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II1an neximmum Ne 2

Bo3HMKHOBEHNE TEPMUHA «pPerpeccus»
Teopernuyeckas v BbIOOPOUYHAS perpeccuu

JIMHEeHHOCTH perpeccum 1o nepeMeHHbIM 1
nmapaMeTpam.

3ajaya olleHUBAHMA TapaMeTPOB

Metoa HaumMeHbIIMX kBaaApaToB (MHK)
Cucrema HOPpMAJILHBIX YPABHEHUH U €€ pellieHue
Nurepnperanust oneHok MHK Ha npumepe

JucnepcuoHHbIN aHAIN3
R2



Dictionary definition: “Regression 1s a
backward movement, a retreat, a return to an
earlier stage of development”.

Sir Francis Galton (1822-1911) BBen Tepmun
«perpeccus», u3yvyasd 3aBUCUMOCTb POCTa
JIETEN OT POCTA POJUTEIIEH.

“A regression of children’s height towards the
average”.



JIMHEMHBIN PErPECCUOHHBIN aHAINU3
00BbeAUHSCT IUPOKUHM KPYT 3aja4,
CBA3AaHHBIX C IOCTPOCHUEM 3aBUCUMOCTEM
MEXKY IBYMS IEPEMEHHBIMU: X U Y.

X — He3aBUCHUMAas, OOBICHIIOIIAs,
AK30r€HHAs IePEMEHHAas, pErpeccop

Y - 3aBucuMas, o0bsACHsIeMas, SHAOICHHAS
nmepeMeHHas, regressand.

Ha npakTtuke uccieaoBarenb pad0TaeT C
nanaeivu (X, Y)),1=1,...,n.



Moaesb mapHOU perpeccuu

Y =f,+ /X

Py

Ipeamooxum, 4To nNepeMeHHast Y ABJIAETCHA JUHCHUHOMN
(pyHKIMEl mepeMeHHOo X ¢ HeM3BeCTHBIMHU NMapaMeTpaMu f, U

ﬂl’ KOTOPbIC MbI XOTHM OICHUTDL.
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Mopgenb napHoOu perpeccumn

Y =0+ 05X

B Q

Ecan Bce TOUKH PacioioKeHbl HA OHON NMPSAMOM JIMHUHU, TO

JOCTATOYHO JIETKO HAUTH OLIEHKH IapamMeTpoB f, u f,.
6



Mopenb napHou perpeccuu
o

Y P,
Y =p,+ 05X
([

P Q,

! Q ([ Q3

Q * P

2 p P

X, X, X, X X

Ho Ha npakTHKe B3AaMMOOTHOILICHUS MEXKAY NePEeMEHHBIMU X
U Y He ABJHITCA B TOYHOCTH JUHEHHBIMHU, T.€. NAPLI
HAOJIIOICHUI He PacoJIaraloTcs HA NPAMON JUHUM.



Mopenb napHou perpeccuu

X1 X2 Xn X
YpaBHeHue Teoperuyeckou perpeccuu Y; = (X)) + ,i=1,...,n
T.K. IPA OJTHOM U TOM ke X, Y MOIYT ObITh Pa3HbIe.

N3 caydaiiHOM BeJJMYUHBI Y BbIJEJII€M HEKOTOPYIO YaCTh,
KOTOpas JeTEPMUHUPOBAHA HKCOM,

€, - cJIy4aillHas cOCTaBJIAIOLIAsA, 100aBKA. 8



Mopaesib MapHOU perpeccuu
f(X,) = E(Y]X=X)),i=1,..,n

Y. =EY|X=X)) +€&,i=1,...,n — ypaBHEeHHE TEOPETHIECKOU
perpeccuu

KakoBa npuynHa nNosBJIeHUA CJOYYANHOH COCTABJIAIOLIEH &,
(BO3MYyLIEHUA)?

*B Moe/i y4acTBYIOT He BCe NMepeMeHHbIe, BJMSIONINE HA
noseaeHue Y.

*BpoxaeHHass HeonpeaeJeHHOCTh MOBEeACHUA IKOHOMUYECCKHUX
AreHTOB.

*MbI UCI0JIB3YEM Te€ BeJIMYMHbI, KOTOPbIEe MOKeM U3MEPHUTh, A
He Te, KOTOPbIe X0TeJI0Ch Obl.

*O1muOKM N3MepeHusl.



Mopaesib MapHOU perpeccuu

YpaBHEHHE TCOPETUYECKOU  perpeccuu
Y =1(X) + g

B 3apucumoctu or f(X,) Moxker ObITb JIMHEHHBIM,

KBAJAPATHYHBIM, JOTAPUPMUYECKUM H T./.

PaccMoTpum JuHeiinbli cayyaii: f(x) = B, + B,X — JmHeiiHo 1o

X ¥ 110 mapaMeTpam.
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Moaesb mapHOU perpeccuu

Y o Pn
Y =p,+pX
b Q
P n
| S
5 Q. 1 2 op
P2
X, X, X, X X
Cnenuduuupyem Mojaesb CJaeayIuM 00pa3om:

Y=p,+ X+ E rne &€ - BosMyLIeHHE.
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Moaesb mapHOU perpeccuu

Y P

e' n
Y =p,+pX
e Q
u1 P1 Q3
B Q % 'P ’
1 °
1 P, 3
By + B X,
X, X, X; X, X

Taxum odpa3om, KaK10€e 3HAYECHHE NIEPEMEHHOU ¥ MOKHO
pa3/ieIUTh Ha [IBe YACTH: JeTepMUHUPOBaHHY10, B, + B, X, n
CJIAYYANHYIO E.
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Moaesib MapHOU perpeccuu

Y o Pn

X, X, X, X X

Ho na npaktuke mbl He uMeeM JuHum Y = 3, + B,X , a umeem
TOJBKO N nap HAOJII0AeHUIA.
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Moaesb mapHOU perpeccuu
o
P

n

Y:/Bo+181X

X, X, X, X X

n

I1o n mapam HaO0JIK0JeHUI MbI J0JIKHBI IOCTPOMTD OLEHKH

napamerpoB B 1 B, (COOTBETCTBEHHO /3 /5 ).

Torpa nuuua Y =4,+ X

< 14
Oyaer ABJATHCA annmpokcumanuen juauu Y = f, + B, X.



Moaesb mapHOU perpeccuu

e Y (peanbHble 3Ha4YeHUs)

Y © Y (oueHeHHble 3Ha4YeHus) o Pr

Y:Bo 'I'/BlX

Ha pucyHke npoBe/ieHa JIMHUSI BLIOOPOYHOM perpeccuu,
Jexanue Ha Hell ToukM R. Ha3bIBaKlOTCH OLleHEHHBIMU

3HAYCHUSMHU NEPEMEHHOHN Y.
15



Moaesb mapHOU perpeccuu
oY

Y °Y o Y:IBO_I_IBIX

Y - Y =e (ocTaTkm)

Pa3HoCcTH MeXAYy NedCTBUTEIbHBIMU U OLICHEHHBIMU
3HAYCHUSAMH NePEeMEHHOH Y Ha3hIBAKOTCH 0CTATKAMU
perpeccuu. 16
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Moaesb mapHOU perpeccuu
oY

Y oY QP"

Y=R+AX

Y =/[,+pX

CepbIM LIBETOM NPOBEAEHA JIMHUA TCOPETUYECKOM perpeccuu, a
YEePHBIM — BLIOOPOYHOI Perpeccum. 17



Mopaesib MapHOU perpeccuu
oY

Y ° Y & Y:,BO"'IBlX

Ha pucyHnke u300pakeHbl 0CTATKH €; (OTKJIOHEHHS OT JJUHUHU
BbIOOPOYHOU perpeccuu). 18



Moaesib MapHOU perpeccuu

oY
Y oY QP"
c Y:IBO+IBIX
. Q. Y=/0,+pX
(|

by ¢
b,

X, X, X, X X

IIpu UCMOJIBL30BAHUM TEOPETUUYECKON perpeccuu Y pasiaraercs
HA JeTePMUHUPOBAHHYIO (f, + £,X ) ¥ ciyyaliHyI0(&) YacTH.
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Moaesib mMapHOU perpeccuu

oY
Y oY °P,
)&/Y:ﬁo_l_ﬁlX
° Qn Y:ﬂ() +ﬁ1X
(

A )
b,

X, X, X X X

ITO pa3iioiKeHUue ABJISIETCH YUCTO TEOPEeTUUYECKUM (T.K.
apaMeTpos f, 1 f/;, Mbl He 3HaeM) M OyeT UCI0JIb30BAHO IIPH

aHAJIM3€e CBOMCTB OLEHOK KOA(P(PUIMEHTOB perpeccum. ;
0



Mopaesib mMapHOU perpeccuu
oY
Y oY QP"
I Y=58+5X

Y=8+X

Jlpyrasi 1eKOMIO3M LU JIErKO BbIIOJIHUMA HA NPAKTHKE IIPU
M3BECTHBIX ,BO, 181 21



Ouenka K03 (PpUIHMEHTOB BLIOOPOYHOM
perpeccuu

Mertoa HauMeHnbInMX KBagApaToB (MHK) HaxoxaeHust

OLCHOK KOY(P(PUIIUCHTOB PErpeccuu COCTOUT B

MHUHHMMHU3ALHHA CYMMBbI KBA/IPATOB OCTATKOB perpeccuu
RSS (residual sum of squares).

n
RSS = Ze? =e! +..+e’
i=1

22



MHK

Munumusanust RSS (residual sum of squares),

n
RSS =Zei2 =e/ +..+e.
=1

A He CYMMBbI OCTAaTKOB

n
de=e+..+te,
i=1

IloueMy MUHUMM3HMPYETCH CYMMAa KBA/JIPaTOB OCTATKOB, 4 He
CyMMAa OCTATKOB? 23



e’ n
Y ® P, _ : y
i
M P
[ ] P2 3
X, X, X, X X

Ha npumepe ropu30HTAJILHOMA JIMUHUM JIETKO YBHAETh, YTO
CyMMAa O0CTATKOB paBHa (), 0CTaTKM pa3HbIX 3HAKOB
KOMIIEHCUPYIOT APYI APYra, X0TA M MOI'YT ObITh BEJIUKHU 110
a0COJIIOTHOM BeJIMYUHE. ITO OyJaeT UMETh MEeCTO M B 0011eM
cjaydae. 24



<
e
R
>

X, X, X, X, X

MHK siBJisieTcsl He ¢ IMHCTBEHHBIM BO3MOKHbIM KpUTEepUeM, HO
OYeHb yA00€H JIS MPAKTUYECKOr0 NpuMeHeHus (00Jaxas u
APYrUMH 3aMeYaTeJIbHbIMA CBOMCTBAMU).
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HaxoxkaeHnune oneHoK K03 PUIUeHTOB MapHOH
Y perpeccunm

OuennBaema st Mozenb : Y = f,+ S, X +u

Ouenennas mouens : Y = B, + B X

26

BbIpa3sum oCTaTKH perpeccum yepe3 HaA0I0AeHHUA.



Boipaxenue aiasa RSS

= K+ A+ BX - 2BY- 28XY+ 28X

Y+ B+ BX— 2BY - 2BXY+ 2BBX,

=YY+ X 28> Y, -28> XY +2B > X,

IIpuBoauM MOA00HBIE CJIaraeMble.
27



HeoO0xoaumoe ycjioBue IKCTpeMyMa

RSS=) Y +nf + 5 ) X7 =24 Y, -2/ ) XY, +2/ 5D X,

czegv =0 = 2nfB,-2> Y +2B8> X, =0
0

nﬁO:ZYi_ﬁlin (1)
,Bo :Y_/B1X

IIpupaBHuBaeM K () YACTHYIO MPOU3BOJIHYIO 110 NEPBOH
NEePEMECHHOU .
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HeoO0xoaumoe ycjioBue IKCTpeMyMa

RSS= V2 4+nfi+ Y X253 Y 2R XY 244 X,

agegs =0 = 28> X}-2> XY +25,> X, =0
1

IIpupaBHuBaeM K () YaCTHYIO IPOU3BOJHYIO 110 BTOPOil
MePEMEHHOMH .
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TO=0 = BTN 2F XY 25T, =0

o
BYX D XY+AY X =0 (2
/80 =Y _IBIX
B X —D XY +(Y=BX)Y X, =0

YpaBHenusi (1) u (2) 00pa3yOT cCUCTEMY HOPMAJIbHBIX
YPaBHEHUH.

JlesiMM Ha 2 W NMOJACTABJIsIEM BbhIpaskeHue 1is [J,

4yepes ,31 :
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BeIpaxeHnue 1 ,Bl

BYXI-Y XY +(Y -BX)Y X, =0
'BI(ZXiZ _an):ZXiYi_nXY

_ ZXzYz - nXY

IBI ) Z(Xz _X)Z

_ ZXzYz - nXY

Bl o ZXiZ _an

31



AJIbTEPHATHBHOE BbIPpasKeHHe 1A J3,
5 > XY, —nXY
L Z (Xi o )?)2

5 2 X=X -T)
X - X)

>

Pa3z[e.1mM YHUCJINTEIb U 3HAMeHaTeJIb Ha n-1
B = Cov(X,Y)
1= s
Var(X) 5




HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB
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KonuyectBo net obyyeHus

JInarpamma paccesstHUsI 0TPaXKaeT 3aBUCUMOCTH MOYacoBoM 3/ B 1994 1. ot
AJMTENBLHOCTH 00y4eHnud A S70 unausuaos u3 National Longitudinal ;,
Survey of Youth.



HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB
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6 — 12 net 06y4YyeHUsA — WIKONIbHOE OOpa3oBaHne (HeNnosiHoe Uu NonHoe),

13 — 15 neTt o6y4yeHus — Konnegx, 16 — 18 net — marnctpartypa, 18 — 20 net - AOKTOPaHTYpa.



HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB

perpeccuu

. reg EARNINGS S
Source | SS df MS Number of obs = 570
————————— e e L L L L L e et F( 1, 568) = 65.64
Model | 3977.38016 1 3977.38016 Prob > F = 0.0000
Residual | 34419.6569 568 60.5979875 R-squared = 0.1036
————————— e Adj R-squared = 0.1020
Total | 38397.0371 569 67.4816117 Root MSE = 7.7845
EARNINGS | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_________ +____________________________________________________________________
S | 1.073055 .1324501 8.102 0.000 .8129028 1.333206
cons | -1.391004 1.820305 -0.764 0.445 -4.966354 2.184347

J[J151 OlleHKH perpeccuy MCIoJb3yeTcsl CTATUCTHYECKU A
nmakert Stata. 35



HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB

perpeccuu

. reg EARNINGS S
Source | SS df MS Number of obs = 570
————————— +-—-—-——————_————— F( 1, 568) = 65.64
Model | 3977.38016 1 3977.38016 Prob > F = 0.0000
Residual | 34419.6569 568 60.5979875 R-squared = 0.1036
--------- +-—-——————— Adj R-squared = 0.1020
Total | 38397.0371 569 67.4816117 Root MSE = 7.7845
EARNINGS | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_________ +____________________________________________________________________
S | 1.073055 .1324501 8.102 0.000 .8129028 1.333206
cons | -1.391004 1.820305 -0.764 0.445 -4.966354 2.184347

B nepBou KOJIOHKE — HA3BAHUA [IEPEMEHHBIX, BO BTOPOH
KOJIOHKE — OLIEHKHN KO3(P(PUIIUEHTOB pPerpeccuu. 36



HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB

perpeccuu

. reg EARNINGS S
Source | SS df MS Number of obs = 570
————————— +-—-—-——————_————— F( 1, 568) = 65.64
Model | 3977.38016 1 3977.38016 Prob > F = 0.0000
Residual | 34419.6569 568 60.5979875 R-squared = 0.1036
--------- +-—-——————— Adj R-squared = 0.1020
Total | 38397.0371 569 67.4816117 Root MSE = 7.7845
EARNINGS | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_________ +____________________________________________________________________
S | 1.073055 .1324501 8.102 0.000 .8129028 1.333206
cons | -1.391004 1.820305 -0.764 0.445 -4.966354 2.184347

Ounenka ko3¢ duuuenra nepea nepemMennon S papua 1.073, a
OLIEHKA CBO0OAHOIO0 4ieHa (nmepeja cons) pasua -1.391. 37



HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB
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107

Ha pucyHke nzo0paxxeHa JHUHUA BHIOOPOYHON perpeccum.
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KonuyectBo ner ody4yeHus
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HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB

. perpeccun :
. EARNINGS =-1.391+1.073S
60
£
£ 50 - .
™ °
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KonuyectBo net ody4yeHus

S usmepsiercs B rogax, EARNINGS B nosuiapax B yac. UHTepnperanus OueHKH
KO3(PPUUMEHTA HAKJIOHA: KAXK/AbIN J0NOJHUTEIbHBbIN o 00y4eHus yBeIMiUBAET
noyacoByio 3/m Ha $1.07.



HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB
perpeccuu -
EARI(I\INGS =-1.391+1.073S
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NuTepniperanusi KOHCTAHTHI, COCTOAIASI B TOM, YTO MHAUBHUIAYYM, He
UMeIIMHA 00pa3oBaHus, J0KeH A0ILIAYMBAThL 32 BO3MOKHOCThL PadoTagh,
He HMeeT CMbIcJIA.



HNaTepnperanusa oeHOK KOI(PPUIIUEHTOB
perpeccuu :
EARI(I\INGS =-1.391+1.073S
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OaHAKO IKCTPANOJISIMSA MPOBEAEHA TOJbKO VIS NPOYYUBIINXCH 0oJiee 6
JIeT, CBOOOHBIN Y/IeH B JAHHOM IpUMepe He MMeeT COepPKaTeJIbHON 4,
IKOHOMMYECKON MHTEePIPpeTAIMH.



