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Teopust BeposasTHOCTEU. Crniy4yanHble BeNTUYUHDI

Onp. CnyvyanHbiMU BefIMMMHAMMN HA3bIBAKOT YMCIIOBbIe (DYHKLUW,

onpeaerieHHble HA MHOXEeCTBEe 3JIeMeHTapPHbIX COObLITUMN:
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Teopusa BepoATHOCTEN. [IMCKPETHbIE Crly4YauHble
BEJINYNHDI

Onp. Ecnun cnyyanHasa BenuynHa NPUHUMaET KOHeYHOoe UM CYeTHoe
MHO>XEeCTBO 3Ha4YeHUU, TO OHA Ha3bIiBaeTCA ANCKPETHOMN.

AUCKpeTHble cry4yanHble BesfiMYnHbl yAOOHO 3agaBaTh C MOMOLLIO
Tabnuubl,

B NepBOW CTPOKe KOTOPOM NepeyncrieHbl 3Ha4eHUs, KoTopble NPUHMMaeT
cllyyanMHas BefIM4uMHa, a BO BTOPOM — COOTBETCTBYIOLLME BEPOATHOCTM:
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NMpumep AUCKpeTHOU crny4YanHOU BeJIUYUHDbI

CnyyanHas BenmumHa X — KONIMYECTBO OYKOB Ha BepPXHeW rpaHu
OpPOLUEHHOU KOCTU
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PyHKUUA pacnpeneneHns crny4amHou BefMIMYUHbI

Onp. PyHKunen pacnpegeneHus F,(x) cnyyanHou BennuunHbl X
Ha3biBaeTca F,(x) = P(X = x).

CBouncrtBa pyHKUUN pacnpenernieHns:

1)1im F(x)=20

—Q0

2) lim F(x)=1

X—> ©

3) F(x) — HeyObIBarowan pyHKUMA

4) F(x) ABnsieTca HenpepbIBHOU cnpaBa




HenpepbiBHas cnyvyanHasi BenM4nHa

Onp. Cny4vyanHas BenmM4ynHa Ha3biBaeTCA HenpepbIBHON, €Cru cyLllecTBYyeT

KyCcO4YHO HenpepbiBHasa pyHKuua f(x) Takaa, yto F’(x) = f(x).

f(x) Ha3bIBaeTcsa pyHKLMEN NNOTHOCTU pacnpeneneHuns.

CBouncrtBa (pyHKLMM NNOTHOCTHU

Dof(x) =0

2) Tf(x)dx 1

3 P(a < X < b):jf(x)dx




MaTtemaTn4yeckoe oxxupgaHume Cry4YamHOU BeNIMYUHDI

CyuwiecTByeT ABe OCHOBHbIX YNCJIOBbIX XapaKTePUCTUKU CIyHaNHbIX
BeJIMYMH: MaTeMaTU4YeCKoe OXugaHue U gucnepcus.

Onp. MatemaTnyeckoe oxxmaaHme cny4yamHon BeNIUYUHDI:

n
E (X ) — z Xipi ,ecnn X — OUCKPEeTHaA criyvyamHas BeJfIMYMuHa,
i=1

o0

E (X ) — _[ Xf (X ) dx ,ecnn X — HenpepbiBHaA cny4yanHasa BeriMumMHa.
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Oducnepcusa cnyvyanHou BeNMUYUHDI

Onp. Oucnepcuen (06bIYHO 0603HaA4YaemMomn G2) cny4yanHoOW BeNIMUYMHbI
Ha3blBaeTCcs:
Var(X) = 0,2 = E(X - E(X))>.

Onp. CTaH,EIapTHbIM OTKINMOHEeHUEeM Ha3blBaeTCA KOPeHb U3 Ancnepcuun.




KoBapuauusa n koacppuumeHT Koppenaumm cnydyamHbixX
BeNMMYUH X n Y

Onp. KoBapuauveun cny4yamHbix BenmumH X n Y Ha3biBaeTcs
Cov(X,Y) = E(X — E(X))(Y — E(Y))

Onp. KoadhduumeHTom Koppensauum criydamHbiX BenMYMH X n'Y

Ha3bliBAETCA.
cov( X ,Y)

O xOy

Fxy

CBouncrtBa KoappumumneHTa Koppenauumu:
1) |rxyl =1
2) Ecnury,, =0, TO He cywecTBYyeT NIMUHENHOU cBA3U mexay X u 'Y

3) Ecnum |ryy| =1, TO Mexay cnyvyanHbiMu BenuuuHamu X n Y cyuiecTteyeT

TOYyHad NMHeMHas cBA3b: Y=aX+Db




CBoncrea matemMaTUM4ecKoro oXxuaoaHus, Aucnepcum un
KoBapuauum

1) E(C)=C

2) E(CX) = CE(X)

3) E(X +Y) = E(X) + E(Y)

4) Var(C) =0

5) Var(CX) = C2Var(X)

6) Var(X + Y) = Var(X) + 2 Cov(X,Y) + Var(Y)
7) Cov(X+Y,Z)=Cov(X, Z) + Cov(Y, 2)

8) Cov(CX, Y) =CCov(X, Y)

9) Cov(X, Y) = Cov(Y, X)

10) Cov(X, X) = Var(X),

11) Cov(X,C) =0

roe C - KoHcTaHTa, X,Y, Z — criydyavHble BeNINYUHDI .
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CoBMecTHOe pacnpegerneHue ABYyX Clly4YaHbIX BeJIUYMH

Myctb X, Y - cnyvyanHble BeNIMMNHbI C COBMECTHbLIM 3aKOHOM

pacnpeaeneHus.
JTO MOXeT ObITb Tabnuua, ecnu X, Y NpUHUMAKOT KOHEYHOE UMN CYEeTHOoe
MHOXeCTBO 3Ha4YeHUN. 3aKOH COBMECTHOro pacrnpeaesieHnsa HenpepbIBHbIX

Crly4auHbIX BENTMYMH MOXeT ObITb 3a4aH C NOMOLbKO COBMECTHOM

dyHKUuM nnotHocTH f(X,y).
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MapruHanbHble pacnpegeneHus

Ecnv 3agaH coBMeCTHbIU 3aKOH pacnpeaeneHns criydauHbIX BerIMYMH X U
Y, TO MapruHanibHoe pacnpegeneHue cny4yamHou BeriuinHbl X nmeeTt BUA;:
P(X=X)=2,P(X=X;,Y=Y,)),i=1,...,nana auckpeTHoro cny4as,

f (x) = [f(x,y)dy — pyHKLMA NNOTHOCTU ANA HENPEepPbLIBHON CRyYaitHOM
BEJINYUHDI.

MaTemaTnyeckoe oxxuaaHve U gucnepcusa cnydvyamHboix BeniuuvH X, Y

onpeaensaloTCcA Kak 0ObIYHO.
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YcnoBHble pacnpenerieHus

YcnoBHasi NfIOTHOCTbL pacnpenerieHsa onpeaensaeTca creayloLwmm
obpasom:

P(Y =Y;|X=X)) =P(X=X, Y =Y,)/P(X=X) B AuckpeTtHoMm cnyuae,

f(y|x) = f(x,y)/f,(x) B HenpepbIBHOM criy4ae.
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He3zaBuMCMMOCTb Crly4auHbIX BeNUYUH

Ecnu

P(Y =Y;|X =X;) =P(Y =Y,) ansa Bcex i B AUCKpPeTHOM crnyuae,

vwnu f(y|x) = f(y) B HenpepbIBHOM criyyae, TO criydyauHble BeriM4nHbl X,Y
Ha3bIBalOTCA HE3aBUCUMbIMM.

B cnyyae He3aBMCUMMOCTMU CriydauHbIX BenU4YuH X, Y

P(X=X.Y =Y;) =P(X=X) P(Y =Y,) B auckpeTHom cnyuae,

f(x,y) = f (x) f, (y) B HenpepbIBHOM cny4ae.
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YcnoBHOe MaTemMaTU4yecKoe oxupgaHuve

YcrnoBHOe MaTeMaTUyYeCcKoe OXunaaHme
E(Y[X =X) =2,Y; P(Y =Y;|X =X) B AckpeTHOM cny4ae,
E(Y|X) = Jyf(y|x)dy B HenpepbIBHOM cnyyae.

15




HopmanbHoe pacnpeneneHue

Onp. CnyyanHasa BennynHa X nmeet HopMaribHOe pacnpeaerieHme ¢

MaTeMaTU4YeCKUM OXMnOaHUEM a n gucnepcmen o2 (CoOKpaweHHOo 3To

o6osHauaetca X ~ NN (a , O 2) ),

ecnun PyHKUUA NSIOTHOCTU 3TOU CIly4YanHOU BeNIMYUHbI UMeeT BUA
4

2\
: exp<—(x a) :

J(x) = o T
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HopmanbHoe pacnpeneneHue

Onp. CnyyanHasa BennymHa X umeeT ctTaHgapTHOE HOpMarnbHoOe

pacnpepnerneHve, ecnu X N N(O,l)
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PYyHKLUUA NSIOTHOCTU HOPMaribHO pacnpeneneHHoun
cny4YyauHoOU BeJIUYUHbDI
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“Xu - KBagpaTt’ pacnpegeneHue

Onp. CnyyanHasa Benn4ynHa Y numeet “Xu — kBagpat”’ pacnpegerneHue c k

cTeneHsmu cBoGoabl (cokpaweHo ¥ ~ ¥ * (k) ),

eem ¥ = X+ ..+ X/

rae cnyqaﬁHble BEJINYUUNHDLI Xi — He3aBUCUMbIe HOPpMaAJibHO

pacnpenesfieHHbie CﬂyqaﬁHble BeJINYMHbI C MaTeMaTn4eckum oxupgavmem 0

u aucnepcuen 1.
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Tabnuubl gna “Xun — KBagpaTt’ pacnpenerneHus

x2 (xn-KkBagpar) pacnpegeneHue:

Kputnuyeckmne 3HauyeHus x2

YpoBeHb 3HAYNMOCTHU 5% 1% 0.1%
Yucno cteneHen

cBoOOabl

1 3.841 6.635 10.828
2 5991 9.210  13.816
3 7.815 11.345 16.266
4 9.488  13.277 18.467
5 1.070  15.086 20.515
6 12.592 16.812 22.458
7 4.067 18.475 24.322
8 15.507 20.090 26.124
9 16.919 21.666 27.877
10 18.307 _ 23.209 29.588
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t - pacnpepneneHue

Onp. CnyyanHasa BennunHa Z umeet t — pacnpegerieHme ¢ k cteneHaAMHU

cBoboabl (cokpaweHHo Z ~ t(k)),

X

B JY k

roe X~ N(0,1), Y nmeet “xn — KkBagpat”’ pacnpegesrieHme ¢ k cteneHAMHU

ecJin Z

cBob6oabl, X n Y He3aBNCUMbI.
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t - pacnpepeneHuve: Kputnyeckme 3HavyeHuma t

Yucno ctenenen [AsyctopoHuun tect 10% 5% 2% 1% 0.2% 0.1%

cBo6oabl OpHocTopoHHun tecTt 5%  2.5% 1% 0.5% 01% 0.05%
1 6.314 12.706 31.821 63.657 318.31 636.62
2 2920 4.303 6.965 9.925 22.327 31.598
3 2.353 3.182 4541 5.841 10.214 12.924
4 2132 2776 3.747 4.604 7.173 8.610
5 2.015 2.571 3.365 4.032 5.893 6.869
18 1734 2101 2.552 2.878 3.610 3.922
19 1729 2.093 2.539 2.861 3.579 3.883
20 1.725 2.086 2.528 2.845 3.552 3.850
120 1658 1.980 2.358 2.617 3.160 3.373

1.645 1.960 2.326 2.576 3.090 3.291
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®yHKUMA nnoTHOCTU t - pacnpepeneHus. [1IBYyCTOPOHHMI TeCT

PYHKLMA NNOTHOCTHU

t- pacnpeaeneHus

cr cr
_ta/Z ta/Z
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PyHKUMA NNoTHOCTU t - pacnpeneneHnsa. OQHOCTOPOHHUMU TeCT

PYHKLUA NIIOTHOCTU
t- pacnpepeneHusn
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F - pacnpeneneHue

Onp. CnyyanHasa BennunHa Z umeert F - pacnpeneneHue co CTeneHAMMU

cBob6oabl m n n (cokpaweHHo Z ~ F(m, n)),

X / m
Y /' n

eciun Z —

roe cnyvyamHas BenmunHa X umeet pacnpegeneHume “xv— Kksagpar’ ¢ m
cTeneHAMMU cBOOOAbI, Crly4YanHasa Benn4vmHa Y umeet pacnpegerieHme “xum—

KBagpaTt’ ¢ n cteneHAMu ceoo6oabl, X n Y He3aBUCUMbI.
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F - pacnpeneneHue

F -pacnpeneneHune: Kputnueckme sHavyeHus F (5% ypoBeHb 3HaYMMoOCTH)
vi25 30 35 40 50 60 75 100 150 200

v2

1 249.26 250.10 250.69 251.14 251.77 252.20 252.62 253.04 253.46 253.68
2 19.46 19.46 19.47 1947 19.48 19.48 1948 19.49 19.49 19.49
3 8.63 862 860 859 858 857 856 855 854 854
4 5.77 575 573 572 570 569 568 566 565 5.65
5 4.52 450 448 446 444 443 442 441 439 439
6 3.83 381 379 377 3.75 374 373 371 370 3.69
7 3.40 338 336 334 332 330 329 327 326 3.25
8 3.11 3.08 306 3.04 3.02 301 299 297 296 295
9 2.89 286 284 283 280 279 277 276 274 2.73
10 2.73 270 268 266 264 262 260 259 257 256
11 2.60 257 255 253 251 249 247 246 244 243
12 2.50 247 244 243 240 238 237 235 233 232
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MaTemaTn4yeckasa ctaTMcTmka

COBOKYNHOCTb BCE€X BO3MOXHbIX 3HAYEHUN CIlTy4YanHON BeJIUYUNHDbI
Ha3sblBaeTCA reHepanbHON COBOKYNMHOCTbLIO. [lToAMHOXeCTBO reHepasribHOM
COBOKYMHOCTU Ha3blBaeTCs BbIOOPKOM.

OcHoBHasi 3aga4ya MaTeMaTM4eCKOM CTaTUCTUKN — OLleHMBaH1e
XapaKTepUCTUK reHeparibHOU COBOKYMNMHOCTHU MO BbIOOpKe.
O6o0 BCeun reHeparibHOU COBOKYMHOCTU Mbl, KaK NpaBUMo, HU4Yero He 3Haem
TOYHO N MOXEM CTPOUTb NULLb AOragKu - runoTtesbl. [1na npoBepKu cBOMX
rmnoTes Mbl UCcrieayeM He3aBUCUMYIHO BbIOOPKY U3 reHeparibHOMU
COBOKYMHOCTU U CTPOUM Ha OCHOBaHUU BbIOOPKN BbIOOPOYHBLIE OLIEHKHU
HeU3BeCTHbIX TeOpPeTUYECKNX NapamMeTpoB.

PasnuyaloT Toye4yHble u UMHTepBalJibHbl€ OLIeHKMW.
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To4yeuyHble OUEeHKU

[Mpeanonoxum, 4To Mbl UMeeM BbIOOPKY X,,...,X 13 pacnpegeneHus,
3aBucsALWero ot napameTpa 0.
Onp. ToyeyHOM oLeHKOM (CTaTUCTUKOMN) Ha3biBaeTcA fobas uncrnoBas

yHKLMA OT BLIGOPKU é(X Loy X )
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HecMeweHHOCTb, 3thPpeKTUBHOCTb, COCTOATESNIbHOCTb
OLIeHOK

To4yeuyHble OLEHKU CYNTAIOTCA «XOPOLIMMNY», eCrIU OHM obnaaaloT
onpeaeneHHbIMM CBOUCTBaAMM:

* HeCMelWeHHOCTbI0 (B 3TOM crly4yae MaTeMaTU4eCKoe OXXnaaHue OUeHKU
coBrnagaeT C OLueHUBaeMbIM TeOpPeTUYECKUM NapamMeTpomMm);

*  COCTOATESIbHOCTbLIO (3TO O3HA4aeT, YTO ANA 6oNbLWUX BLIOOPOK
BEPOATHOCTb 3HAYUMbIX OTKITOHEHUU BENIMYMHbI OLLeHKU OT 3Ha4YeHUS
OLeHUBaeMOoOro TeopeTM4eCcKoro napameTpa paBHa HyInH);

3¢ eKTUBHOCTbLIO (YeM MeHbLUe ANCNepCcUus OLUeHKU, TeM OHa

cunTtaeTcsa adpdeKTuBHee).
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HecMelWleHHbIe OLUEeHKU ANnA MmaTeMaTU4yecKoro
oXxXnaaHmnAa n ancnepcuun

Mpepnonoxum, X,,...,X, - BbIOOpKa U3 reHeparnbHON COBOKYNHOCTMH, )
E(X,)=p,D(X)=0%i=1,...,n.
HecmelleHHbIe OLueHKN ANl MaTeMaTU4YeCKoro oXxmaaHua u gucnepcum

(BbIOOPOYHOE CpeanHee U BbIOOpOYHaAA aucnepcusn) :
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HecmelleHHan oueHKa Ansa KoBapuauum

Ona aByx BbI6OPOK X,,....X M Y,,....Y, HecmelleHHas oueHKa ons

KoBapuvuaunum Cny‘-laﬁHbIX Benn4inH X n Y nmeet BUA;:

n

OV, 1) = 3 (X, ~ )Y, )

n—15
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UHTepBanbHbIe OLeHKU

Mpn MHTEepBanbHOM OLEeHUBAaHUU KOHCTPYUpyroTcs ABe (hyHKUUU OT

Bbl60pKV|: él(XD""Xn) u éz(Xp'")Xn)

Takue, 4YTo

l—a=P6,<6<0,)

JTOoT MHTepBan HasbiBaeTcs (1 — a)100% goBepuTeribHbIM MHTEPBaNOM

Ana napameTpa 0.
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MpoBepka runores

Mpeanonoxum, 4To Mbl UMeeM BbIOOPKY X,,...,X M3 pacnpegeneHus,
3aBucsALWero ot napameTpa 0.

OTHOocuTenbHO NnapameTpa 6 BbiABUraroTcA ABe runotesbl, ocHoBHas H,
n anbTepHaTuBHas H,, Hanpumep:

H,: 6=6,

H,:0%#80,
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MpoBepka runores

CtaTUCTUYECKNM TeCTOM (MNn NPOCTO TECTOM) Ha3bIiBaeTCA npoueaypa,
OCHOBaHHasl Ha HabnaeHuax X,,...,X , pe3ynbTaToOM KOTOPOM
ABNAETCA OOAHO U3 ABYX BO3MOXHbIX peLueHUMN:

1) He oTBepraTtb ocHOBHYto0 runote3sy H,,

2) OTBeprHyTb HyneByto runotesy H, B nonb3y anbTepHaTUBHOMN
rmnoTte3bl H,.

[Mpu 3TOM MOXHO COBEpLUMNTb ABEe OLUNOKMN:

1) OwwubkKa nepBOro poaa — OTBepPrHyTb HyfeBYyHO rMNnoTe3y, Korga oHa
BepHa,

2) Ownbka BTOPOro poaa — He OTBEPrHyTb HYNEeBYI rmnoTe3sy, Korga

OHa He BepHa.
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MpoBepka runores

BepoATHOCTbL OWINMOKKM nepBOro poaa o6o3HavyaeTca o U Ha3biBaeTcs
YPOBHEM 3HAYUMOCTHU TeCTa,
BepoAaTHOCTL OWLMOKKU BTOpPOro poaa o6o3Havaercs .

1 — B Ha3bIBaeTCA MOLWHOCTbLIO TEeCTa.
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MpoBepka runores

Ha npakTuke agnsi nocTpoeHnsa TeCToB 4YacToO UCNOSb3YHOT CreayroLmun
noaxoAa. HaxoaAaT Takyto ctatuctuky t (X,,...,X ), 4To ecnu runortesa H,
BepHa, TO pacnpegeneHue cny4yamHon BennyuHel t, usBectHo. Toraa
Ana 3aAaHHOro YpoBHS 3HAYMMOCTM O MOXHO HanTK Takyro obnactb K,
yto P(t,.€ K ) =1 - a.

Torpga Tect npoBOAUTCSA crieayroWMM obpa3om:

1) Ha ocHoBaHuu HabnoaeHun X,,..., X BbluMcnseTcsl 3Ha4YeHue
CTaTUCTUKM L.

2) Ina 3apaHHOro ypoBHS1 3HAYMMOCTH O HaxoauTcAa obnactb K.

3) Ecnnt, € K,, To HyneBas runote3a He oTBepraeTcs.

4) B npoTUBHOM crny4yae HyJrieBas runote3a oTBepraeTcs B Nosb3y

anbTepHaTUBHOM.
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MpoBepka runores

CtatTncTtuky t, HasbIBalOT KPpUTUYECKON CTaTUCTUKOWN, a obnacTtb K, —
KPpUTU4YEeCKON obnacTbio.

Ha npakTuke Kputuyeckue CtTaTUCTUKMN 4YaCcTO UMEKOT pacrnpeaerneHme
N(0,1), t, «xxu — KBagpaT», F.

B aTux crniyyasix Ana KpUTM4EeCKOM CTaTUCTUKMU JIerko paccumTaTtb
p-value (p-3Ha4YyeHue) — MUHUMaribHbIN YPOBEHb 3HAYMMOCTH, NPU

KOTOPOM OCHOBHAaA rmnoTte3a orTBepraeTcs.
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