proofs related to Borel measurability and continuity of the involved maps, we refer the reader
to [17].



3.2 Lexicographic preferences

In what follows, we fix a metrizable Lusin space X.

Definition 1 An act defined on X is a Borel measurable map f : X — [0,1]. The set of all
acts on X is denoted by ACT (X).

Definition 2 Let 1 = (i, ..., pt,) € N (X). The preference relation =" on ACT (X) is defined
as follows. For all f,g € ACT (X),

f7lg <= (/X fdul,-'-,/xfdun> > </ngluflv"-v/ng,U'n>:

where >, stands for the usual lexicographic order.

A preference relation 77 on ACT (X) is called a lexicographic expected utility (LEU)
preference relation if there exists m € N (X) such that ===F. In such a case, we say that i
is a LEU preference representation.

We also introduce an equivalence relation on N (X).

Definition 3 Let i,7 € N (X). We say that i and U represent the same preferences, and
we write T 2 U, if =F==". Furthermore, we say that i is a minimal length LEU preference
representation if it is the shortest LPS that represents ==F, that is, for allv € N (X),

LE2rv=1»0(n) <{(D).
The set of all minimal length LEU preference representations is denoted by N (X).

Remark 1 The set N (X) is open in N (X) ([40, Lemma 3.2]).

The following result shows that for LCPS’s each member of the partition induced by the
equivalence relation = is a singleton (cf. [7, Theorem 5.3]).

Proposition 1 Let g, v € L(X). Thus t =27 if and only if i = U.
An immediate implication of this fact is given by the following

Corollary 1 £(X) C N (X).



We now formally define the concept of pushforward LEU preference relation. Fix a Borel
measurable map ¢ : X — Y between Lusin spaces X and Y. Given a preference relation 77 on
ACT(X), the pushforward preference relation 2¥ on ACT(Y') induced by ¢ is defined as follows:
For all f,g €ACT(Y),

[ZPg9 <= fopZgop.
In particular, given a product space X x Y, the pushforward preference relation =PIy on
ACT(Y) induced by the canonical projection Projy : X x Y — Y ie.,

f Py g« foProjy = goProjy, Vf,g € ACT(Y),

is called the marginal preference relation.®
Clearly the LPS 7 = (v1,...,vy) € N (Y) represents the LEU preference relation 7% on
ACT(Y) induced by ¢ : X — Y if and only if there exists @ = (uq, ..., 4,,) € N (X) such that

</X (fow) du;)j_l >r </X (90¢) sz)j_l,

¢ (p) =7 and
for all f,g € ACT (Y).” It turns out that
A7 = 3(0) 2 3(7), V7 €N (X).

However, we are interested in minimal length representations of pushforward LEU preference
relations. To this end, we need to define a map mx : N (X) — N (X) which minimizes the length
of an LPS while preserving the representation of preferences. Given an LPS 1 = (uq, ..., i4,)
and | < n, let iy = (pq, ..., pty) and fi_; = (ul, ey 15 M1 ...,,un). The map my is defined as
follows:

| m if peN(X),
my (1) = - : 7 _
my (g_;), if3l>1s.t. fici1 €N (X) and fiq; ¢ N (X).

To clarify, suppose that y; is the first probability measure in the LPS & = (4, ..., it,,) that can
be written as convex combination of the preceeding measures (so that it contains redundant
information about preferences). Then p; can be removed from 7 without changing preferences.
The minimization myx (z) of & is thus defined by a recursive procedure which deletes such
redundant measures from 7 in the order they appear until none remain. See [40] for examples.

As shown in [40, Lemma A.4], the map myx : N (X) — N (X) is a Borel class 2 map (i.e.,
the inverse image of every open set is a Gs-set). It is trivial to check that the map my is onto.
We also note the following fact.

Lemma 1 Let X be a finite space. For each i € N (X), it holds that

Suppfi = Suppmy () -
Thus myx (N1 (X)) = N (X).

8Put differently, =F™¥ is the restriction of = to outcomes that are contingent on Y but they are constant
along the X-dimension; each act f € ACT (Y) is identified with the act f € ACT (X x Y) defined as

f((@,9)) = (f o Projy) ((z,9)) = f (), ¥ (z,y) € X x Y,

%To see this, note that

/dewz/yfd?o(uz)Z/X(fw)dm,

where the second equality follows from the Change of Variable Theorem ([1, Theorem 13.46]).



We now introduce the notion of minimal-LLPS pushforward map.

Definition 4 Fiz a Borel measurable map ¢ : X — Y between Lusin spaces X and Y. Let
B= (#1’ aﬂn) € N(X) The map

myop: N(X)— N(Y)

is called the minimal-LPS pushforward map under ¢, and my (¢ (iz)) is called the minimal-
itmage LPS representing =% on ACT (V).

Given a product space X XY, the minimal-marginal map margmy : N (X xY) — N (V)
1s defined as

margny- = my o margy-,

and margmy- (@) is called the minimal-LPS marginal of m € N (X xY) onY.

Note the following property of the minimal-LLPS pushforward map under ¢ : X — Y.

~

my (¢ (1)) =my (3 (7)) = & (0) =3 (v), V@,v € N (X).

The reverse implication is not true, as the following simple example shows.

Example 1 Let v, € M (X) such that v # p, and let ¢ : X — X be the identity map.
Consider LPS’s iy = (v, ) and iy = (v, %I/ + %u) It clearly holds that

(T ~

P (fy) =Ty = Tig = 9 (Jig) ,

but

mx (¢ (71)) = [ 7 fip = mx (P (72)) -

Clearly, the LPS pushforward map @ preserves preference-equivalence between LPS’s. Thus,
we point out:

Remark 2 Fix a Borel map ¢ : X — Y between Lusin spaces X and Y . The following property
holds true:
myo@:myo@omx.

Of course, an analogous property holds for the minimal-marginal map margmy : N' (X x V) —
N (Y). In view of the following result, the map margmy is measurable and onto.

Lemma 2 Fiz a Borel measurable map ¢ : X — Y between Lusin spaces X and Y. Thus the
map my o : N (X) — N (Y) is Borel measurable. It is onto provided ¢ is onto.

Remark 3 Note that if p : X — Y is continuous, then the induced map my op is not necessarily
continuous.



Lemma 3 Fix a Borel measurable map ¢ : X — Y between Lusin spaces X and Y, and let
€N (X). The following statements hold true.

(1) 13 () €N (Y), then i€ N (X).
(2) If p(m) € L(Y), then € L(X).

We finally record, for future reference, the following simple fact:

Lemma 4 Fix a Borel measurable map ¢ : X — Y between Lusin spaces X and Y, and let
neN(X). Thus

¢ (my (¢ (1)) < £(@ (mx (7)) = £ (mx (7)) < (7)) =L@ (@) -

4 Higher order uncertainty in games

4.1 Hierarchies of lexicographic minimal beliefs

Fix a two-players set I;'0 given a player i € I, we denote by —i the other player in I. For each
1 € 1, let S_; be a non-empty space—called space of primitive uncertainty—describing aspects
of the strategic interaction that player ¢ is uncertain about. Throughout this paper, S_; will
represent player —i’s strategy set: Player ¢ does not know which strategy player —i is going to
choose. Other interpretations are also possible; for instance, S_; may include player —i’s set of
payoff functions, among which the true one is not known to player i. We assume that each 5; is
a metrizable Lusin space, with |S;| > 2.

We now construct the space of hierarchies of minimal lexicographic beliefs for each player.
Formally, for each i € I define inductively the sequence of spaces (X¥) k>0 as

xX0=5., (4.1)

Xh = XEx N (X)) k>0 (4.2)

—k+1

hf“ = (ﬁ%,ﬁ?, coey 1 ) is a (k + 1)-order lexicographic minimal belief hierarchy,

An element

where ﬁf = (Mf’l, e uf’”) eN (Kf_l) denotes i’s k-order minimum length LPS representing
the k-order preference relation. It is easily seen that, according to our notation,

k
EH1_ x0 Y
X! &ng@J

The set of all possible, infinite hierarchies of lexicographic minimal beliefs for player 4 is HY =
[N (X f) The space H ? is a metrizable Lusin space—in particular, H ? is Polish provided
each primitive space of uncertainty .5; is Polish.

As for the case of LPS’s, we introduce the concept of length for hierarchies of minimal beliefs,
which will turn out to be important for the construction of a canonical type structure.

10The analysis can be trivially extended to more than two players.



Definition 5 Fiz a hierarchy h; = (ﬂil,ﬁ?, ) € ﬂ?. The length of the hierarchy h;, denoted
by £ (h;), is defined as follows.

?(h;) = sup {ﬁ (ﬁf) |k > 1} .

The hierarchy h; € ﬂ? is {-bounded if { (h;) < oco.

As usual in the literature, we restrict attention to hierarchies of minimal beliefs which satisfy
a coherence requirement. This notion of coherence says that higher order minimal beliefs cannot
contradict lower order minimal beliefs. Formally:

Definition 6 A hierarchy h; = (ﬁ%,ﬁg, ) € HY is coherent if, for each k > 1,

marngk—1ﬁ§+l =7k
=4

Note that, for hierarchies of subjective expected utility (SEU) preferences, the notion of
coherence in Definition 6 reduces to the standard one (cf. [42] or [14]); in such a case, a coherent
hierarchy h; is f-bounded, namely £ (h;) = 1.

We record the properties of coherent and /-bounded hierachies in the following Proposition:

Proposition 2 Fix a coherent hierarchy h; = (ﬁ},ﬂ?, ) € Q?, Thus
4 (ﬁf) </ (ﬁf“) , Wk > 1.
Additionally, if h; is £-bounded, then there exists k' > 1 such that
0 (ﬁf) _y (ﬁfﬂ) V> K

(So € (h;) =€ (k) for all k > K'.)
For each player i € I, the set of all coherent and ¢-bounded hierarchies is denoted by H 21

Lemma 5 For each i € I, the set H} is Borel (so Lusin) in HY. In particular, if each S; is
Polish, then ﬂ,} 1s a Polish subspace of ﬂ?.

10



4.2 The canonical space of hierarchies

In this Section, we construct the canonical spaces of hierarchies of minimal beliefs, that is,
the spaces of all collectively coherent hierarchies of minimal LPS’s that can be endowed with
the structure of a lexicographic type structure (formally defined in the next Section). Our
construction follows quite closely the top-down construction of the canonical space given in [14].
An alternative, bottom-up construction (@ la Mertens and Zamir [42]) is provided in [40].

The following result, which is the analog to [14, Proposition 1], is the building block of our
analysis.

Proposition 3 For each i € I, there exists a Borel isomorphism f; : ﬂzl — M(S_i X Eil)
such that

margm&f—lfz ((ﬁ’}?ﬁ??v)) :ﬁ"f7 Vk > 1.

The Proof of Proposition 3 makes use of the following Lemma (proved in the Appendix),
which is essentially a version of the Kolmogorov Extension Theorem for LPS’s (cf. [14, Lemma

1]).
Lemma 6 Fiz a countable collection of metrizable Lusin spaces (W;)i>0, and, for each k > 0,
let Z), = HfZOVVZ and Z = 1172 W.
1. Let (?k)kzl be a collection of LPS’s on Zy,’s satisfying the following consistency condition:
marg,, UFT =7F, Vk > 1. (4.3)
Thus there exists a unique LPS TV on Z such that
marg,, v=7", Vk> 1.
We refer to U as the LPS extension of (7%)g>1.

2. Let (ﬁk)kzl be another collection of LPS’s on Zy’s satisfying the consistency condition as
in (4.3), and let p be its LPS extension. Thus

3. The LPS extension v of (ﬁk)kzl is of minimal-length if and only if there exists k' > 1 such
that ph' 1 S M(Z]y)

Proof of Proposition 3: Note that, for each 7 € I, the set S_; x Eii can be written as

S_yx HY, = X5 1 x ﬁ N (xL,).
—k—

l 1

For each i € I, let ®; : N (S_i X E}l) — ﬂzl be the map defined by

_ k /— _
R R i

11



We show that ®; is a Borel measurable bijection, which implies that ®; is a Borel isomor-
phism from N (S_Z- X E}l) onto H} by virtue of Souslin Theorem (see, e.g., [19, Proposition
8.6.2]). By this, the result follows, since the function f; = @;1 satisfies the required properties.
Measurability of ®; is obvious, in that each ®¥ is measurable by Lemma 2.

In order to show that ®; is a surjection, fix an arbitrary h; = (ﬁ},ﬁ?, ) € H!. Thus there
exists k' > 1 such that € (h;) = ¢ (if) for all k > k. Let

Pé‘“ = marngﬁfl, VE < K.

It follows from the definition of margm «-1 and the coherence condition that
m,k 1 (vf) =7k, vk < K.

By Lemma 6.1, to the array of LPS’s (ﬁil, ...,ﬁflfl,ﬁf/, ) there corresponds a unique 7; €
N (S,Z- X ﬂgz) such that

MaTgyk-17; = r, k> k.
MaTgyk-17; = vF Yk < K.
By Lemma 6.3, it follows that 7; € N (S_; x H°;), specifically ¢ (v;) = £ (h;), and
margm&cqﬂi = ﬁf, vk > 1.
Morever, uniqueness of 7; implies that ®; is an injection, as required. H

Note that the condition of /-boundedness for coherent hierarchies is essential for Proposition
3 to hold. Without this requirement, a coherent hierarchy could not be summarized by a single
LPS, which must necessarily have a finite length. As matter of fact, Lee ([40, Theorem 4.2])
exhibits an example of a coherent hierarchy which fails to be represented by an LPS—such
hierarchy is not f-bounded. Note also that, differently from the literature on hierarchies of
beliefs, the map f; is not necessarily a homeomorphism, in that, as already remarked, each map

myx-1 1S not continuous.

We now consider the case in which there is common full belief of coherence. As in [18],
we say that player i, endowed with a coherent and ¢-bounded hierarchy h;, fully believes an
event £ C S_; x H°, if f; (h;) (E) = 1, where 1 denotes a finite sequences of 1s; that is, every

probability measure of the LPS f; (h;) € N (S_i x H 92) assigns probability 1 to £. We thus
say that a hierarchy h; is consistent with full belief of coherence if

e h; € H!, and
o fi(h) (S_i X ﬂl_z) =1.

Common full belief of coherence is imposed by defining inductively, for each ¢ € I, the
following sets:

m = {nen

fi (hi) (S—i X ﬂli) :T}, [>1,
H

EEY)

= N1 HL.

The set Il;c;H; is naturally interpreted as the maximal set of players’ hierarchies that are
consistent with common full belief of coherence.
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Proposition 4 The restriction of f; to H, induces a Borel isomorphism Bi" from H, onto

M(S_Z X ﬂ—z)

The following simple result is needed in the proof of Proposition 4.

Lemma 7 Let E be a Borel subset of a metrizable Lusin space X . Thus the set {fi € N (X) ’ﬁ (E)=1}
is homeomorphic to N (E).

Proof of Proposition 4: It is easily seen that
H; = {hi€ Hj |fi(hi) (S-ix H_;) =1},
Indeed, if h; € H}, and f; (h;) (S_i X ﬁ,i) =1, then clearly h; € H, = ﬁlzlﬂé. On the other
hand, if h; € H;, then, by o-additivity of LPS’s, it follows that
fi(hi) (S—ix H_;) = fi(hi) (S—i X ﬂzz1ﬂ§>
= llggo fi (hs) (sz‘ X ﬂl_z)
= 1

Note that each H! is Borel in H}, and an analogous conclusion holds for H;. It follows from
Lemma 7 that f; (H;) is isomorphic to A/ (S—; x H_;). This shows the existence of a Borel
isomorphism S}* from H; onto N (S_; x H_;). W

Herafter, we shall refer to the set H = Il;c;H; as the canonical space of hierarchies of
minimal beliefs.

5 Lexicographic type structures

The following definition is a natural generalization of the standard definition of epistemic type
structure with beliefs represented by probability measures, i.e., length-1 LPS (cf. [33]).

Definition 7 An (S;),.;-based lexicographic type structure is a structure T = (S;, T3, B;)ie1,
where

1. for each i € I, T; is a metrizable Lusin space;
2. for each i € I, the function 8; : T; — N (S_; x T_;) is measurable.

We call each space T; type space and we call each [3; belief map. Members of type spaces,
viz. t; € Ty, are called types. Say t; € T; is a minimal type if 3; (t;) € N (S_; x T;). Say
t; € T; is a mutually singular type if B, (t;) € L(S—_; x T—;). Say t; € T; is a full-support
type if B; (t;) € N (S—; x T_;). Each element (s;,t;);c; € SXT is called state (of the world).

The canonical space oh hierarchies H = Il;c;H, constructed in the previous section can be
endowed with the internal structure of an (S;),.;-based type structure. In what follows, we
denote by 7™¢ = (S;, H;, 5;")icr the type structure associated with H, and we refer to it as the
minimal canonical type structure.
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Definition 8 An (5;),c;-based lexicographic type structure T = (S;,Tj, 3;)icr is

o minimal if each type is minimal;
e LCPS type structure if each type is mutually singular;
e minimal belief-complete if, for each i € I, B; (T;) DN (S—; x T—;);

e belief-complete if, for eachi € I, B; (T;) = N (S—; x T—;).

The idea of belief-completeness was introduced by Brandenburger ([13]) and adapted to the
present context. Note that each type space in a belief-complete type structure has the cardinality
of the continuum. It is also notewhorty that

(a) an LCPS type structure is minimal, and

(b) a belief-complete type structure is minimal belief-complete.

The reverse implication in (b) is clearly not true, as type structure 7™ shows.

5.1 From types to hierarchies

Given a type structure 7 = (S;,T;, 5;)icr, we define for each player i € I a m-hierarchy de-
scription map th; : T; — H ? associating with each t; € T; a corresponding hierarchy of minimal
beliefs. Such map is defined by an inductive procedure which is a slight variant of the one used
for belief-hierarchy description maps (cf. [4] and [18]):

e (base step: k = 1) For each i € I, let tx°, : S_; x T_; — X? be the natural projection.
Then, for each i € I, t; € T;, the first-order m-hierarchy description map thgL T, — N (K ?)
is defined as

th(t) = myo (6, (5, ()
= margmg . (B; (t:))-
For each i € I, define the map tx!, : S_; x T_; — X =85 xN(S)) as
tXii - (Ids’il,thlfl) .
e (inductive step: k+1, k > 1) Suppose we have already defined, for each ¢ € I, the functions
thF T — A (Xf”) and tx*, 1 S_; x T_; — Xb = XF1x N (g’j;l). For cach i € I,
t; € Ty, define thi™ : T; — N (X¥) as

e (1) = mog (65, (8, (1) )
consequently, the map tx’i‘fl Sy xT; — X f“ is defined as
tx"T = (tx’i Z-,th’jl) :

—iy ey UG,

so that tXIiJirl = (Idsii,thl .,thk th]itl)
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Thus, for each ¢ € I, the map th; : T; — ﬂ? is given by
th; (tz) = <ngy1 (txliil (ﬂz (tl))>> ,t; €T
- E>1

and the map tx_; : S_; xT_; — S_; xﬂgi is defined in a natural manner as tx_; = (Idsﬂ,,th_i).
An easy induction argument shows that both th; and tx_; are Borel measurable.

5.2 Type morphisms and hierarchy morphisms

Having specified how types induces hierarchies, we now introduce the relevant notions of belief-
preserving maps between type structures. In the definitions that follow, we let T" = ;< T;.

Definition 9 Fiz type structures T = (S;,T;, B;)ier and T' = (S;, T}, Bi)ic1, and, for eachi € I,
let p; : T; — T be a Borel measurable map.

1. The map (¢;);er : T — T is called belief-type morphism (from T to T') if, for each
iel,

5; °0Y; = (IdS/ﬂ'a\S@ﬂ') o B,

where (Idg_,,¢_;) : N'(S—; x T_;) — N (S—; x T";) is the LPS pushforward map under
(Ids_,, ;) : S—i x Ty — S_; X T" ;. The map (;);c; 15 a belief-type isomophism if it is
a Borel isomorphim.

2. The map (¢;);cr : T — T is a minimal belief-hierarchy morphism (from T to T')
if
thy (t;) = thi (¢; (), Vt; € Ty, Vie I.

The notion of belief-type morphism, which is a simple generalization of the related concept
for standard type structures (cf. [33]), asks for the belief maps to be preserved. That is, the
following diagram commutes:

T, L N(S- x T)
l% l (Ids_,4p_:) (5.1)

P NS T
By constrast, the notion of minimal belief-hierarchy morphism captures the idea that a type
structure 7 is "contained in" another type structure 7’ if 7 can be mapped into 7’ in a way
which preserves the hierarchies of minimal beliefs induced by types.
As one should expect, the important property of belief-type morphisms is that they preserve
the explicit description of minimal belief hierarchies.

Proposition 5 Fiz type structures T = (S;,T;, B;)ier and T' = (S;, T/, Bi)icr, and let (¢;);c; :
T — T' be a measurable map. Thus if (@;);c; is a belief-type morphism, then (@;);c; is a minimal
belief-hierarchy morphism.

We illustrate the differences between those two notions of belief-preserving maps by means
of the following simple example.
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Example 2 We first show an example on the existence of a minimal belief-hierarchy morphism
between two type structures, despite the fact that there is no belief-type morphism between them.
Let T = (S;,T;,B;)ier and T' = (S;,T!, B})icr be type structures such that, for each i € I =

{172}7
T, = {ti}f Ti/ = {t;};

,31- (tz) = (I/, l/) c N2 (sz X sz') s
B(t) = (5o )@)€ M(SixT),

v Thus (¢1,99) : 11 x Tp —
T] x T3 is a minimal belief-hierarchy morphism from T to T'. There is no belief-type morphism
between T and T'.

On the other hand, let T* = (S;, T}, B} )icr and T** = (S;,T;*, B )icr be type structures
such that, for each i € I ={1,2},
T = {6}, I ={t" 2"},

)

where, for each i € I, p; : T; — T is the map defined as p; (t;) =t

L) = @),
By () = (s, v )()
() = (s, 0-) (), (s 0 v))

where, for each i € I ={1,2},

¢ (t7) = ="

It is easily seen that both (¥1,v9) : T} x Ty — T1* X T5* and (¢q, ¢y) = T x Tof — T x T5*
are minimal belief-hierarchy morphisms from T* to T**. The map (11, 14) is also a belief-type
morphism.

All the type structures in Example 2 share the particular feature that the lexicographic
beliefs associated with types induce the one and the same minimal belief hierarchy. This leads
to the introduction of an important class of type structures, namely type structures satisfying a
non-redundancy condition. A type structure is minimal-belief-non-redundant if any two distinct
types induce distinct minimal belief hierarchies. Formally:

Definition 10 Fix a type structure T = (S;, T;, B;)icr-

1. Say T is minimal-belief-non-redundant (or simply non-redundant) if, for each i € I,
the m-hierarchy description map th; : T; — ﬂ? is injective.

2. We say that T is minimal-belief-redundant (or simply redundant) if it is not non-
redundant.

The structure 7™¢ = (S;, H;, 8i")icr is an instance of a non-redundant type structure. On
the other hand, type structure 7** in Example 2 is redundant. Specifically, Example 2 shows
that, if there is a minimal-belief hierarchy morphism (y;);c; from type structure 7 to type
structure 77, then (¢;),c; need not be unique. The reason why this can occur is that 7’ may
be redundant (as 7** in Example 2). The following result establishes this fact formally.
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Proposition 6 Let (¢;);c;: T — T’ be a minimal belief-hierarchy morphism from T = (S;, Ty, B;)ic1
toT' = (S;, T}, B})ier. If T' is non-redundant, then (p;);c; is the unique minimal belief-hierarchy
morphism.

5.3 Terminality

The notion of minimal belief-hierarchy morphism is well-suited for analysing an important prop-
erty of type structures, namely terminality.

Definition 11 An (S;),;-based type structure T' = (S;, T/, B;)icr is terminal if for every other
(Si);cr-based type structure T = (S;, T3, B;)icr there is a minimal belief-hierarchy morphism from
T toT.

The main result of this section shows that 7™°¢ = (S;, H;, 5;")icr is not only terminal, but
the minimal belief-hierarchy morphism from every type structure 7’ = (S;, 17, B5)ier to T™¢ is
also unique, and satisfies a property which is analogous to that of a belief-type morphism.

Theorem 1 Let T = (S;,T;, 3;)ic1 be an arbitrary (S;);c;-based lexicographic type structure,
and, for each i € I, let th; : T; — ﬂ? be the m-hierarchy description map. Then, for each i € I,

2. (thy);c; s the unique minimal belief-hierarchy morphism from T to T™¢ = (S;, H;, 5" )ic1-
Furthermore, it holds that

—

B othy =mg_ g o (Ids_,,th_;) o j,,

for each i € I.

6 Iterated Admissibility revisited: epistemic foundations

In what follows, we fix a finite game G = (I, (S;, u;);er), where I is a two-player set and, for every
i € I, S; is the set of strategies with |S;| > 2 and u; : S; x S_; — R is the payoff function. Each
strategy set .S; is given the obvious topology, i.e., the discrete topology. Define the expected
payoff function m; by extending u; on M(S;) x M(S_;) in the usual way:

71'1'(02‘,071') = Z O'Z'(SZ')Ufi(Sfi)ui(Si,871').

(Si,S,i)ESi xXS_;
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6.1 Iterated admissibility

The notion of admissible strategy is standard.

Definition 12 Fiz a set X; x X_; C S; x S_;. A strategy s; € S; is admissible with respect
to X; x X_; if and only if there exists o_; € M(S_;) such that Suppo_; = X_; and 7;(s;,0_;) >
mi(s,, o) for every s, € X;. If strategy s; € S; is admissible with respect to S; x S_;, we simply
say that s; is admissible.

Remark 4 Fix a set X; x X_; C 5; x S_;. A strategy s; € S; is weakly dominated with
respect to X; x X_; if there exists o; € M(S;) with o; (X;) = 1 such that w;(o;, s—;) > mi(si, S—i)
for every s_; € X_; and (04,8 ;) > mi(si,s_;) for some s’ ; € X_;. A standard result ([45,
Lemma 4]) states that a strategy s; € S; is not weakly dominated with respect to X; x X_; if and
only if it is admissible with respect to X; x X_;.

The set of iteratively admissible strategies (henceforth TA set) is defined inductively.

Definition 13 For each i € I, set S? = S; and for every m € N, let S™ be the set of all
s; € Sz?"—l which are admissible w.r.to SZT”—l xSTi_l. A strategy s; € S} is called m-admissible.
A strategy s; € S7° = NYX_S™ is called iteratively admissible.

Note that S;" D SimH # () for all m € N. Moreover, since each strategy set S; is finite, there
exists M € N such that [[,c; S = [[.c; SM. Consequently, the IA set [, ; S is non-empty.

6.2 Rationality and Cautiousness

For any two vectors = (27);, ,y = (u1);; € R", we write >, y if either (1) 2; = y; for every
[ <mn, or (2) there exists m < n such that x,, > vy, and x; = y; for every [ < m. Append to the
game G a type structure 7 = (S;,T;, ;) ier-

Definition 14 . A strategy s; € S; is optimal under (,(t;) = (,ull, ...,,u?) eEN(S_; xT-;) if

n

n
(m(sl-,margs_iui)) > (m(SQ,margs_,.uﬁ)) L, i€ S

=1

We say s; is a lexicographic best reply to margg_,3;(t;) on S_; if it is optimal under 3;(t;).

Definition 15 A type t; € T; is cautious (in T) if margg_3;(t;) € N* (S_;). We denote by
C; the set of all (s;,t;) € S; x T; where t; is cautious.
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Remark 5 Note that s; is a lexicographic best reply to margg . [3;(t;) if and only if s; is a
lexicographic best reply to margmg_ B3;(t;) € N(S_;). Moreover, by Lemma 1, it follows that

margg_,3;(ti) € N (S-;) <= margmg_ B;(t;) € N (S-;).
Thus t; € T; is cautious (in T ) if and only if margmg  B;(t;) € Nt (S_;). This entails that, if
Bi(ti) € NT (S_i x T_;), then margmg_ f3;(t;) € N'* (S_;).

Thus, for strategy-type pairs we define the following notions.

Definition 16 Fiz a strategy-type pair (s;, t;) € S; x T;.

1. Say (s;,t;) is rational (in T ) if s; is optimal under B; (t;). Let R; be the set of all rational
(Si,ti) € Sz x T;.

2. Say (si,t;) is cautiously rational (in T ) if it is rational and (s;,t;) € C;.
The following result is stated and proved in [17].
Proposition 7 If strategy-type pair (s;, t;) € S; xT; is cautiously rational, then s; is admissible.

In [17] it is shown that cautious rationality has an "invariance" property under belief-type
morphisms between type structures. A similar property also holds for the case of minimal
belef-hierarchy morphisms.

Lemma 8 Let T = (S;,T;, 5;)ier and T* = (S;, T}, B} )icr be lexicographic type structures, such
that there exists a minimal belief-hierarchy morphism (;);c; : T — T* from T to T*. Fizx a
strategy-type pair (s;,t;) € S; x T;. Thus

(1) (si,t:) € C; if and only (s;, @; (t;)) € Cf.
(ii) (si,t;) € Ry if and only (s;, ¢; (ti)) € RY.

Corollary 2 A strategy-type pair (s;,t;) is cautiously rational in T if and only (si,p; (t;)) is
cautiously rational in T*.
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6.3 Assumption
The following LPS-based definition of Assumption is taken from [17].

Definition 17 Fix a type structure T = (S;,T;, B;)ier and a non-empty event E C S_; x T_;.
Fiz also t; € Ty with B; (t;) = (p!, ..., ™). We say that E is assumed under j3; (t;) at level
m < n if the following conditions hold:

(i) ¢ (E) =1 for alll <m;

(ii) for every elementary cylinder C = {s_;} x T_;, if ENC # () then u* (ENC) > 0 for some
kE<m.

We say that E is assumed under 3; (t;) if it is assumed under (3; (t;) at some level m < n.
We say that t; € T; assumes E if E is assumed under 3; (t;).

The notion of Assumption captures the idea that event E and its payoff-relevant components,
viz. ENC # (), are "infinitely more likely than" its complement. A preference-based foundation
of Assumption is given in [17], where a comparison with alternative formulations (e.g., [20] and
[15]) is provided. It turns out that the notion of Assumption does not depend on the specific
LPS 7 representing the preference relation =~#; that is, if the LPS ¥ is such that =”==F, then
an event E is assumed in terms of 7 if and only if it is assumed in terms of %11

Remark 6 Fix a type structure T = (S;, T;, B;)icr and a non-empty event E C S_; x T_;. Fix
also t; € T; with B; (t;) = @ = (u*,...,u"). Thus E is assumed under [ if and only if it is
assumed under v € N (S_; x T_;) such that p =7, e.g., v =mg_,x7_, (fi)-

For each player i € I, let A; : ¥g_,x7 , — Xg,x7; be the operator defined by
A (E_) ={(si,t;) € S; x T; |t; assumes E_; }, E_; € ¥g_,x1_,.

It is shown in [17] that the set A; (F_;) is Borel in S; x T; for every event E_; C S_; x T_;; so
the operator A; : X5 7 , — Xg,x1, is well-defined.

The Assumption operator A; has invariance properties under minimal belief hierarchy-
morphisms between type structures which are analogous to the ones of (cautious) rationality
(cf. Lemma 8 and Corollary 2).

Lemma 9 Fiz type structures T = (S;, T3, B;)ier and T* = (S;, T, B} )ier. Let T* be minimal,
and suppose that there is a minimal belief-hierarchy morphism (@;);c; : T — T from T to T*
such that, for each i € I,

—

Biow, = mg_;xT*, © (IdSﬂ'v 9071') o 3.
Let E_; C S_;xT_; and E*; C S_; xT™, be non-empty events satisfying the following conditions:

1) (Ids_;,¢4) (E-i) C EX;

"Tn fact, Definition 17 can be viewed as a representation result of the notion of Assumption in terms of the
LPS’s representing the preference relation .
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2) Projg_, (E_;) = Projg_, (Ejz)

Then (ds,, ¢;) (A: (E_)) € A; (EX,).

Lemma 9 is the analogue of Lemma 6 in [17]. Specifically, [17, Lemma 6] covers the case in
which the map (¢;);c; is a belief-type morphism from 7 to 7%, and 7* is not required to be
minimal. We will make use of Lemma 9 for the proof of Theorem 3 below.

6.4 Common Assumption of Cautious Rationality and Iterated Admissibility

In what follows, fix a type structure 7 = (S;, T}, 5;)ier and, for each player i € I, let R} be the
set of all cautiously rational strategy-type pairs (s;,t;) € S; x Tj. For each m > 1, define R}
inductively by

R =R"nA; (R™).

We write RY = S; x T; and R = NyenR™ for each i € 1. If (sisti)icr € [Lier R;”H, we say
that there is cautious rationality and mth-order assumption of cautious rationality at
this state. If (si,t;);c; € [[;c; R5°, we say that there is cautious rationality and common
assumption of cautious rationality at this state.

Note that, for each m > 1,

R = RlIn (mlSmAi (Rl_,)) :

and each R is Borel in S; x T; (see [17]).
We now state the main results.

Theorem 2 Fix a minimal belief-complete type structure T = (S;,T;, B8;)icr- Thus, for each

m >0,
[ Projs, (&) =[] s

el el

A version of Theorem 2 for (not necessarily minimal) belief-complete type structures is given
in [17, Theorem 2.(i)]. We do not provide a self-contained proof of Theorem 2. The structure
of the arguments follows the proof of [17, Theorem 2.(i)]. We discuss the required modifications
in the Appendix.

Theorem 3 Fiz type structure T™° = (S;, H;, B )icr. Thus [[;c; R # 0 and

[T Projs, (B*) = T] s

i€l i€l

The proof of Theorem 3 makes use of the following result, which relies on Theorem 2.
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Lemma 10 Fiz 7™ = (S;, H;, 5i")ic1- There exists a finite, minimal type structure T* =
(Si, T, B );c; such that, for each i € I and each m > 1,

(i) Projg, (R;™) = S,

(i) (Idsi,thf) (R*ﬂn) C R".

()

Proof: In [17], it is shown the existence of a finite LCPS (so minimal) type structure 7* =
(Si, T, By ) ;e such that, for each player i € I,

Projs, (R;") = S, vk > 0, (6.1)
and Projg, (R:’oo) = 57°. We show by induction on k that, for each 7 € I,
(1ds,, th7) (BP*) € R, vb > 1.

(k=1)1If (s4,t;) € R:’l, then (s;,thf (t;)) € R} by Lemma 8.

(k > 2) Suppose that the statement is true for k — 1. Let (s;,t;) € R;‘k So (s;,ti) € R;"kil
and, by the induction hypothesis, (s;,th} (t;)) € RF!. So we need to show that (s;,th; (¢;)) €
A, (Rﬁf); this will imply (s;, th; (¢;)) € RF, as required.

Now note that

() (1ds,, th,) (R7F71) € RE,

(b) Projg <Ri’f71) = Projg_, (Rlif)

Part (a) is the induction hypothesis, while part (b) follows from (6.1) and Theorem 2. Since
(si,ti) € Ay (R*’I?A), then Lemma 9 yields (s;,th] (t;)) € A; (REl). [ |

—1
Proof of Theorem 3: By Lemma 10, there exists a finite, minimal type structure 7* =
(Si, T, B7);cr such that, for each i € I and each m > 1,
(a) Projg, (R7™) = S,
(b) (Idg,, thy) (R"™) € R™.
Since (R;"™)men is a weakly decreasing sequence of finite sets, there exists N € N such that

(2
Rf’N = R™. So, it follows from (a) that Projg, (R;"*) = S{°. Then, for every s; € S5,
there exists t; € T such that (s;,¢;) € R for all m € N. It thus follows from (b) that
(Idg,, thy) ((ss, ;) € R for all m € N. Hence (Idg,, thy) ((s;, %)) € R°. Consequently S° C

Projg. (R;°) # (). By Theorem 2, Projg, (R°) C S5°. The conclusion follows. B

7 Discussion

This section discusses some conceptual and technical aspects of the paper.

7.1 Hierarchies of minimal beliefs: the bottom-up approach

The modelling strategy which was used in Section 4.2 to obtain the structure 7™ = (S;, H;, 8i")ier
follows the "top-down" approch of Brandenburger and Dekel [14] (see also [4]) in which hier-
archies are first unrestricted and then the coherence requirement is imposed a posteriori. An
alternative, "bottom-up" approach consists in imposing coherence directly at all levels of the hi-
erarchies. Such approach, first adopted by Mertens and Zamir ([42]; see also [32]) turns out to be
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equivalent to the "top-down" approach when players’ preferences conform to the SEU criterion
and there is common belief of this—both approaches lead to two isomorphic type structures.
However, such equivalence breaks down in the lexicographic case. We show this by briefly re-
viewing the "bottom-up" approach; we then argue that the failure of this equivalence rests on
the concept of full belief, whose formulation requires the use of an LPS of finite length. B
To make this precise, we are going to define inductively the k-order coherent spaces Hik,
which will consist of coherent k-tuples of minimal length LPS’s over ©j, ’, .,0! | (the lower-

n—1
order coherent spaces of the other player and the space of primitive uncertainty). Moreover,

each @f will be a subset of ﬁfﬁl x N (@f&).
Formally, for each player i € I, let O = S_;, ﬁil =N (@?), and for all k£ > 1,

oF = eYxH*;

(] _7/’
Hit = {(ﬁz ,uz,uf“) € Hf XM(@Q“) margmey-17i; —ﬁf}.

The space @f is naturally interpreted as player ¢’s domain of uncertainty of order k + 1; it
consists of the space of primitive uncertainty S_; and the set of k-order minimal belief hierarchy
of player —i. The space fIfH is the set of (k + 1)-tuples of coherent lexicographic preferences
over 09, ..., @f. Note carefully that not only each player ¢’s hierarchies are coherent but she also
considers only coherent beliefs of —i.

In the limit, the set ﬁi, as defined below, is the set of all coherent hierarchies of minimal
beliefs about S_;, about S_; and player —¢’s minimal beliefs about S;, and so on. Formally:

i {m,m,.. EHN( )‘(u},...,uf)eflf,%zl},

@i = S_iXH_Z'.

If each ﬁf is a probability measure (that is, the SEU criterion holds for each player), then
standard results ([42], [32]) show the existence of an isomorphism (in fact, a homeomorphism)
fi: flz — M (©;), which is canonical in the sense already discussed. Yet, in the lexicographic
case, f[z and NV (©;) are not isomorphic. There are two reasons for the occurrence of this failure.
First, a hierarchy h; = (ﬁ},ﬁ?, ) € fI, may fail to be summarized by a minimal length LPS
1; € N (0;) if £ (h;) = oo. An instance of such a hierarchy is provided in [38].

Second, even though a hierarchy h; € H; is {-bounded (so that it admits a limit extension
over O; ), it may fail to have a type representation. To understand how this issue arises, let
H ! C H; be the set of /-bounded hierarchies (which can be shown to be measurable in H; by
using arguments analogous to those in Lemma 5). By using a version of Lemma 6 for projective
systems of LPS’s (see [18]), it is possible to show the existence of a canonical Borel isomorphism

;¢ E’Zl - N (S_i X E’_z> However, the map ¢; does not close the model: Even if player i’s
hierarchy h; € H is coherent and -bounded, ¢; (h;) may deem possible sets of coherent, but not

{-bounded hierarchies of the other player —i. That is, h; may not induce a preference over —i’s
preferences over H;. Thus, to close the model, one needs to proceed exactly as is the "top-down"
construction (Section 4.2), by defining inductively, for each i € I, the following sets:

A = e Bl o, () (Sax BL) =T} 1> 1,

~

H, = ﬂllezl‘

This leads to a space of hierarchies H= 11 Iﬁi which is isomorphic to the canonical hierarchic
space H—and so to a type structure isomorphic to 7™¢.
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7.2 Hierarchies of lexicographic preferences

Besides non-minimality, there is another way in which different LPS’s could represent the same
preference relation. This further source of redundat representation is called Affine Transforma-
tion in [39]. Consider for instance, LPS’s (v, u), (1/, %I/ + %u) € N (X); clearly, if v # p, then
(vop) = (v, %1/ + %u), and they are both of minimal length. In other words, the set N (X)
contains multiple copies of LEU preference representations.

An immediate consequence of this fact is that the canonical type structure 7™¢ is not the
most parsimonious representation of hierarchies of LEU preferences. A costruction of a non-
redundant, canonical space of hierarchies of LEU preferences is still possible (see [38]), and
analogues of Theorem 2 and Theorem 3 also hold for this version of the canonical type struc-

ture.12

7.3 Assumption(s) and unbounded hierarchies

BFK and Dekel et al. [20] show that their version of RCAR cannot be satisfied in any belief-
complete and continuous type structure. The basic idea is that a type in such type structures
that mth-order assumes (in BFK’s sense) rationality must be mapped to an LPS of length
greater than m + 1. Since every LPS in a type structure has finite length, no type can mth-
order assume rationality for all m. The idea in [40] of using hierarchies that cannot be types
is inspired by this intuition. By contrast, under the notion of Assumption as in Definition 17,
Theorem 3 shows that a similar issue does not arise.

8 Appendix

8.1 Proof for Section 3

Proof of Proposition 1: Clearly if i = 7 then 7 = 7. On the other hand, suppose that 1z # 7.
We need to show that 7 22 7. Without loss of generality, suppose that () > ¢(7) = n. Let
k < n+ 1 be the least natural number such that u; = v; for each | < k, and either (i) p;, # vi
or (ii) k = n + 1. By mutual singularity, there exists a Borel set Ej such that p;, (E;) = 1
and p; (E) = 0 for all [ < k. In case (i), there also exist a Borel set F} such that vy (Fy) = 1
and vy (F) = 0 for all [ < k, and a Borel set By C Ej such that u (Bx) > q > vy (By) with
q € (0,1). Let f,g €eACT(X) be defined as follows:

[ = 1p,
g = qlEkUFk

Since v; = p; and p;(By) < py(Eg) = 0 for each [ < k, then
[ gavi= [ fdim = m(Bi) =0, Vi<
X X
Since p; = vy and py(Ex U Fr) < p(Ex) + ) (Fy) = py(Eg) + vi(Fy) = 0 for each [ < k, then

[ gtn= [ g =q-m(B0E) =0, <k
X X

12The construction of this "preference non-redundant” version of the canonical type structure requires minimal
changes to the construction of 7™¢. Details are available on request.
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Moreover,
/deukzukwk)>q=q-uk<Ekqu>=/nguk-

Thus, in case (i), f =" g but f ~" g, hence @ 2 7. In case (i),
/ fdvy = Vk(Bk) <qg=4q- I/k(Ek @] Fk) = / gdvg.
X X

Thus, f =" g but g =7 f, hence g 2 7. &

Proof of Lemma 1: The set containment Suppmyx (1) C Suppf is obvious. On the other hand,
suppose there is € X such that x ¢ Suppmx (). (Recall that X is a finite discrete space.)
Redefine mx (fi) = (v1, ..., vk). Thus v; ({z}) = 0 for every [ < k. It follows that p ({z}) = 0 for
every u € M (X) such that pu = Zle oyv; with Zle a; =1 and g > 0. Therefore = ¢ Suppf.
|

Proof of Lemma 2: Measurability follows from [40, Lemma A.4] and the fact that ¢ : N (X) —
N (Y) is a Borel map (see [18, Lemma 4.(1)]). Furthermore, if ¢ is onto, so is ® by [18, Lemma
4.(2)]. So my o p is a composition of onto maps, hence onto. W

Proof of Lemma 3: (1) Suppose that 7z is not of minimal length, that is, @ ¢ N (X). Thus
there exists 7 € N (X) such that @ =2 7 and ¢ () > £ (7). It follows that £(® (r)) > £ (p (D))
but 3 () = 3 (7). Hence p (7) ¢ A (V).

(2) If cp( ) = (@(p1) sy @ () € L(Y), then for each [ = 1,...,n, there are Borel sets
E; in Y such that (¢ ' (Ey)) = 1 and gy (¢! (Em)) = 0 for I # m. Clearly, the sets
0 Y (Ey), ..o (E,) € Sy satisfy the required properties of mutual singularity for 7. W

I

Proof of Lemma 4: Since ¢ preserves preference-equivalence between LPS’s, we have @ (mx (fr))

¢ (@) = my (¢ (), so my (p (1)) = @ (mx (). Then clearly £ (my (¢ (1)) < £(¢ (mx (1))
The other equalities and inequalities are obvious. l

8.2 Proofs for Section 4

Proof of Lemma 5: Fix some k£ > 1. We show that the set
1k S _
ﬂi = {(Mz‘lauzz"") Eﬂ? Xk 1:uf+l _Mf}
is G5 in HY. By this, it will follow that an analogous conclusion holds for H}, since this set can

be written as ﬂzl = ﬂkzlﬂg’k, i.e., a countable intersection of GG§-subsets of ﬁ?, so G in ﬂ?.
To this end, first note that the set

3~ (o) (2
= (g omamy) (2 (x0))

is G5 in NV (X¥), as it is the inverse image of the open (hence Gs) set A/ (X k= 1) under a Borel

class 2 map (see Remark 3). Next, since
HY = HN(X’) x THF x H N (x1)
I=k+1
B . 1,k
= PrOJM(&y) (Ii ),
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and ProjN(Xk) : ﬂ? — N (Xk) is continuous, it readily follows that ﬂzlk is G in ﬂ?.

1]
To conclude the proof, note that if each S; is Polish, so is H ?, and H, Zl is a Polish subspace
of ﬂ?, since it is a G§-subset. W

Proof of Lemma 6: Part 1: Let n be the length of each 7%, ie., 7F = (u’f,...,yﬁ). By the
consistency condition (4.3), we have that, for each | < n,

margzk_lufﬂ = vk > 1.

By The Kolmogorov estension theorem, there exists, for each [ < n, a unique probability measure
v; on Z such that
margy, Vi = Vf, Vk > 1.

The LPS ¥ = (1, ..., vy,) is thus the unique LPS extension of (7%)g>1.

Part 2: If p 2 v, then marg,  p = marg, v for all k£ > 1. By the consistency condition,
pF = ¥ for all k > 1. On the other hand, let p* = 7* for all k > 1. We thus have mgy, | (ﬁk) =
my, (Pk) for each k > 1. There exists K > 1 such that ¢ (mZk_1 (ﬁk)) =/ (mzk_1 (?k)) for
each k > K. We now construct two sequences of LPS’s, viz. (p*%);>; and (7*%);>1, as follows:
For each k > K, let

while, for each k < K, let

— —x K
p = margy 0,

[ margzk_lﬁ*K

It follows that p* = p*F = p*k = pF for all k > 1. We let each 5** (or equivalently 7**) have
length ﬁ(ﬁ*k) = n, viz. p*F = (p{k,...,pff“) and 7*F = (Z/Tk,...,yflk). Fix some k£ > 1. Now,
for each m < n, there exists an m-tuple of non-negative scalars of’,...,a" € [0, 1] such that
St am=1and piF =Y ok, Tt turns out that, for each m < n, Y, o™} is the limit

extension of the collection of probabilities (p}¥)>1. Indeed,
m m
m. k _ m *
marg, Zal vi = Zal margy v
=1 =1
m
m, xk *k
= Zal Vim = Pm-
=1

By the Kolmogorov theorem, such extension p}, = >, ]"v; is unique. Thus p* = (p7, ..., p})
is such that p* = 7*. The limit extensions p and ¥ satisfy p = 7, because p* = my (p) and
" =my (V).

Part 3: The sufficiency part is immediate: Since marg, v = 7F'*1 and 7V e N (Zi),
then 7 € N (Z) by Lemma 3. We prove the necessity part by contraposition. Suppose that
% ¢ N (Z;,_1) for all k > 1. Let i* € A (Zx_1) be a minimal-length LPS equivalent to each 7",
that is, i* = 7* for all k > 1. Using the consistency condition (4.3) we get that, for all k > 1,

—k ~ —k —k+1

pt =Vt =margy |V +

_ —k
=margy, [,
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so that

It follows that, for all k£ > 1,

</
= (),

where the last equality follows from Part 1. Let ¢* = sup {E (ﬁk) |k >1 } Since ¢* < ¢(v) and
the sequence (¢ (ﬁk)) k>1 is non-decreasing, then there exists k' > 1 such that £ (ﬁk) = ¢* for all
k > k. Let (p¥)x>1 be another collection of LPS’s on Z;’s satisfying

o= @ vk >,
margzkﬂﬁk = L VE<KE.

It readily follows that, for all k > 1, p* = 7* and ¢ (ﬁk) < £ (7). By Part 2, the LPS extension
p of (p%)>1 satisfies p =7 and £ (p ) < (V). Hence v ¢ N (Z), as required. B

Proof of Lemma 7: By [18, Lemma 9|, there exists a homeomorphism, viz. 1, between
{FeN(X)|p(E)=1} and N (E). Thus, we have

s (6 ({1 € N (X) [ (B) = T})) = mp (V' (E)

Using the fact that (¢ (i), (B) = [(B) for each 1 = (pq, ..., it,) € N (X), I < n, and Borel
B C E, it is immediate to show that (¢ omx) (&) = (mpg o) (). Then

mp (v ({reN(X)[p(E)=1})) = v (mx ({#eN(X)[r(E)=1}))

N(E).

Thus, we can conclude B
v({FeNX)[a(E)=T1}) =

This implies that the restriction of the homeomorphism v to {,u € /\/ (X) ‘u (E) = T} is a home-
omorphism onto N (E). B

8.3 Proofs for Section 5

Proof of Proposition 5: We will show that for each ¢ € I and t; € T;,
thy (t:) = thi* (¢; (t:)), Vk > 1;

this will imply the thesis. The proof is by induction on k.
(k=1) Fix i € I and t; € T;. By definition

thi (t;) = margmg , (B3; (t:)),
thi! (p; (t:)) = margmg . (B; (¢, (t:))) ;
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S0, it is enough to show that
Bl (p; (1) (B x T',) = Bl (t:) (B x Ty),

for every Borel £ C S_;. But this follows from the fact that (¢;);c; is a belief-type morphism;
indeed,

Bip; (t) (ExT.;) =

B; (ti) ((Id&i, p) (B x Tii))
= B (t) ({(s,t=s) = (s, (t—3)) € Ex T, })
= B, (t

(2)(EXT—Z)7

]

as required.

(k > 2) Suppose that the statement is true up to k; this implies that tx’ji = tx’fio (Idsﬂ,, go,l-)
for each ¢ € I.

Fix ¢ € I and t; € T}, and pick any Ejy € E&c. We get

i (t) (Br) = my (65, (8 (1)) (B

(s 0-0) (8 () (65%) " ()
-1

= g (8 (e () (%) (BR)

= my (0 (8% (01 (8))) (B

= 0", (1) (E)

where the first equality is by definition of thf“, the second equality follows from the implication
of the induction hypothesis, the third and the fourth equalities follow from the property that
(¢:)icr is a belief-type morphism, and the last equality is again by definition of thgkﬂ. This
proves that the statement is true for k + 1, concluding the proof. B

Proof of Proposition 6: Since 7" is non-redundant, then the map th} : 7/ — HY is injective.
Thus, there exists a unique map ¢; : T; — T/ such that th} o, = th;, namely ¢; = (th;) "' oth;.
[ |

Proof of Theorem 1: The proof is divided into two main steps. In the first step, we show
that for each t; € T;, the corresponding m-hierarchy description th; (t;) belongs to H,. In the
second step, we show that the map (th;),.; is the unique preference-type morphism. In both
cases, the proof is by induction.

First step: th; (T;) C H,. By definition of m-hierarchy description, th; (7;) C HY. We use
induction to prove th; (7;) C H;.

(Base step): We show that th; (T;) € H}, so we need to verify that for all ¢; € T} and all
kE>1,

margm y«-1 <th§+1 (tz)) = th? (t;);

to this end, we first show that

marg g (5 (8 (1)) = 65 (8, (1)) (8.1)
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To see this, pick any event Ej_1 € X ys-1. Thus

_ ~k
marg y k-1 (tx,
-1

i (Bs (tz‘))) (Br-1) = x5, (8 (1)) (Ek—l xN (521))

- ((tx’ﬂlﬂ) (B; (tz‘))) (E’H xN (X]if))

= Bt ({(s-it) (txk—»l th’z) ((5-1,t-4)) € By x N (X*71) 1)
T )

= Bt ({(omanton) [6" (st ))eEkl})

= oo (o) E“)

= &5 (8:(1) (B

which shows that Eq. (8.1) holds. So (8.1) implies

margm i1 (6 (8 (6))) = myger (marge (65 (8 (1))
= My (5&21 (/Bi(ti))>
th¥ (t;)

By this, we get

margm yr.-1 (thf'H (tz)> = margmyi- (m&g (‘GA]; (B; (m))))

— m&;ﬁl (Wrglf,l (rnXig (t/)\(]iz (61 (tz))))>

= mgf—l <W1'ng—1 (&Iiz (61 (tz))>)
= margmgi_cfl (&Iiz (/61 (tZ))>

= thf (ti)a

where the third equality follows from Remark 2. This concludes the proof of the base step.
To go on, we need the following

Claim 1 For eachi € I, let f; be the isomorphism of Proposition 3. Thus, the following diagram
commutes:
Bi

ng > N (S_i X T_i)

th; mg g o(Idg ,th_)

.A_[ (S_z X E(lz)
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Proof of Claim: We will show that for each k£ > 0,

margm y (mS_ixEli ((Idm—i) (Bi (ti)))) = thi*™ ().

Then, by uniqueness of f;, it must hold that

—

fi(thi (t)) =mg_ po ((Ids,i,th—i) (Bi (h))) -
We have

—

margm y (ms,ixﬂ(’,i ((Ids—wth*i) (B (ti)))> = margmyt (ms,ixg‘li (tx—; (B; (ti))))
= margmys (tx—; (6; (1))
= my (margy; (6 (8; (1))
where the second equality follows from Remark 2. On the other hand,
i () = my (00 ()
= my (&5 (8, 1)
Therefore, we need to check that

marg (61 (8, (1) = &5, (8 ().

(o) 80)

{s_z, (s_z,th (t- ),...,th’ii(t_i)> eEk})
{(s-isto) (s thi (120)) € Projy) (B0) })

= B, (t:) (s, th_;)" (Proj; (Ek)>)

— (s, th_;) (B ( )(PmJXk Ek>

= i (8 (t)) (Projy) <Ek>)

= Tmargyr (tx i (B (t

Fix By € Y¥xr. We have

k

2, (8; () (Fr) =

st
_ tz(
(
0 (0

= B;(t)

1
k
)

n
(Inductive step): Recall that th; (¢;) € HY, 1 > 2, if and only if f; (th; (£;)) (S,i X glj) ~1,

for each t; € T;. Suppose that, for each player i € I, th; (T;) C H 5.71. Thus, by the commutativity
of Diagram (8.2), it holds that, for all t; € T;,

fi (thi (tz)) (S—z X ﬂl__zl) = ms_ixﬂo_i ((Ids th_z) (61 (tz)>> (S_z X ﬂl__21> .
We show that f; (th; (¢;)) (S,i X ﬂl:l1> = 1, which implies th; (¢;) C ﬂi To this end, note that
(s, thos) (5, (1)) (5o x H'S) = 6, (1) (s, thos) ™ (S0 x )

Bi (ti)( (s_s,t_g) :th; (t_;) € H" 1})
= B (t:) (5—i x T)
1
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it follows that

o —

mg o ((Idgﬂ.,th_i) (8; (t,-))) (S_i x ﬂlj) -1

Thus f; (th; (¢;)) (S_i X ﬂl:f) = 1, as required.

Second step: (th;),.; is the unique minimal belief-hierarchy morphism from T to T™¢ =
(Si, H;, 3" )icr- Measurability of (th;),.; follows from an easy induction argument. Clearly,
(th;);c is a minimal belief-hierarchy morphism from 7" to 7™¢ and note that, since th; (T;) C H,
for each ¢ € I (as proved in the first step), and each map 3;* is a Borel isomorphism, it follows
from Diagram (8.2) that

ﬂ,ILn o thi = mS—iXﬂ,i @) (Idg_i,th_i) o /Bz

Finally, uniqueness of (th;), ; follows from Proposition 6, since 7™¢ is non-redundant. W

icl
8.4 Proofs for Section 6

Proof of Lemma 8: Part (i): Fix an arbitrary (s;,t;) € S; x T;. By definition of minimal
belief-hierarchy morphism,

margmg_, 3; (t;) = margmg_, 57 (¢; (t:)) -
Therefore margmg 3, (t;) € N (S—;) if and only if margmg 37 (¢; (t;)) € N* (S_;). It follows

from Remark 5 that (s;,t;) € C; if and only (s;, ¢; (t:)) € C;.
Part (ii): Using the same argument as for Part (i), the result follows from Remark 5. B

Proof of Lemma 9: Let (s;,t;) € A; (E_;), and set ¢, (¢;) = t¥. We have to show that event

E*, is assumed under (] (t¥), that is, conditions (i) and (ii) of Definition 17 are satisfied. To

this end, we first show that E*; is assumed under (Ids_,,¢_;) (8; (t;)) € N (S—i x T*,).
Since event E_; is assumed under 3; (t;) = (B; (t:) , ..., 87 (t;)), then there exists m < n such
that S%(t;) (E_;) = 1 for all | < m. Next note that

E_; < (Idsii,cpfi)_l ((Idsﬂ'v(pfi) (E*l)) c (Idsii,cpfi)_l (Eiz) )

where the first set containment is obvious, while the second one follows from condition 1). Hence,
for all [ < mn,

B (t:) (B-) < 81 (8) ((1ds_,,0) " (BL,)).

which implies £ (¢;) ((Idsﬂ., go_i)_l (EL)> = 1 for all [ < m, so that condition (i) of Definition
17 is satisfied.

To show that Condition (ii) of Definition 17 is also satisfied, we proceed as follows. Consider
an elementary cylinder C' = {s_;} x T*, satisfying E*, N C' # (. It turns out that

((Ids_i, o) (C)> n ((Ids_m o) (Eiz’))
fsmi} ot () 0 (s ) ™ (E7))

(

= [sih < T 0 (W)™ (52))
(
(

(IdS—i7 9071')_1 (C N Etz)

I

{s_i} x T_i) N ((Ids_w o) (s -y) (E—i)))
{S_i} X T—i) NE_;,

19
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where the fourth line follows from condition 1) of the Lemma. Since ({s_;} x T_;) N E_; # ()
(by condition 2) of the Lemma) and E_; is assumed under f3; (¢;) at level m < n, then there
exists | < m such that 8 (¢;) ({s_i} x T_;) N E_;) > 0. But

B (1) (i} x T-) N E=) < B (1) (s ) (CNE)),

and since C is an arbitrary elementary cilynder, this shows that Condition (ii) of Definition 17
is satisfied; hence E*, is assumed under (Id;Tp_i) (B; (t:)) € N (S—i x T*,).

Now note that (Ids/ﬂ.,\cp,i) (B; (ti)) = B5 (t¥), because, under our hypothesis, i (t) =
mg_ 7+, ((Ids/_i:p,i) (B; (tz))) Hence E*, is also assumed under ; (¢7) by Remark 6. W

Proof of Theorem 2: The proof requires just one minor modification to the proof [17, Theorem
2.(1)]. Specifically, the modification involves the inductive step of the proof of [17, Theorem 2.(i)],
in particular the inclusion Sj" C Projg, (Rj"). So, let s; € Sj". The proof in [17, Theorem 2.(i)]
establishes the existence of fi; = (,uil, e ,u;n) € N (S_; x T—;) such that

(a) s; is optimal under f;;

(b) maTEs i € N (S); and

(c) R', is assumed under 7, for each [ = 1,...,m — 1, while R™, is not assumed.
By Remark 5, it follows that

(a’) s; is optimal under mg_, 7, (1;)-
Remark 2 and Remark 5 yield

() margmg_7i; = margms_, (ms_xr, (7)) € N ().
It follows from Remark 6 that

(¢’) R', is assumed under mg_,x7_, (7z;) for each I = 1,...,m — 1, while R™, is not assumed.
By minimal belief-completeness, there is ¢; € T; such that 5, (¢;) = mg_ 7, (71;). It follows
from (a’) and (b’) that (s;,¢;) € R}, while (¢’) entails (s;,t;) € A; (RL;) foreach I =1,...,m—1.
Hence

(s1,:) € RN AT LA, (Rl,i) — R™,

and this shows that s; € Projg, (R"), as required. The remainder of the proof is the same as
in [17, Theorem 2.(i)]. W
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