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Battigalli (1997) first proved that in dynamic games with perfect information
and no relevant ties, the unique backward induction outcome is extensive-form
rationalizable (Pearce, 1984). Other authors use the outcome inclusion between
extensive-form rationalizability and backward induction to obtain the same result.
Allowing for simultaneous moves, subgame perfect equilibrium outcomes are only
a subset of the backward induction ones. Thus, showing that at least one subgame
perfect equilibrium outcome distribution is extensive-form rationalizable requires
a different strategy. Here I prove that in all finite dynamic games with observable
actions there always exists an outcome distribution which is induced by both
a subgame perfect equilibrium in behavioral strategies and a Nash equilibrium
in strongly rationalizable strategies. Moreover, I show that only for a subgame
perfect equilibrium path, strategic reasoning under belief in this path may yield
as unique prediction the path itself.
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1 Introduction

Battigalli [1] was the first to prove that in dynamic games with perfect information and no
relevant ties, the unique backward induction outcome is extensive-form rationalizable (Pearce,
[16], Battigalli, [1]). Chen and Micali [9] come to the same conclusion as a corollary of the

following result: extensive-form rationalizability refines backward induction. Heifetz and
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Perea [11] also prove Battigalli’s theorem by showing the outcome equivalence of extensive-
form-rationalizability and backward induction in the same class of games.

Unfortunately, dynamic games with perfect information are a very small class of games.
In applications, players are very frequently allowed to move simultaneously — or equivalently,
before observing each other’s move. Repeated games with perfect monitoring are a promi-
nent example of games with observable actions. In this class of games, the set of backward
induction outcomes can expand dramatically. Therefore, games are usually solved with some
notion of equilibrium. In absence of payoff uncertainty, subgame perfect equilibrium is by far
the most widespread and accepted equilibrium concept.! However, the possible multiplicity
calls for further refinements. A vast literature, stemming from the seminal contribution of
Kohlberg and Mertens [12], refines subgame perfect equilibrium with forward induction ar-
guments.? However, the forward induction arguments employed in this literature have two
main shortcomings. First, they are quite opaque: it is very hard to understand what kind of
strategic reasoning they actually capture beyond the simple examples analyzed in the papers.
Second, they do not seem to capture all possible steps of forward induction reasoning that
players may apply.?

Another stream of literature, stemming from the seminal contribution of Pearce [16],
tackles forward induction reasoning from a completely different perspective. Abstracting
away from any equilibrium concept, extensive-form rationalizability aims to capture in a
transparent way all possible steps of reasoning that players may perform by forward induction.
In absence of first-order-belief restrictions (which may throw equilibrium reasoning in the
mix), this literature probably culminates in the notion of Strong Rationalizability [4], which
is given an epistemic characterization.

The orthogonality of the two approaches, makes it very difficult to establish any connec-
tion between Strong Rationalizability and subgame perfect equilibrium However, the exis-
tence of a common prediction between the two solution concepts would be extremely valuable
in terms of robustness and would, so to say, pacify the advocates of the two approaches. Such
prediction would be even more valuable if obtainable under a unified approach to strategic
reasoning and equilibrium reasoning, as the one offered by Selective Rationalizability [7].*
The main result of this paper affirms that in all finite dynamic games with observable ac-
tions, there always exists a Nash equilibrium in strongly rationalizable strategies that induces

a subgame perfect equilibrium outcome distribution. Extending the results of Catonini [8] to

'Sequential equilibrium (Kreps and Wilson [13]) coincides with subgame perfect equilibrium in this class
of games.

?See, for instance, Govindan and Wilson [10] and Man [14].

#See Catonini (2017) for a critical survey.

*Under Strong-A-Rationalizability (Battigalli [3], Battigalli and Siniscalchi, [5]), the first solution concept
to introduce first-order belief restrictions into the structure of Strong Rationalizability, it is easy to prove that,
in games with observable actions, all subgame perfect equilibria can be obtained, hence also those that Strong
Rationalizability excludes.



mixed strategies in the obvious way, it turns out that the support of the distribution can be
induced by Selective Rationalizability under first-order belief restrictions on such Nash equi-

® Using the same arguments, I also show that only a subgame perfect equilibrium

librium.
path can be delivered by Strong-A-Rationalizability /Selective Rationalizability® as unique

prediction in absence of off-the-path first-order belief restrictions.

Section 2 provides the preliminary definitions. Section 3 states the main results and

provides an intuition of their proof. Section 4 proves the key lemma.

2 Preliminaries

Primitives of the game.” Let I be the finite set of players. For any profile (X;);c; and
any ) # J C I, T write X; 1= xjejX;, X := X7, Xy := Xp\(5y- Let (A;)icr be the finite
sets of actions potentially available to each player. Let H C Ut:Lm’TZt U {0} be the set
of histories, where h° := {#} € H is the root of the game and T is the finite horizon. For
any h = (a',...,a") € H and [ < t, it holds b/ = (a',...,a!) € H, and I write b’ < h.% Let
Z :={z € H :Vh € H,z £ h} be the set of terminal histories (henceforth, outcomes or
paths)?, and H := H\Z the set of non-terminal histories (henceforth, just histories). For
each i € I, let A; : H = A; be the correspondence that assigns to each history h, always
observed by player 4, the set of actions A;(h) # ('° available at h. Thus, H has the following
property: For every h € H, (h,a) € H if and only if a € A(h). Note that to simplify notation
every player is required to play an action at every history: when a player is not truly active
at a history, her set of feasible actions consists of just one "wait" action. For each i € I, let
u; : Z — R be the payoff function. The list I' = <I,F, (ui)iel> is a finite game with complete

information and observable actions.

Derived objects. A strategy of player ¢ is a function s; : h € H — s;(h) € A;(h).
Let S; denote the set of all strategies of ¢. The set of mixed strategies of player ¢ is denoted
by A(S;). Abusing notation, for a profile of mixed strategies o = (0;)jer € X;crA(S;), o
will be used also to denote the induced probability distribution over S, and w;(o) will denote

the expected payoff of player ¢ under o. A strategy profile s € S naturally induces a unique

SWith a caveat: if the equilibrium does not provide strict incentive to remain on path, Selective Rational-
izability will yield a superset of the equilibrium outcomes.

5The two are equivalent under path restrictions: see Catonini (2017).

"The main notation is almost entirely taken from Osborne and Rubinstein [15].

8H endowed with the precedence relation < is a tree with root h°.

9"Path" will be used with emphasis on the moves, and "outcome" with emphasis on the end-point of the
game.

'"When player 4 is not truly active at history h, A;(h) consists of just one "wait" action.



outcome z € Z. Let ( : S — Z be the function that associates each strategy profile with the

induced outcome. For any h € H, the set of strategies of i compatible with A is:
Si(h) :={s; €S;: 3z = h,3s_; € S_;,((s;,5-;) = z}.
For any (S;);jer C S, let S;(h) := Si(h) N'S;. Moreover, let:
Silh] = {a; € Ai(h) : 3s; € Si(h), si(h) = a;}.

For any J C I, let H(S;) := {h € H:5;(h) # 0} denote the set of histories compatible with
Sy. For any h = (h',a) € H, let p(h) denote the immediate predecessor h' of h.

Since the game has observable actions, each history h € H is the root of a subgame I'(h).
In IT'(h), all the objects defined above will be denoted with h as superscript, except for single
histories and outcomes, which will be identified with the corresponding history or outcome of
the whole game, and not redefined as shorter lists of action profiles. For any h € H, 5? € Slh,
and h - h, sﬂﬁ will denote the strategy s? € SZ-E such that szﬁ(iNL) = s?(ﬁ) for all h = h. For
any ?Z}-th Sh, ?ﬁﬁ will denote the set of all strategies slﬁ € SZ‘ such that 8? = sﬂﬁ for some
sheS;.

Equilibria. A mixed strategy profile 0 = (0;)ier € XierA(S;) is an equilibrium if, for
all i € I and s; with o;(s;) = 0, u;(0) > w;i(si,0_;). Moreover, o is SPE if it induces an

equilibrium in every subgame. See Section 4 for a formal definition.

Beliefs. In this dynamic framework, beliefs are modeled as Conditional Probability
Systems (Renyi, [17]; henceforth, CPS).

Definition 1 A Conditional Probability System on (S—;, (S—i(h))ner) is a mapping u(-|-) :
25-i x {S=i(h)}pe — 10,1] satisfying the following axioms:

CPS-1 for every C € (S—i(h))hem, p(-|C) is a probability measure on S_;;

CPS-2 for every C € (S—i(h))hem, p(C|C) = 1;

CPS-3 for every E € 25~ and C, D € (S_;(h))hen, if E C D C C, then u(E|C)=u(E|D)u(D|C).
The set of all CPS’s on (S_;, (S—i(h))ner) is denoted by AH(S_;).

For brevity, the conditioning events will be indicated with just the information set, which
represents all the information acquired by players through observation. For each set J C
I\ {i} of opponents of player i, and for each set of strategy sub-profiles S; C Sy, I say that
a CPS p; € A(S_;) strongly belicves Sy if, for all h € H(Sy), p;(Ss x Spuginhlh) = 1.



Rationality. I consider players who reply rationally to their conjectures. By rationality I
mean that players, at every information set, choose an action that maximizes expected utility
given the conjecture about how co-players will play and the expectation to reply rationally
again in the continuation of the game. This is equivalent (see Battigalli [2]) to playing a

sequential best reply to the CPS.

Definition 2 Fiz p; € A7(S_;). A strategy s; € S; is a sequential best reply to ; if for
every h € H(s;),!! s; is a continuation best reply to u;(-|h), i.e. for every 3; € S;(h),

Yo wilClsismiDmils—ilh) = Y (¢ s—))pi(s—ilh).

s_;€8_;(h) s_,€5_;(h)

I say that a strategy s; is rational if it is a sequential best reply to some p; € A7 (S_;). The
set of sequential best replies to pu; is denoted by p(u;). For each h € H, the set of continuation
best replies to p;(+|h) is denoted by 7(1;, h). The set of best replies to a conjecture v; € A(S_;)

in the normal form of the game is denoted by r(v;).

Elimination procedures.I provide a very general notion of elimination procedure for
a subgame I'(h), which encompasses all the procedure I am ultimately interested in, or that
will be needed for the proofs.

Definition 3 Fiz h € H. An elimination procedure in I'(h) is a sequence ((Sﬁq)ig)g‘;o

where, for everyi € 1,
RP1 S}y = SI;
RP2 Si}fnfl D) S{fn for alln € N;

RP3 for every sh € Si}foo = NpenS}

i, there exists pl that strongly believes (Sﬁi,q)gio such
that s € p(uf') € Sl

Lemma 1 For every elimination procedure ((qu)iel)gio and every h = h, ((Sffq(ﬁ)\/ﬁ)ie[)gio

s an elimination procedure.
Proof. See Catonini [6].

Indeed, elimination procedures have been defined purposedly to encompass the implica-
tions in the subgames of traditional elimination procedures for the whole game. In a subgame,
substrategies can be eliminated "exogenously" and not because they are not sequential best

replies to any valid conjecture in the subgame. On the other hand, substrategies can survive

1Tt would be totally immaterial to require s; to be optimal also at the histories precluded by itself.



even if the opponents do not reach the subgame anymore. Note that the elimination can stop

for some steps and then resume: for this reason, RP2 allows a weak inclusion at all steps
Now I can define Strong Rationalizability.

Definition 4 Strong Rationalizability (Battigalli and Siniscalchi, [4]) is an elimination pro-
cedure ((Siq)z‘el)gio where for everyn € N and i € I, s; € S if and only if there exists p;
such that s; € p(u;).

n—1

that strongly believes (S?,);Z,

I will talk formally of first-order-belief restrictions on a path of play. To do so, I need the
definition of Strong-A-Rationalizability.

Definition 5 For each i € I, fix A; C AH(S".). Strong-A-Rationalizability (Battigalli [3],
Battigalli and Siniscalchi [4]) is the elimination procedure (S 5)ier)q2q such that, for every

neN,iel, and s; € S, s;i € Sip if and only if s; € p(p;) for some p; € A; that strongly

believes (SZLA):};&.

3 Main results

Consider an elimination procedure where no SPE is ever eliminated "exogenously". That is,
for any belief that guarantees at least the expected payoff of a SPE of the game, its sequential
best replies always survive the elimination step. Then, a Nash equilibrium that yields the

same outcome distribution as a SPE survives the procedure.

Lemma 2 Fiz h € H and an elimination procedure ((Sﬁq)ig);‘;o such that for each n € N,

iel, SPE (O';-L)je[ € xjejA(S]h), and p? that strongly believes (Sﬁi)gz_g, if

S es, wilC(sis—i) it (5=l k%) > us(o™),

then p(p;) C Slhn Thus, there exist a SPE o and an equilibrium " € A(SL) such that
7"(8(2)) = o"(S(2)) for all z € Z.

The (very rough) intuition for this result is the following. Since a SPE can only be
eliminated "endogeneously", if a SPE is eliminated at some step of the procedure, there
must be a unilateral deviation from the SPE path(s) that is profitable whatever the deviator
can expect thereafter. The key is to show that one of the possible post-deviation beliefs
corresponds to an outcome distribution of a SPE of the subgame, which can be used to create
a SPE of the whole game that substitutes the eliminated one. Note that the opponents may
be surprised by the deviation and thus play any continuation best reply thereafter too. This



creates a set of continuation plan profiles where all plans are best replies to some conjecture
over the continuation plans of the others. In turn, this guarantees that any equilibrium in this
reduced subgame is actually an equilibrium of the subgame. If an equilibrium is not a SPE,
there exists a unilateral deviation from its path(s) that the deviator would take whatever
SPE of the post-deviation subgame she expects thereafter. Thus, in this subgame, a SPE
can only be eliminated "endogeneously", and we can iterate until subgames of depth 1 are
reached. There, any equilibrium is a SPE. This intuition is refined here through an example,
directly in the context of Theorem 1: the entire game I', and Strong Rationalizability as

elimination procedure.

AB|H | I |— C — Am — D — |AB| S | T |U
E | 1,100 O 1220000
F 10,031 AB| N | O P R ]0,0|4,4/|0,0
G ool - |—[ L [63]s50]1,2

M |50 6,3 |22

Strong Rationalizability goes as follows. First, Bob eliminates all strategies that prescribe U.
Second, Ann eliminates C.E. Third, Bob eliminates all strategies that prescribe H. Fourth,
Ann eliminates D.Q. Fifth, Bob eliminates all strategies that prescribe S.

Note that at step 4, Ann eliminates a SPE path: (D, (Q, S)), which is sustained by the off-
path equilibrium (£, H). In the proof of Lemma 9, which is more general than Lemma 2, the
external recursive procedure (the one indexed by k) proceeds as follows for every elimination
of a SPE path.

At step 3, Bob, while planning to play S after D, may play any surviving continuation
plan S(BC) € S%|(C) after C. Then, the elimination of D.Q by Ann at step 4 implies that
for each belief over S%|(C), Ann expects a higher payoff than under (D, (Q,S)), thus she
may play any sequential best reply to such belief (Lemma 7). The two things together imply
that the "reduced subgame" S3|(C) features all the sequential best replies of both players
i = Ann, Bob to all u;’s that strongly believe S3.|(C), S?,|(C), S1,|(C). Then, every Nash
equilibrium of the reduced subgame S3|(C) is a Nash equilibrium of the whole subgame. As
in the internal recursive procedure in the proof of Lemma 9 (the one indexed by t), pick one of
these Nash, say (F,I.P). It does not induce a SPE path of I'((C')). But then, there must exist
a unilateral deviation from (F, I') which is profitable for any SPE of the subsequent subgame.
Consider a deviation of Ann to G. Indeed, Ann prefers all the equilibria of I'((C, (G, I)))

o (F,I) (for P cannot be played with probability higher than 1/2 in equilibrium). Then,
Ann may play any best reply to an equilibrium conjecture of I'((C, (G, I))) (Lemma 8). Bob,
while planning to play I, may play any surviving continuation plan 5530’(G’1)) € S3|(C, (G, 1))
after (C, (G,I)) (Lemma 3). So, since I'((C, (G, I))) has depth 1, all its equilibria will survive



until step 3. This is the basis step in the proof of Lemma 9; if the subgame had higher depth,
the survival of one SPE path of the subgame would have been guaranteed by the Induction
Hypothesis. Going back to the example, pick the surviving equilibrium (L, N') and look for a
new Nash equilibrium of I'(C') that prescribes L and N: (G.L,I.N). This time, it induces a
SPE path of I'(C). So we found a Nash s € $3|(C) inducing a SPE path of I'(C), which Ann
prefers to (D, (@, S)). So, if by backward induction we select (G.L,I.N) after C and (@, S)
after D, we find a new SPE of I', which induces a different path than (D, (Q,S)).

The proof of Lemma 9 assumes by contradiction that all SPE paths are eliminated, and
for each of them, the external recursive procedure finds as above a SPE subpath that is
able to generate, by backward induction, a new SPE path. The external recursive procedure
starts from (one of) the last SPE path(s) to be eliminated along the elimination procedure.
So, the newly generated SPE path must have been eliminated no later than the one under
consideration. Thus, the SPE subpath generated after the deviation that "killed" the old
path survives until the step of elimination of the new path. This guarantees two things.
First, if the deviation that kills the new path preceeds the deviation that killed the old path,
the internal recursive procedure is then able to generate a Nash inducing a SPE subpath that
is compatible with the SPE subpath already fixed after the old deviation. So, when the new
SPE subpath will be imposed by backward induction, the resulting SPE paths are a subset of
those generated by imposing the old SPE subpath, hence they are eliminated no later than
the SPE path under consideration. Second, the new deviation cannot follow the old one, for
after the old deviation, the fixed SPE subpath is induced by a surviving Nash. Then, the new
deviations occur higher and higher in the tree, until the candidate deviations are actually

exhausted and a contradiction arises.

By Lemma 2, the overlap between Strong Rationalizability and Subgame Perfect Equi-

librium is immediate.

Theorem 1 There exists a SPE (0;)icr € XierA(S;) and an equilibrium in strongly ratio-
nalizable strategies (0;)icr € XicrA(S°) such that for every z € Z, o(S(z)) = (S(2)).

Proof. Lemma 2 can be applied with strong rationalizability as elimination procedure
and h:=h". A

Fix now a path z € Z and, for each i € I, let A; be set of all CPS’s u; such that
wi(S_i(2)|h) =1 for all h < 2.!2 Suppose that Strong-A-Rationalizability yields z as unique
prediction under (A;);cr.'> Then, no unilateral deviation from z has survived. This means

that in each of the corresponding subgames, no SPE has survived. But then, by Lemma 2,

2T show in [6] that these restrictions are equivalent to strong belief in S_;(z).
30r equivalently, by the results in [6], Selective Rationalizability.



there must be at least one SPE against which the deviator would not deviate. With this,
I can construct a SPE with path z. Thus in absence of other belief restrictions, subgame
perfection is a necessary (but not sufficient)!* condition for players to certainly comply with

the path they believe all opponents will comply with.

Theorem 2 Fiz z € Z. If ((SX) = {z}, then there exists a SPE™ (0;)icr € Xic1A(S;) such
that for every i € I, 0;(S;(z)) = 1.

Proof. Fix a history h that immediately follows a unilateral deviation by player j € I
from 2, i.e. h A 2, p(h) < 2z, and h € (S_;(2)). Let (S7)°, = (S%(h)|h)%,. Fix m € N,
i # 7, and pl t.s.b. (Sﬁi’n)gz_gl. By ((SX) = {z} there exists p; t.s.b. ( g',A)?:_ol such
that p;(S—i(h)|p(h)) = 0 and p(p;)(h) # 0. Hence, there exists f; t.s.b. (SZLA)Z:Ol with

plh(s™|h) = ({s—i € S_i(h) : s_j|lh = s",} |h) for all h € H" such that 0 # p(j;)(h) C St
So the hypothesis of Lemma 2 holds for every ¢ # j. By ((SX°) = {2} there is m € N such that
Sh =, so Lemma 2 cannot hold. Thus the hypothesis of Lemma 2 must be violated for j and
some v < m, SPE ¢”, and ,ué’ t.s.b (Sh w)g=o- Fix s_; € 8% A € 5_;(2). By ((S%) = {z},

r(s—;) C Sj(2). For every s" ; with u]( ]h) > 0, by constructing beliefs as above, I obtain!®
3(s";) € 5% A(2) such that s( st )(h) = s ;(h) for all h € H" and 3(s";)(h) = s_;(h) for all
h & H". Fix p; t.s.b. (8", )o_, such that Mj( 5(s" )|h0) = p;(5(s ,j)\h) = (" j|h). Then,
p; € Aj. Hence, by the violation of the hypothesis of Lemma 2, p(u;)(h) = 0. Thus, by

r(s—j) € Sj(2), p(u;)(2) # 0. So, u;(z) is higher than j’s expected payoff against ,u;’, hence,
by the violation of the hypothesis of Lemma 2, also than u;(c"). Repeating for all j and
post-deviation h, z is a SPE path. B

4 Proof of the main lemma.

Additional notation is needed. Fix h € H, (s )]GI?( h)]el e Sh, HC H" ie JCI,
€ Al (S5), h=h, (& )]EI € XJEIA(Sh) and( )]EI € X]EIA(S )-

o sh =l sJ if for each h € H, sJ(h) s?(h);

o« () e A(S") is the product of the marginal distributions (¢ h)jej, 7

L O [8] I show that not even when the SPE is unique, its path is necessarily delivered as unique predicition
under the corresponding path restrictions.

'SPE in mixed strategies are formally defined in the next section, using additional notation. For every
SPE in mixed strategy there is a SPE in behavioral strategies that induces the same outcome distribution,
thus the theorem holds also with SPE in behavioral strategies.

Y6 Formally, this is shown by Lemma, 3.

'"This is an exception to the rule of subscripts: & is not a (sub-)profile of individual distributions but an
uncorrelated joint distribution. Equilibria (5?)3-61 will be represented as the joint uncorrelated distribution
" they induce.



H(5Y) := H(Supp&’), & [h] := (Suppa’y)[A];
o Di(c") = {he HG" )\HE"): p(h) € HE")}:'
o D" :={he H\HGE"): p(h) € HGE") Nh € HGEM)};

e 5"|h is the product of (E?I?L)JEJ and 57|k € A(Szl) is def. for every s? € Siﬁ as:

— @R (sh) = GL({sh € SE(R) : stlh = 1)) /R (SE(R)) if h e H(GY),
— (@Mh)(sh) = ({s] €SP - |h:s?}) else;

e o =" O’E if for every z € C(aﬁ) and j € J, (5?@)(5?(2)) = U]E(S]h(z));lg

o Gt =h a§ if for every z = h and j € J, (32R)(Sh(2)) = " (SH(2));

o pf =" ol if pl( |h) Folyspf =Pl if pl(|h) =t oty

o m;i(")is’s exp. payoff under 5"; 7 (5" ,) := Maxgh ¢ gh Do cSuppa”; u; (C(3h i

o 50 > ol it w(@ () = m(ohy); il 2 5" if (1) > 5"
e 5" is a SPE of I'(h) if for every h € H", 5hm is an equilibrium of I'(h);

e for any set of unordered?’ non-terminal histories H C H and any set of SPE i =
(ah)ﬁeﬁ of the corresponding subgames, E (%) is the set of SPE of I'(h) ¢" such that
for every h € HN H", o"|h = o™

I will use the fact that =* and =" are transitive and that = 1mphes =*. Moreover, when

o =* O'Zh

© for every h = h with p(h) € H(o?) and h < & < h, (G7[R)(SF(R)) = (o?[R)(SE(R));
& if 57 h = ah|h for all h € D™i(o ) then 5" =" 05.21

When o” is an equlhbrlum and 7" = aﬁ, I will often use the fact that 5h|ﬁ is an

equilibrium for all h € H (o"). Moreover:

¢ ifsh, = O'EZ-, (") > W(JEi) = m(o’ﬁ) and if 5" is an equil., 7(6",) = 71'(022-);

18Unilateral deviations by player 4 from the paths induced by &".
YNotie that only the outcomes induced with positive probability by ¢” and not all those compatible with

af} matter.
20For every two histories h, h’ in the set, h % h' and h' ¥ h.

By o) =" o} and O, (&1 [R)(SF(R)) = ol (SF(R). For every z > h, by 51|k = ol|h, (LIR)(SI (=) =
(o} [1)(S (2). Together, (5 [h)(ST(2) = ¥ (ST (2)).
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& if /%‘E = ;, for every sl h e Suppah there is 37 he p(u ) such that 3% =H(o") SZE.

I start with a lemma about the combination of substrategies. Consider a player who may
be surprised by history /ﬁ, in the sense that she may play a strategy that allows h while
believing that the co-players do not until B is actually reached. This player can keep the
same beliefs and the same strategy out of F(ﬁ), whatever she believes the co-players would
do and hence however she may play after h. The proof is immediate and is here omitted.

However, a formal proof can be found in [6].

Lemma 3 Fiz an elimination procedure ((S{Lq)le[)@o, 1€l,neN, he H", and pl t.s.b.
(8™ i such that ul(S",(B)lp(R)) = 0. Fir st € p(ul), pb t.s.b. (8% (BRI} and

Lig
S'L € p(lu’z ) PN _

Consider the unique 5" =" s such that for every h & Hh Nh(h) = slt(h).

There exists Ji =" uh t.s.li. (Sﬁm)g:& such thfz\t for every h ¢ H", ji*(-|h) = Pl (-|h),
and 3 € p(Git) (so that p(ul)(B) # 0 implies p(it)(R) # 0).

For the next five lemmata, fix n € N, h € H, an elimination procedure (S(I;)qzo and
e A(S"_,). Let H? := H(&"). For every i € I, let D; := D;(¢") and D~ := D~*(&").

This Lemma exploits Lemma 3 to combine different reactions of player ¢ to unexpected

deviations from H°.

Lemma 4 Fizv < n and i € I such that o e A( (5".)) and for every u =* ", t.5.b.
(Sﬁzq)z 5, p(ui) - Si}fv. For every h € D™, fiz &' €~A(Szv(ﬁ)\ﬁ). There exists 0 € A(SZU)

such that % =* " and for every h € D%, 5 h =5

Proof.

I show that for every i € I, s € Suppo ,and ¢ : heD s s he Suppa there exists
st e Sffv such that s =H" 3 and 37 =h (h) for all h € D, Using all such 3%7s, it is easy
to construct the desired 8? .

Fix p =" ", t.s.b. (Sﬁi7q)g;(1) Since 57 € r(5",), by & there eX1sts sl € p(ul) such that
for every h e H, sh(h) = Eh(h). For every h € D™, ¢(h) € Suppo? C Sh ( )|k, so there
exists pl t.s.b. (S* ( )|h) & such that ¢(h) € p(pl). Thus, by repeatedly applying Lemma
3,1 can find ! —h }lz t.s.Db. (Sﬁz )”,1 and 3" € p(l) such that % =H7 50 and 50 =" ¢(h)
for all h € D%, By hypothesis of the Lemma, p(,ul-) C SZU. [ |

For the next four lemmata suppose that 5" is an equilibrium and:

A0 for every v < mn, i€ I and pl =* ", t.s.b. (", )2¢, p(ul) C SP

—1,q/q=0" 2,07
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so that every ¢ € I satisfies the hypotheses of Lemma 4.

Lemma, 5 is a characterization of equilibrium which will turn out to be useful. Since the

arguments for it are standard, the proof is omitted.

Lemma 5 Fiz (6\?)1-61 € XierA(SH): 5" is an equilibrium if and only if for every h € H(ah),
i €I and a; € Ay(R)\G[h], calling H}, == (h, (ai,a-i)),_con >

S @) GRS E) Y wlz) GRS < mE R (%)

heH!\Z z€HlNZ

Lemma 6 converts a condition on CPS’s into v for some related conjectures.

Lemma 6 Fiz 6" =*3", he H’, i eI, a; € Aj(h)\6[h], h eHh\Z v<n, cmaluZ t.s.b.
( ﬂq( )]h) _o Such that (i) G_i\h < Qih, (ii) for every he Hh\(Z U {h}) A_Z\h < ah for
some J}li € A(Sﬁm(%)m), and (iii) for every pl' =* ", t.s.b. (Sﬁlq)z o, if ulb = ,uz , then
p(pt)(h) = 0. Then % holds.

Proof. Let EA =i |/f;) By Lemma 4 there exists " ; € A(S") such that 3", =* ¢,

Lol \h =", for all he Hh \Z and 7", |h =" |h for all h € DZ\HZ Fix pl =" h ; t.s.b.
(SﬁZ )g=0 such that u =" i (one exists because p?(-|h) = 7",
. i

For every h € D;\H! and z > h,

implies (- \h)|h =" \h =

7" (S"i(2) =" (S"(R)) - (E}izlﬁ)(Si(Z)) =5",(S"(h)) - (5}izl7b)(5i(2)) =5",(5"(2)),

where the first and the last equalities are by the chain rule of probability, and the central
equality is by © and by construction. For every z € ¢(Suppa™), by a" =* 5", g .(5",(2)) =

'&Ei(Sﬁi(z)). Hence every s ¢ Sh(/};) = UEGHW Sh(ﬁ) induces with ", and & 5", (1) and with

& .|h and 3" |k (2) the same distribution over outcomes. By equilibrium, r(ahz)( ) # 0; by
L r(@ )(B) Ur(a ) () # 0: by B < by (@) (B) # 0 by B € H(3"). p(ul)() # 0 by
p(ult) () = 0, P(ult, B) (R) = 05 by wl(-[B)[ =5 B, (@™, [B) (R) = 0 thus,

Y @) @RISR Y wilz) - @ R)(S"(2) < m@" k). (V)

heH}\Z z€H} NZ
By equilibrium, (5" ,[k)\Si(h) # 0; by ’r’(*h-m)(A) = 0 and 2, 7(a";|h) = w(c",|h); by
equilibrium 7(5" ,|h) = m;(6"|h) = m;(G"|h) (by &"|h =* 6"|n) By &, =* 5", =" o", and
Q, for every h € H., (@, |Rh)(S™,(h)) = (a}ii\h)(Sﬁi(N)) For each h € Hh \Z, ", > a"|h.
So V¥ implies . W
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For the next two Lemmata, fix a set of unordered histories H C H" and a set of SPE
»H = (ah)ﬁeﬁ such that:

A1 for every h € H, there exists an equilibrium &' =* 6" such that & € A(SH(R)|R).

Lemma 7 claims that if only until step n — 1 an equilibrium that mimics a given SPE
survives, at step n one deviation is always strictly preferred to continuing as the equilibrium

prescribes.

Lemma 7 Suppose that there exists o" € Eh(Eﬁ) such that &% =* o but there is no equi-

librium 6" € A(SM) such that 6" =* o". Then there exist | € I and h € Dl\(UEEﬁHh)
such that for every (E?)jﬂ € ><j¢lA(Sh (A)|/Ii) 2oy<n and iy > ", t.s.. (SEL ( )|h)q 0
there exists Jiy =* 6", t.s.b. (Sﬁl, )“:1 such that fif = ﬁ;l and p(ﬁf)(ﬁ) # 0 (so by A0

p(it) € SP,).

heHHh) =: Dy, fix 83 v(h), and ﬁ?
that violate the statement, and let "; := 6",. By Lemma 4 there exists 5" € A(S") such
that " =* 5" =* ¢" and for every i EI, hEHU( i2iD;), and h € D™ 1ﬂHh Ah\h—~h]h
I show that 6" is an equilibrium.

Fix h € H?, i € I, and a; € Ai(ﬁz\ﬁ?[ﬁ]. If there exists h < & such that h € H,
Gt =* gh =h gh —x Fh ,s0, by #, 5" = h Gh. ; then ahmis an equilibrium so by Lemma 5 ("only
if") * holds. If H\Z C H, for every h € Hh \Z, 5";[h=5"; and by 4, w( ) = m(o™,|h);
by 6" =* 0", mi(6"|h) = m;(c"|R) and by Q, (Ahl|h)( (h)) (oh,|h) (S (h)) so since o”*|h
is an equilibrium by Lemma 5 ("only if") % holds. If Hh ND; # 0, fix v := min;

Proof. Suppose not. For every i € I and he D;\(U

hEHgL_ﬂDi (h)
v(h): for every h € HEND;, 5,7 < il (-|h) € A(S™, , (R)[R) # 073

and h = arg mins; Liw

heHh NnD;
and for every h € HP \(ZUD~) o".|he A(Shw( )|R); therefore by Lemma 6 % holds. Thus

by Lemma 5 ("if"), 5" is an equilibrium. W

Lemma 8 is the "dual" of Lemma 7: if an equilibrium has survived n steps but it does not
mimic a SPE (within a subset), then there is a deviation from one of the equilibrium paths
that the deviator could take whenever thereafter she expects at least the payoff of a SPE of

the subgame (within a subset).

Lemma 8 Suppose that & € A(SM) and for every = ﬁ, gh =h ", but there is no

ol e Eh(Eﬁ) with &% =* . Then there exist p € I and h € Dp(5h)\(Uﬁ€ﬁHh) such that

*2Note that the statement needs not hold for all 3}21 € A(S"; ., (ﬁ)ﬁi) this is due to the fact that equilibria
are not correlated.

**For every j # i, there is p =" " t.s.b. (S )nZo: by &, p(ul )(h) # 0; by A0 p(ul) € S},
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for every o € EE(ZH), v<n and ﬁg > UE t.s.b. (S, (h )h)og, there exists /72 =*c’,

t.s.b. (S )a=0 L such that i ,u,p IE) and p(ﬁp)( h) #0 (so by A0 p(1a ) csh).

—p.q

Proof. Suppose not. For every i € I and h € Di\(UﬁeﬁHh) =: D;, fix O‘E, v(iAL), and ﬁ?
that violate the statement. Construct " =* 5" such that for every h & H with p(h) € H,
c"h e Eh(Z‘H), and in partlcular for every i € I, h € H U (UJGID ), and h € D7 N Hh
ol = ah\h I show that 6" is an equilibrium with & =" o" € Eh(EH) for all h € HNH.
Then, by Lemma 5 ("only if") for every he He, h|h is an equilibrium, and so 5" € Eh(EH).

Fix h € H?, i € I and a; € A( R)\G7P[h]. If there exists h < h such that h € H,
Gh = gh —h Gh _ ,soby & © —h o h. then & |h is an equilibrium, so by Lemma 5 ("only
if") % holds. Ith\ZCH for everyheHh\Z Ahz|h—a and by ¢, 7r( ) =m(c ,Z\h)
by 6" =* 5", 7;(6"|h) = 7:(5"|h) and by ©, (5",;|R)(S",(R)) = (",|h)(S™,(h)); so since 5" |k
is an equilibrium by Lemma 5 ("only if") v holds. If Hh ND; # 0, fixv:= mmheHh D, v(h)

and h := arg min- v(h): foreverthHh ND;, ", |h < & ( |h) € A(S™ ( )|h) # 92

heHh nD;
and for every h € H! '\(Z U D;) L olh <" e A(Sﬁm(ﬁ)]h); hence by Lemma 6 % holds.
Thus by Lemma 5 ("if") " is an equilibrium. B

Now I can prove the fundamental Lemma.

Lemma 9 Fizh € H, m € N, an elimination procedure (S(’;)qzo, a set of unordered histories

H={h',..,h*} C H"\ {h} and a set of SPE i = (o h)ﬁeﬁ s.t. Al holds for n =m and:

A2 for everyv < w, there exists an equilibrium 6™ € A(S" ) such that h¥ € Ui D;(3™)
and for every q < v, if h? € H(Ah”) ghv =+ gh".

A3 for eachi € I, n<m, o" € Eh(Zﬁ) and plt > o™, t.5.b. (Sﬁi)g;(}, p(pl) C S{fn.

Then there exist o™ € Eh(Eﬁ) and an equilibrium 3" € A(SP) such that 3" =* o

Proof. The proof is by induction on the depth of I'(h).
Inductive hypothesis (d)
The Lemma holds for every h € H such that I'(h) has depth not bigger than d.
Basis step (1) For every i € I, n < m and equilibrium of I'(h) ¢ such that Suppc”
1, by A3 r(a” ;) C Sh Inductively, Suppe” C S%.
INDUCTIVE STEP (d+1) Suppose not. I will find a contradiction through a recursive
procedure. Set k = 0 and " .= .
Recursive step (k)

Sh

n—

24Gee the previous footnote.
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— -5k
Ifk>0, H* and £ are defined in step k — 1. Let n < m be the greatest ¢ € N such
-k
that there exist o™F € EM(2H) and an equilibrium "F ¢ A(Sh |) with gk =* ghk 1f

k > 0, by the last remark of the previous steps, Eh(EH )C ... C Eh(EH ). Then by 4 A3
k
implies AO. Moreover, n weakly decreases with k. Then EH satisfies Al and A2 with n in

place of m.2> Lemma 7 yields [ € I and h € Dy(5™F)\ Ur gt H".

Define ((Shq)zej) °o as ((Szh ( )|h))z€1)q o- By 1, it is an elimination procedure. Fix

(2

i # 1 and v < n. For every ,u? t.s.b. (SﬁZ q)z é, since h € Dy(5™"), by Lemma 3 there exists

=" ot tsb. (S )vZg such that i =" Gl By A0, p(af) €SP, by &, p(if)(h) 7&@
Hence, together with Lemma 7, for every i € I, v<n, (EJ )j#i € ><]~;,,52A(SZ ) and i > 6"
tsb. (SE, o ) C S, £0 (F)

—i,q

Let A := H" nH" % h: 1 show that there exist o e E}A‘(Eﬁo) and an equilibrium Fh =
o such that Supp&ﬁ C SZ{’ . Suppose not (G). I will find a contradiction through a recursive
procedure. For every q < w + k such that h? € H?, let h? := h? and Eﬁ’q = 3h7q|ﬁ, which is
an equilibrium because by h ¢ UﬁeﬁkHﬁ, h <1, so by ' € UieDy(6™%), h € H(E™?). Set
t=0.

Recursive step (t) If t > 0, .FNIt and L' are defined in step t — 1, and satisfy A1 and
A2 with n in place of m and h in place of h.26 Let 7 := w+ k+t. For every i € I, let
th be the set of &7 € A(Sh ) such that for every h € H' ﬂH(Ah) o = N?. Note that for

7,

every i € 1,

S = e O {50 € ASE) 67 (SP(2)) = GH(SE(R)) - 51 (SP (=)} N A(SE,),

(2

) . ht . .
an intersection of convex and compact sets.”” Hence 2,7 is convex and compact. Then, since

expected utility is lz’near, the reduced game with strategy sets (Zh’t

)il if non-empty, features

an equilibrium aht. For later reference, for each © € I, fix ,uZ _h U}if t.s.b. (Sﬁlq)”

and O'h e Ap(p! )) C A(r(o _Z)) such that, by ~h? =k Gh . and &, 3§’T+1 =* 51 for all

heH'n H(Eli’t) by F, Ah TH ¢ A(Sh ). I show that E?’t is non-empty and that &t is an
equilibrium of the whole F(@)
If t=0and HO=0, =" = A(SD,) # 0 (by F) and SR e 2h0 g6 Gt e A(r(5™))

hT+1 ~ht

too. FElse, for notational convenience let o " i=0_; and proceed as follows.

*5For every h? € ﬁk, " e A(SP(h7)|h?) and 6™ € A(S!_;) come from Al and A2 if h? € H, from some
previous step if h? & H.

26For every k! € H', 5" € A(Sh( )|R") and G A(S 1) come from the outer recursive step if b’ € Fk,
from some previous step if I & a".

27 Clearly, A(Sﬁn) is convex and compact. Each set of the kind {5? € A(SZ‘) : (EI\A)(STL( ) = (3?)(5?( h))-c},
where c is a constant, is clearly convex and compact too. Notice that if & & H(&?) Ah satisfies (o7 )(S?(z))
@) (SE(R)) - cas 0= 0.
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For every h € H" and q <, let Qz ={g < q: 1! e Ht ﬂHﬁ} and QEH = QE. I
show that for every q IS Qh U {7’ + 1}, there exists @, b € A(Sh ) such that E?’q =* E?’q and

_n

for every g € Q *-’ = sz q € Qh U{r+1} and suppose to have shown it already

for every g € Qh\{q} Smce o; ha ¢ A(r (Ah 1), by & ha ¢ A(S’h) and F, Lemma 4 yields
?q € A(S{fn) such that &, ha _ * 0, " and for every h € D~i(g"9):

- if he B, gk =5,
- if h € H but Qh #0, 7h’q|h = hmaqu |h (where max QE < q because b € UjeIDj(ah’q)ﬁ
H' and UjerD;(67%) N HP = {h} ¢ H');

- if hs- h for some h € HY, hq|h = crh|h so that by 0' —* Gl —x EZ-E and ®, E?’q =h Gh

(2 7"

Then Ei” € Eht # 0.2 So Gt and Gl ~ eist and O'h e th. Since ah THL _x
G G e A(r(E™Y). Then 57 € A(r(E"1)) too.

By 0 F implies A0 with h in place of h; H? satifies A1 with nn place of m. By the
last remark of the previous steps Eh(EHt) C Eh(EH ), so, by G, " ' satisfies the hypotheses
of Lemma 8.%° Lemma 8 yields p € I and h € D (Nht)\ Usefrt H",

Define the elimination procedure ((Sz}fq)zel)qzo = ((Sh (h )]h))ig)goo Fiz 1 ;é p and
v < n. For every i t.5.b. (Sﬁlq)g o, Since h € D ( 1, by Lemma 3 there exists [i; h—h O'ht
t.s.b. (Sﬁi7q)g;é such that il —h ﬁ? By A0, p( by c Szhv; by & p(1L; )( ) # 0. Hence,
together with Lemma 8, for every i € I, v <n, o € Eh(EH ) and u > ah t.s.b. (Sﬁz q)Z=O7

G = &\h’qm, which is an equilibrium because by

P(M?) C SEU. For every q € QE, let
h ¢ UhthHﬁ h < Kl so by B! € UierDi(6™), h € H(E"™). Then A3, A2, and Al are

satisfied with H'N H" in place of H n in place of m, and h in place of h. So by the

Induction Hypotheszs there exist oh € Eh(ZH) and an equilibrium 5" =* oP such that
Supps” C Sk = St (h )Ih
Since h ¢ U e H hoand H is finite, H .= {h € H' : h ¥ h} U{h} is a set of

unordered histories that keep shortening with t, until a contradiction is obtained. Before, let
) SUASR LNy {JE}\{UE}%Eﬁt\ﬁHl, = h, ghr+l .= Ght 30 Then, increase t by 1
and run again noting what follows: for every h € H such that h = h, Uﬁm = O'E, so that
(T ¢ gh(sih.

Since h ¢ UEGFkHE and H" is finite, 7t = {h € "7k # h} U {h} is a set of

unordered histories that keep shortening with k, until a contradiction is obtained. Before,

%8By recursive step ¢t — 1, max QE =T.
29Without loss of generality assume that for every i € I and h € ﬁt\H(E?’t), Gt =h gh

30Qverwrite the previous, temporary choice.
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let 7 = A U {o"P\{o"}

T V: (aas pwtktl.—p, ghwthtl . — Ghk 31 Therease k by 1

and run again noting what follows: for every h € H" such that - E, O'E|E = O'E, so that
—k+1 —k
EMEE Y C BT B

Proof of Lemma 2. Apply Lemma 9 with empty H and Eﬁ, and m =oco. W
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