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§1. Obo3Hnavenust

Iycrs byukmun f(x), g(x) oupemencnn ma muozkecrse Op(a) = {z : 0 <
|lxt—a| < h} (To ecTh B IPOKOJIOTOl h-OKPECTHOCTH TOUKN @). MBI XOTHM CpaBHUTD
OBeIeHIE 3TUX (PYHKIUI Ipu & — a. J1j1s1 9T0ro BBE1ieM cieayiomne 0003HaueHMs.
bynem nmcarnb

a) f(x) ~g(x) (npw z — a), ecmn f(z) = g(z)y(x), rae y(z) — 1 npn z — a
(wmraercst: f(z) u g(x) SKBUBATIEHTHBI P T — a);

0) f(x) =o(g(x)) (upu x — a), eciu f(x) = g(x)a(x), rae a(x) - GeckoreIHO
Masiast ipu & — a (auraercs: f(x) ects "o-masoe" orHOCHTENBHO §(X)
pu & — a);

B) f(z) = O(g(x)) (npu x — a), eciu f(x) = g(z)p(x), vae p(x) orpannyena
B HEKOTOPOIl MPOKOJIOTOI d-OKpecTHOCTH TOUKN a; 37ech 0 < 0 < h (unraercs:
f(z) ects "O-60sbImoe" oTHOCHTEILHO () IPH T — @).

Anasornano BBOJATCsT 0003HaMeHUsT ~, 0, O JIJIsi CDABHEHNsI TIOBeJIeHNsT (DY HK-
nuit f(x) u g(z) npu x — 00, T — 400, T — —00.

Haxower, ecsin {a, }, {b,}, n = 1,2,..., — 1Be IUCIOBbIE TTOCIIEIOBATEILHOCTH,
TO UIITYT:

a, ~ b, (npu n — 00), eciu a, = by, vie v, — 1 upu n — oo;

a, = o(b,) (npu n — o0), eciu a, = by, e @, — OECKOHETHO MaJiast MpH
n — oo;

a, = O(b,) (1pu n — o0) ecan cymecrsyer Takoe M, 1ato |a,| < M |b,| mnia
Bcex n = 1,2,....

JIerko moHATh MHTYUTHBHBII CMBICT cooTHOMIeHN T ~, 0, O. Coornomienue f(x) ~
g(zr) (mpm x — a) o3HAYAET, YTO 3HAUEHUs STUX (DYHKIHH CTAHOBATCS BeChbMa
OJIM3KIMIE MezK 1y coDO0it, €CJT TOUKA & JOCTATOYHO OJIM3KA K TOUKE (; COOTHOIICHUE
f(z) = o(g(x)) (mpu x — a) ozmavaer, uro f(T) CTAHOBUTCH CYNIECTBEHHO
MeHbIIIe, YeM ¢(T), eciii TOUYKa X JIOCTATOYHO OJIM3Ka K TOUYKe a; HAKOHEIl, COOTHO-
menne f(z) = O(g(x)) (upn x — a) o3uavaet, uto f() HE MOXKET CYIIECTBEHHO
MpeB30iTH ¢(x) IpH BeeX 3HAUCHUSIX apTyMEHTa, JIOCTATOTHO OJIU3KUX K a.

Y106¢TBO BBEIEHHOI CUMBOJIMKI TUTATE/TH CMOYKET OIEHUTh, TO3HAKOMUBIIIUCDH
C JIAJIBHEHIIIIM TEKCTOM 9TOi pa3paboTKU, OJJHAKO Cpa3y CJIeJyeT UMETh B BHILY,
qTO HAJMYNE 3HAKA DPABEHCTBA B 0DO3HAUEHHUSIX COOTHOIIEHHUH IYHKTOB 6) U B)
HAJI0 BOCIPUHUMATH C OCTOPOKHOCTBIO. JIeHcTBUTEIbHO, JaHHbIE COOTHOIIEHNSI
HE MOJIIMHEHbI TeM (GOPMATBHBIM CBOCTBAM, KOTOPBIMHI 00JIAIAI0T COOTHOIIEHHSI
paBeHcTBa Jyist wucest win st Gyuxiumit. K npumepy, u3 coornorennii fi(x) =
o(g(x)), fo(x) = o(g(x)) npu x — a He cyepyer ¢ HEOOXOAUMOCTBIO PABEHCTBO
dbyuximit f1(x) u fo(z).

§2. IIpumepsnt

l.sinz ~ zupnx — 0, Taxk Kax (sinx)/x — 1 upn x — 0 (910 3aMedaTeNbHbBII
TIpeJies, U3BECTHBI U3 Kypca aHaIn3a).

2.sinz = O(1) (upu x — +00), ubo |(sinx)/1| = |sinz| < 1 s secex x € R.



3. Inz = o(z®) (upu x — +00) mst Jroboro uncia o > 0, Tak kak (Inz)/z* —

0 mpu  — 400 (mocse/Hee PABCHCTBO JIETKO YCTAHABJIUBACTCS HPHU MTOMOIIN
npasmia Jlomurasis).

4. 2% = o(a”) (npu & — +00) TPHU NPOU3BOILHOM & U @ > 1 (ITO TaK¥kKe JIerkKo
IIPOBEPUTH, BOCIIOJIB30BABIINCEH MTpaBUIoM Jlommrasis).

Coornoriernst 3 u 4 OYeHb BayKHBI; OHHU O3HAYAIOT, UTO JiorapuMuaecKast
DYHKIHSI PACTET <CYIIECTBEHHO MeJ[JIEHHEee> CTEIeHHON (DYHKIIUN C [OJI0KUTE/IbHBIM
TOKA3ATENIEM, & TTOCJIEIHSIsT <CYIECTBEHHO MeJIJIEHHees TOKA3aTeJILHO ¢ OCHOBAHIEM,
OOJIBIINM €UHUIHI.

§3. HekoTopnlie cBoiicTBa COOTHOIIEHUIA

f(@) ~g(x), f(z) =o(9(x)), f(z) = O(g(x)) (upu z — a)

DjileMeHTapHBIE CBOHCTBA COOTHOMIEHUIT ~, 0, O, KOTOpbIe PUBEJIEHBI B 9TOM
niaparpade, MoCToSHHO OY/IyT UCIIOIB30BATLCST HAME B JIAIbHEHTIIEM JIJIs YIIPOIIEHUsT
acuMiroTudeckux (opmyst. [pejiaraem 4uTaTesio CaMOCTOSITEIbHO JIOKA3ZAThH
9TH CBOMCTBA, UCXOJs 13 onpejeeHnii §1.

1. Ecom f(z) ~ g(z) upu x — a, to f(x) = O(g(x)) upu x — a.

2. Ecu f(x) = o(g(x)) upu x — a, To f(x) = O(g(x)) npu z — a.

3. Be f(2) = olg(x)) n fi(s) = Olga(x)) mpn & — a, 10 f(2)fi(x) =
o(g(z)g1(x)) npn z — a.

4. Ecn f(z) = O(g(x)) n g(x) = O(h(x)) upu x — a, to f(x) = O(h(z))
pu T — a.

5. Ecan f(z) = O(g(x)) 1 olx) = O(g(x)) mpn & — 4, 10 olx) + f(x) =
O(g(x)) npu z — a.

6. Eciun f(x) = O(g(z)) u g(x) = o(h(x)) npu x — a, o f(x) = o(h(x)) upu
T — a.

IHoria nprBeieHHbIe TOJIBKO UTO CBOIICTBA 3aIlChIBAIOTCsT cuMBoinaecKu. Ha-
IpUMep, CBOMCTBO 3 MOXKHO YCJIOBHO 3allCATh TaK:

o(g(2))0(g1(x)) = o(g(2)g1(x)),

CBOMCTBO 4 —

cBOiiCcTBO 6 —
O(o(h(x))) = o(h(z)).

Dra CUMBOJIMKA JOCTATOYHO BLIPA3UTEILHA U CMBICJ COOTBETCTBYIOIIEIO CBOIi-
CTBA MOKET OBITH C €€ IOMOIIBIO OJIHO3HAYHO BOCCTAHOBJICH.

Hanpumep, Mbl 4acTo Oy1eM UCIOJIb30BATH <IIPABHUJIO IIOTJIOIIEHU> — JaCTHDII
cydaii cBoiicTBa 5, KOTOpOE YCJIOBHO MOXKET OBbITh 3alncaHo tak: eciau f(r) =
O(g(x)) mpn © — a, 1o f(z)+ O(g(z)) = O(g(x)) (x — a) (cmaraemoe f(x)
<toromaercss ciaaraeMbim O(g)). (daiire Tounyio GopMyInpOBKY MpaBua Mo-
DJIOMIEHHsI B paMKax orpejiesiennii §1.)



JlanHOe MPaBUJIO MO3BOJIAET COKPATUTHL acuMIToTHIecKue dopmyJibl. Harpu-
Mep, £+ (2 4+ 1) 42072+ O(273/%) = 271 + O(27%/?) npu 2 — +00; 371eCH

cnaraembie 222, (x + 1)7%/? <noromatorcss ciaraembiv O(z73/2).

§4. AcuMmnroTuviecKkoe npeacraBjaeHne (pyHKII

ITycts nana dyukmus f(z), € Op(a). Kak npasiio, Hac 6yer HHTEPeCcOBATH
cIydaii, Korja OHa MMeeT JOCTATOYHO CJIOXKHBI Buj (HApuMep, OHa 3aJ1aeTcs
rPOMO3/IKOiT hopMyJI0ii, OO ornpeesercs Kak HesiBHas dyukius F(x,y) = 0
u T.71.). Hac unaTepecyer ee moBejieHue npu r — a.

[Ipeamnonoxum, Mbl Halim Takue GyHKImn ¢(x), g(z) (JocTarodHo mpocToro

BHJIA), ITO
f(x) = g(x) + O(p(2)), = —a, (1)
p(r) =olg(x)), = —a (2)

Dopmyita (1) npejcrasiisier coboii IpruMep aCUMITOTHIECKOrO paBeHCcTBa. [0BO-
PAT TaKKe, YTO OHA JIAeT aCHMIITOTHYECKoe mpejcrasienue dyukiun f(z) npu
r — a.

Ob6paruM BHIMaHNE Ha TO, 9TO B IpaBoii dactu ¢popmyist (1) Bropoe ciiaraemoe,
koTopoe 3anucano B Buje O(p(x)), saBisercs GECKOHETHO MAJIBIM 110 OTHOIIEHHIO
K mepBoMy ciaaraemMomy ¢(z) npum x — a, nbo O(¢(x)) = O(o(g(x))) = o(g(x))
(em. cBoiicTBO 6 13 §3). [losToMy pe3oHHO cunTaTh, 9T0 (DYHKIMS §(T) ABJISTETCS
<IJIaBHOI 9acThio> dyHKImN f() 1pu & — @, a BTopoe CJIaraeMoe JiaeT OleHKY
OIPEINTHOCTH, BO3HUKaoMIeil mpu 3amene yukimu f(x) dyukuueit g(x); dopmy-
ma (1) yTBep:KgaeT, 9TO 9Ta MOTPEIHOCTh He mpeBocxouT Besmanubl M|p(z)],
rine M = const.

Hukecreayromas teopema dopmainsyer yTeepxkKjieHre <g(x) ecTb riaBHasi
qacTh QyHKIN f(r) npn x — a>.

Teopema 1. Ecau svinoanenot yeaosus (1) u (2), mo f(x) ~ g(x) npuz — a.

IoxasaTtenscTio. Coorrorenust (1) 1 (2) 03HAYAIOT, ITO B HEKOTOPOIi TIPOKOJIO

TOI OKPECTHOCTH TOYKK @ OyJIeT CIpaBe/jInBa MelovKa PaBeHCTs

f(x) = g(x) +p(@)p(x) = g(x) + plr)a(z)g(x) = g(x)(1+ B(x)) = g(x)v(x),
rae lim y(z) = 1, nocko/bKy p(x) — orpanniena B HEKOTOPOii OKPECTHOCTH TOUKN
a, ar) —0eCKOHETHO MaJiasi IPU T — @ U CJIeJI0BATeNIbHO, ((x) ToKe HECKOHETHO
Masiag mpn & — a, T.e. f(x) ~ g(x) npn z — a.

Teopema mgokaszaHa.

Mozker ciryanThbest, uro pyHkiust f(x) J0mycKaeT HeCKOJIbKO ACUMIITOTHIECKIX
npescrasiennit Buja (1). [yers kpome pasercrsa (1) dyukius f(x) yaoBieTso-
psIeT COOTHOICHUIO

f@) =g1(x) + O(p1(2), = —a  @i(z)=0(n(x), z—a (3)

Eciu p1(z) = o(p(x)), © — a, TOo ecTecTBEHHO CUNTATH, YTO ACUMIITOTHIECKAS]
dbopmyna (3) Tounee, gem dopmyita (1).



Kak MbI yBIIUM B clieytolieMm naparpade, /s OJHOI 1 Toil »Ke (PYyHKINN
f(x) MOXKHO HaIHCATH MEMOYKY ACHMITOTHICCKUX PEJCTABICHUIN, KaXKI0e 13
KOTOPbIX TOYHEE IPEJIbIIYIIEro.

§5.1locTpoenne acuMOTOTUYECKNX (POPMYJI C HOMOIIBIO
dopmysbr Teitnopa

Teopema 2. Ilyemwv ¢ynruua f(x), x € Op(a), umeem HenpepwvieHvie NPOU3-
sodnwie do nopadka n + 1 ekarouumenvro.

Tozda
f(x) = Tu(x) +(k())((fﬁ —a)"™),  z—a, (4)
ede T, (x) = zn: (@) (x — a)* — mmozounen Tetinopa das f(z).

k!
k=0 :

IoxasaTenscTBo. 3anuiieM dopmyiy Teitnopa mis f(x) B OKpeCTHOCTH TOUKH
@ C OCTATOYHBIM 4ieHOM B dopme Jlarpan:xa:

f(nH)(Cx)

(n+ 1)! (v —a

f(z) =Tu(z) + ry(2), ra(z) =
rJIe TOUKA ¢, JIEKUT MeXKy Toukamu = u a, £ € Op(a). Tak Kak mpomsBojgHas
f0+D () orpanmdena B nekoropoii okpecrunoctu Os(a), 0 < 6 < h, o |ry(z)| <
M|z —a|", x € Os(a). ocneanee oznauaert, uro r,(z) = O((x—a)" ™), z — a.
Teopema mokazaHa.

Ecmu dyuknus f(x) mveer mpoussosmbie Jiroboro nopsiika B Op(a), To s
KazKJIOIO HATYPAJIbHOTO 7 MOYKHO HAIIICATH aCUMIITOTHYeCKYIO hopmyity (4). Tem
CAMBIM MBI TTOJTy YaeM GECKOHEUHY O TI0CIeI0BATEIbHOCTD ACHMITOTHIECKIX TTPE/I-
crapiaeHnii jyist byHkun f(x), Kaykioe u3 KOTOPBIX TOUHEE IPEJIbIIYINEero, Mo-
ckoubKy (7 — )"t = o((z — a)"), x — a.

[IpuBeeM acHMITOTHYECKHE IPEJCTABICHUS Jijisi OCHOBHBIX 3JIEMEHTAPHBIX
dyukmuit npu r — 0, n=1,2,...

x3 335 n+1 x2n—1 2n—|—1
a) 81nx—x—§+§_...+(_1) (2n—1)+0( ),
w2 " 242
6) cosx—1—§+j_..._|_(_1) oo + O(222),
2 "
— _ - n+1
B) 1—|—.1:—|—2'+ +n+0( ),
2 2 X .
r) ln(1+x):x—?+§_...+( 1)n+ +O( n+)
ala—1)-- oz—n—|—1
n) (1+x) —1+Fsc+ -+ ( ) n'< )a:”JrO(x”“),
1 BapuaHT pOPMYJIbI 1) s o = —1 : '
1
z') m:1+x+...+x”+0(x”+l)

(popmysia reoMeTpIYECKOiT TIPOIPECCH).



BriBesieM popMyJIbl J1JTs ellle HeCKOJILKIX MPeCTaB/ICHIIT, KOTOPbIE HaM MOHA100ATCs
B JIaJIbHEMIIIEeM.
Pacemorpum "unrerpasibabiit Bapuaat"dbopmysib (4):
x x
[ f@ydt = [ T(t)dt + O((x — a)"*?).
a a
[Tpumenum ero kK paszyioKenusaMm (OyHKININT

1 1
— —1— 2 4_“. —1)" 2n 0] 2n+4-2
1+22 11— (—2?) Tt + (=1)"2™ + O(2™)

= (1 () = | |
x 1-3-...-(2n—1)z"
[Tostyuum - 2 et 2’(”%! | +O@E™).
Iirc‘cg:ﬁ =X — 523 + m; — ...+ (_217);12:“ + O(fEQnJrS)
3 2n+1
arcsinz = x + 566 + ..+ (227;:'(;3;'1’ 1; + O(z*9).

[Tosiesubim ciieficrBueM bopmyiibl (4) sBJIsIETCS CIIYIONIee YTBEPKIeHHe, 0-
3BOJIAIONIEE HAXOJUTH ACKUMIITOTHYECKUE [IPEJICTABICHUS JIJIsA CJIOKHBIX (DYHKIHIL.

Teopema 3. [lycmw f(x), x € Oy(a), — dynryua, obradarowan nenpepvieHot
npouseodnot. Ilycmov danee af(t), B(t), t € Os(ty), makxosw, wmo at) — 0,
Bt) — 0 (t — to) ualt) = OB() nput — ty. Tozda fla + at)) =
fla)+O(B(t)) nput — to.

Ioxazsatensctso. M3 dopmyibt (4) nipu n = 0 umeem f(a+&) = f(a) + O(€)
npu & — 0. Creioaresbho, f(a+a(t)) = f(a)+O(a(t)) npu t — to. [Ipuvensisa
CBOICTBO 4 n3 §3, MoydaeM JOKa3aTeTHCTBO TEOPEMBI.

3amedanue. YTBEPXK/EHNUE TEOPEMbl OCTAETCsI B CUJie IpU 3aMene cuMBosia O
CHUMBOJIOM 0.

13 CKA3aHHOIO C OYEBHIHOCTBIO CleyeT crpaseqmusocts dopmyn eC@®) =
1+ O(a(t), (1+o(a(t)) ™ =1+o(a(t)) upu t — to (316CH at) — Geckoneuno
Masiast ipu t — t).

B sakJjirouenune sroro naparpada paszbepeM deTbipe ImpuMepa.

Mpumep 1. Hamuimem acumnrorndeckoe npejcrasienne jijist pyuxmun f(x) =

vt + 23+ 1 npu x — oo.

1 1\Y3 1
Meen f(z) = 243 (1 1y 4> — 201+ a@), e a(z) = ~ +
xr a s

— — Oeckoneuno manast gynkuus npn x — oo. CorznacHo ¢opmyiie JT) 9TOrO
x

1
naparpada, B3g8 n = 1, noayuaem: f(z) = x4/3(1+§ a(r) +0(a*(z))), © — oo.
1

O603HaIIM BTOPOii COMHOXKUTE L 3T0i (hopmysibl depes u(x). Tak kak a(x) ~ —
x



(z — 00), To O(a*(z)) = O (;2) npu z — oo. Urak, u(z) =1+ ! (315 + 1) +

1 1 1 1 1 1 ; v
@) (aﬂ) =1+ . + 3 + 0 <:c2) dAcno, aro Eywi o) <$2>) T — 00; IIOITOMY,
1 1 1
IIPUMEHsIs <IIPABIJIO TToriolieHusts> (eM. §3), nmoaydaem: —; + O () =0 (),
3t x? x?

1
r — oo, orxyna f(z) =z + 33:1/3 +0(z7%3), 2 — 0.
3aMeTnM, UTO MOYKHO IOJIYUIUTh 0OJiee TOUHbIE aCUMIITOTUKU, Oepsi OoJbIiee

YUC/I0 WIEHOB B aCHMIITOTHYECKOM TpejcTaiennn dyuxmun (14 afx))/3,

Mpumeep 2. Haiinem acuvmroruxy yukmun f(z) = ¥ 7 npu 2 — 4-00.
Nnmeem:
1\1/2 11 1
\/:U2+:L‘—x:x<1+> —x:x<1+—+0<>> —r =
x 2 8x? 3
1 1 1
CiiefoBaTesIbHO,
1 1 1
fla) = e e 0l — e (1- v o)) (1+0(5)) -
8x x? x?
1
:\/E_\/E—}—O<>, x — 400.
8x x?
lpumep 3. Haiizem acumnroruky dbyukmun f(z) = ( v )IQ/ (H2)npnx — 00.

z+1
MnmeeM 114 1mokasaresis CTeleHn

2 2\ ! 2 4 1 4 1
u :x<1+> :x<1—++0<>>:x—2++0<>, T — 00,
T+ 2 x A 3 x 2

n AJigd OCHOBaHUA

-1
azil - (H;) :1_;+;+0<;3> =1+ax), x— o0,
e o(z) = _ + E + O <1> . Bamernm, aro a(x) = O <1> n a?(z) = 1 +
r 2 x3 ’ x 72
O <$13) npu x — o0o. CJiejloBaTesIbHO,
; 0X(a)
In =In(1+ a(z)) = alz) — + 0 (a3(x)) _

r+1 2

1—|—1—|—0<1> 1 1+1+O<1>
- - 4+ = - =4 - T — 00.
x  x? x3 212 x 2z x3)’

OTCIO,IL& 3aKJIro49aeM, 9TO

fla) = ez — la—2+4r 7 +0(@ ) (e +(20%) 40 )



= ¢ 1t 10ET) = (1 + 25 +O(x~ )> T — 00,
T

Mpumep 4. Bolmmmiem Tpu ciaraeMbX acCHMITOTHYECKOIO MPEICTABICHIS J1JIs]
dbysximn tgx npu © — 0. Taxk kak (cMm. passoxkenue 0)), cosx = 1 — a(x), Tae

TO (CM. pas/ioXKeHne x'))

1 Lo ta@) 0 @) = 145 T o)+
= = alx)+ o’ (x a’(x)) = —_——— — =
cost 1—a(r) 21 4! 4
x2 5zt
OkonvaTebHO MOTyJaeM:
¢ sinx x3+x5+0( ) 1+:z:2 5x4+0< )
{L‘: _— _ R - —
& CoS & 3! 5l 2 24
3 20
= —+—+0 0.
=+ o+ -+ (z7), T —

§6.Acumnroruieckne popMyabl aJid YyHKITIIA,
3a/IaHHBIX B BUJIe MHTEIPAJIOB

[Tycts dyuxiust f(t) mHenpepbiBHA HA HOJIYOCH [a, +00). UTO MOXKHO CKa3aTh
00 acuMITOTHKE (DYHKIIIH

F(x) = / ’ f(t)dt mpu x — 4o0? Ilpu permernu 9TOro BOIpoca OKa3bIBAETCSI
HOJIE3HOI CJIEIYIONAs <TEOPEMa CPABHEHHSS.

Teopema 4. I[lycmv dynwyuu f(t), g(t) nenpepwsno Ha noayocu [a,+00),
g(t) # 0 npu t € [a,+00). HHoroorcum

:/axf(t) dt,  Gx)= [ g(t)dt.

Tozda

1) ecau f(t) ~ g(t), t — 400, u G(xr) — o0, x — 400, mo F(xr) — oo u
F(z) ~ G(x) npu x — 400;

2) ecau f(t) = O(g(t)), t — 400, mo F(x) = O(G(x)), v — +00; 3) ecau
f(t) = o(g(t)), t — 400, u G(xr) — o0, v — +oo, mo F(x) = o(G(x)),
r — +00.

Ioxasatensctio. 1) [lycrs f(t) ~ g(t) (t — +00). Coryaco ycjaoBuio HecoOCT-
BeHHo%H‘ZI HTerpaJl

/a g(t)dt = xgglooG(x) pacxopures. Ho Torga corsiacno teopeme cpaBHeHUS
JV1s HeCOOCTBEHHBIX HHTETPAJIoB, KOTOPAsd H3BECTHA W3 KypCa MaTeMaTHUCCKOIO
aHaJIN3a, PACXOIUTCs TaKyKe HeCOOCTBEHHBIN MHTErpaul /a f(t) dt, nmage rosops,
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F(z) — 00, x — +o0. Utak, nmpn HaXOXKJIEHUN TIpeJiesa OTHOTICHNsT (yHKITHIT
F(z) n G(z) upu x — 00 Moxker ObITh mpuMmeneno npasuio Jlonurass. Ilo
teopeme Hprorona-Jleitbruna F'(z) = f(x), G'(x) = g(z). Urak, momyaaem
F

. ngg = mglfoojgcég =1, re. F(z) ~ G(z) (x — 400). VYTBepKieHne
1) mokaszaso.

2) Ilo yemouto Teopembr umeeM | f(x)| < M|g(x)| (x > a). Ilostomy

F()| = | [ f@dtl < ["[f()ldt < M ["g(t)ldt = M| [ g(t)dt| = M|G(x)),

to ectb F(x) = O(G(x)). YTBepKaeHue 2) 10Ka3aHo.

3)Ecmu f(x) = o(g(x)), o u |f(x)| = o(g(x)) (x — 400). Bosmoxkubl jiBa
CITydast:

a) CyIIecTByeT KOHEUHBI TIpejiet hm / | f(t)|dt, Torma

[ 15w
Glx)

6) lim /x |f(t)|dt = oo, Torma o npasuiy Jlommrassa

r——+00 Ja
“If@)|d
[ Ok )

T—+00 G(x) [ e g(x)

lim
r——+00

= 0.

B moGou cyuac | UFO]dE = o(G(x)). A tax kak |F(x)] < [ 1£@®)dt, o
n Fz) = o(G(x)) (z — +o0).

Teopema mokaszaHa.

Mpumep. Ilycrs F(x / V2 4 1dt. 3IL€CB ft) = vVi2+1 ~ t = g(t)
(t — —+00); nosoxkum G(x / tdt = —a: — —. U3 reopembr 4 ciesryet, 4TO

F(z) ~ G(x), re. F(x) ~ Ex npu & — +00.

OJIHUM 13 OCHOBHBIX IIPUEMOB IIPU MCCJICIOBAHIN aCUMITOTUKY QPyHKIINIL, 3a-
JIAHHBIX UHTEIPAJIOM, SBJIAeTCA MHTerpupoBanue 1o yacTaM. lIpousumocrpupyem
9TOT CII0COD MPHMEPOM.

lpumep. F(z) = /1 t"e'dt. Cornacuo opMysie MHTEIPHPOBAHUS IO HaCTSIM
IIOJIy JaeM:

F(x) =z2%" —e— a/lx ttel dt.

Tax xak t*te! = o(t%!) (t — +o0), T0 (cM. 1. 3 Teopembl 4) /f t el dt =
0 (/196 the! dt), r — +oo. Urak, F(z) = z%" + o(F(x)), © — 400, Te. F(x) ~

X
x%”. Orcrona cieayer TakzKe, 4TO /1 t" et dt ~ 2% te” x — 4o00. IlosTomy
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OJIY9aeM TAKyI0 aCUMITOTUIECKYIO (DOPMYJLY:
F(z) = 2%" + Oz e”) = 2%" (1 + O(1/x)), xr — +00.

MozkHO oIy 9 Th H60J1€€ TOYHBIE ACHMIITOTHKH, IPUMEHISI MHOT'OKPATHOE HHTErPH-
POBaHIE 110 JaCTSIM.
B cBa3m co cxosmuMest HeCOOCTBEHHBIM HHTEIPAJIOM / f(t) dt ecrectBenno

BO3HUKAET BOIPOC 00 YCTAHOBJEHUN ACUMIITOTUKN BbIPayKEHUSI / f(t)dt npu
X

r — +oo. OcHOBOI JIJIsT HCCIeOBaHUs 3/1eCh siBjsieTcst Teopema 4, KoTopas
AHAJIOTUIHA PACCMOTPEHHOI BbIllle TeopeMe 4; OHa TaKyKe MOXKeT ObITh OTHECeHA
K paspsijly TeOpeM CPaBHEHUSI.

Teopema 4'. Ilycmo ¢ynryuu f(t), g(t) nenpepvishv, na nosyocu |a,+00) u
g(t) #0 npu t € [a,+0). Tozda

(0.}
1) ecau f(t) ~ g(t), t — 400, u HecobcmserHviT UHm62pCLJL/ g(t) dt cxodumecas,
a

o0
mo crodumcs necobcmeennvili uHme2pan / f(t)dt, npuvem
a

/xoo ft)dt ~ /xoog(t) dt, T — +00;

2) ecau f(t) = O(g(t)), t — +o00, u HecobcmseeHHvl UHMEPAA /oog(t) dt

cxodumcsa, mo crodumcsa maxsce / > f(t)dt u
a

/xoof(t)dt:()</;og(t)dt>, 7 — +00:

3) ymeeporcderue nynrma 2) meopemvl 0OCMGEMCEA 8 CUAE, ECAU 8 HEM CUMBON
O 3amenumov cumMB0OAOM O.

JlokazaTe/ibCTBO TeOPeMbI Hpe,ILOCTaBJIHeTCH YUTATEIIO.

Bepremcs k npumepy dyuaximn F(x / V1?2 + 1 dt, paccMOTpEeHHOMY BBIIIIE,

I BBIBEJIEM aCHMIITOTHIECKY0 (hopmyity ¢ octatkom Buja O(1/x ) npu r — —+00.
Nnmeem:

1/2 1 1 1 1
241= <1+t2> <1+2t2+0< >>_t+2t+0< ) t — +o00.

Nrax,

v) = [ VP 1dt= [ (W—t—)dﬂ/ <t+21t>dt:

/( 11—t )dt+ v 1+11
== — —_— —_— — — —In
2t 2 2 o

Ocrasioch uccie10BaTh ACUMIITOTUKY (DYHKITAN

Fi(a) = [[(VPF1—t- 21t)dt.
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Taxk Kax B IocJjie JHEM BbIpa2KCHUY IIOJbIHTEI DaJIbHaA CbYHKHI/IH nMeeT aCUMIITOTUKY

1
O(1/t3), t — +00, HecobeTBeH B HHTErpal /1 x(\/ 24+1—1t— %) dt cxonurcs.

O6o3nauum ero 3nadenne gepe3 A. Tora

= A-— /‘< ﬁ+1—t—>dt A— /’ ( )ﬁ 14+O<;>.

21 1 1
F(a:)::132+21n:1:+<14—2>—|—0<$2>, r — +00.

§7. AcuMmnToTKa KOpHEl ypaBHEHUSd

Nrak,

B srom naparpade Mbl paccmoTpuM jiBa npuMepa. OHE gBJISIIOTCA MOJIETbHBIMI

JJIsl HEKOTOPBIX TJIaB ACUMIITOTUYECKO TeOpnun 1 1X Pasbop IIOMOZKET 3aMHTePeco-
BAHHOMY YHTATEIIO NIPH JajbHeiNIeM N3y9eHnn JAHHONO KPyra BOIPOCOB.
lpumep 1. Ilycrs gana dyukuus f(z), z € [a, +00), npuuem ypasuenue f(z) =
0 uMmeeT KOpHU T < Tg < .... T'pebyercs uccaeaoBaTh aCUMITOTHKY IIOCICI0BA-
tenbHocT {x,}, n = 1,2,.... Ilpu perenun mogoOHOTO BOIPOCA IACTO MOZKHO

ucnoJib30BaTh hopmysy Teityiopa. PaccmoTrpum ypasHenue tgx = , x> 0.

r+1
Kophu ypaBHeHns — abCImcchbl TOUEK 1epecedenns rpadukos pyHknuil y = tg x,

Yy = :
r+1
OueBujHo, 910 T,, = TN + ap, o, — 0 (B — 00). Uemy sKBUBaJEHTHA

OECKOHEYHO MaJjiasd BeJMYnHa ;7 YTOOBI 9TO YyCTaHOBUTH, IOJCTABUM T, B 00€
YACTU YPaBHEHMHSI.

1 1

[Honyunm: tg(mn + o) = wim tg o, = MBI
y g( n) o) 1 g mn+a0+1<
BOCIIOJIb30BAJINCH [IEPUOJMIHOCTRIO  yHKIWn tgz). lamee, tga, ~ a
n — o0) (Tak Kak tgxr ~ x, r — 0). a ~ —., n — 00.
( ) & ) (mn + o) + 1 ™m
1 1 1
Urak, o, ~ —, n — 00, YTO PaBHOCUJIHHO TOMY, UTO ¢y = — + O ()
™ ™ n
CutejioBaTesIbioO, Ty = TN + — —+ 0 (), n — oo.
™ n

JlaHHOEe acUMIITOTHYECKOE IpeJIcTaB/IeHIe MOXKeT ObITh yTouHeHo. Haiijem, K

1
IIPUMEPY, ACUMIITOTHYCCKYIO POPMYJIY IS &, C IOIPEHIHOCTBIO BUJIA O ( 3>
n
3
x
st aToro Bocmosbsyemcst opmystoit Teitnopa: tgx = o + 5 +o(z%), z — 0.
ol a3 1
Torna tg o, —oszr 3 " to(a), n — oco. Urak, oy, + —* 3 " 4o(al) =

’Il

(mn 4+ ay) + 1

1 o, +1 043
WA (O = — (1 + ) — "1 0(a?), n — co. Yke ycTanoBieno, 4To o, =
™ ™ 3

1+ G) I (o) (1) o’ 1_+<1>
e ol — n — OQ. O9TOMYV Ol v =0\ —= n—0,. U — = 0
™ n)’ Y " n3)’ 3 3m3n3 n3
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am+l 11 1y, 1 1 , 1
61%: = —+ 5 +0<n2>; 671:7_(_2”2 ( )7 O(ﬁn):0<712),n—>00

™ m™m  win? n?

Hauee,

_ 1 1 1 1
(1+ﬁ“)1:1_ﬁn+ﬂg+o(ﬁg):1__7T2n2+0<n2>+ =

™ m2n2
1 1
—1——I—0< 2) Tr — 00.
™ n
1 1 1 ( 1 >
B pesynbrare noaydaem: o, = — — — +o(— | upu n — oo.
mn  wn?2  3m3nd n3
0 n 1 1 1 N ( 1 )
TBET: T, = TN + — — — 0 n — oo.
" m™m  wn2  3m3n3 n3
IIpunoxxenne

3/1eCb MbI PACCMOTPHUM PSL JIOIOJIHITE/ILHBIX IPUMEPOB, KOTOPhIE NLIIOCTPUPYIOT
OCHOBHOE COJIeprKaHue 110co0usl.
llpumep 1. Hamucarh acuMiToTndeckoe npejcraBieHue QyHKITIT

) =3 g o (cos ) *
x) = x°1In | cos — r — 400
x+1 x)’ ’
<1>
C IIOIPEITHOCTBIO BHUIA O | —
x

Pacemorpum dyukimm fi(z f2 =2%In (cos ) meem

e el o)

3x 922
1+ 2 N <1> N
=xr— -+ — —
T3 T\ e
1 1 1 1 1
2 _ 2 _ _
o) =1 g5 +0(5)) = (- +0 () = 5 +0 () -
()
=—sTo(—], T — 400,
2 x
CJIEJIOBATE/TBHO,
5 2 1
f(x)—x—6+9x+0<x> x — +00.

llpumep 2. Hammcarh acuMITOTHYECKOE MpecTaBIeHIe (PyHKITIN

fz) = (sin x

1/z
) , ¢ — 0, ¢ morpermHocTbio o(x).
x
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1 In sinz sinx

[IpencraBum dyukuuio B Buje f(x) = er™ = 1 pacCMOTPUM [TOKA3aTe b ITOi
dyHKIIN:

1 si 1 x— 51 2
—lnsmgcz—lnx 6 +0($):ln<1—x+0(£€2)):
x x x x x 6
L2 o)) = =2 4 ofa), eberol = 1 = £ 4 ofa) 0
=—|——+o0(")| = —= +o0(x),e€ =1——=+o(x xr — 0.
x 6 6 ’ 6 ’
Urak, f(z) :1—2—1—0(:13), r — 0.
Npuvep 3. g dyskmun F(z) = /1 “te V' dt nammcath acuMmroTHUCCKOR
1
NpeJICTaBIeHne ¢ morpemuocTbio sujia O | — |, & — +00.
x
1
/t— +2t—6t2+0< )dt /1(t—1+ dt+/ — 41—
1)dt +1+11 + [ <t 41 1>dtT
= —— —1In — — | dt. Tak Kax B 11 HEeM
57 7 ~Et+5 x e T aK Ka ocJieJine

caraeMoM TOJIbIHTerpaibHas (DYHKIIA UMeeT acuMITOTUKY O (1&2)’ t — +o0,

nHTerpaJ /1 > (te_l/ bt 1— 21;) dt cxomuTes; MyCTh €ro 3Hadenne paBHo B.

Torna Jf (te™/'—t+1—0)dt = B— [ (—gz+O0(%))dt = B+ & +
@) (%) : r — +o00. Uraxk,
2 1 1 1 1
F(x):z—a:—l—2+B—|—lnx+6—|—O<$2> r — 400.
sint
Npuvep 4. [na dbyuknnu F(x / —dt HAIMCATb ACUMIITOTHIECKYIO

bopMyJ1y ¢ HOIPEeNHOCTLIO BHJIA O( H, r— +0.
dcno, uro 3amena iepemernoro t = 1/7 IPUBOAUT K PACCMOTPEHUIO ACHUMIITOTHKY

dyHKIMM, 3aJlaHHOIl MHTErpasioM, MOJ00HBIM paccMOTpeHHOMY B 1. 3. OjHaKo

sint 1 ¢t 3
KOpPOY€e PElINTDb 3aa4y MHAYe. 3aMEeTHM, UYTO IIOCKOJILKY = =7 6 + O(t”)
1sint

(t — 0), pacxoMMOCTb WHTErpasa, / —— dt o0ycJ/I0BJIeHa TTEPBBIM CJIaraeMbIM

1/t acHMIITOTHYECKOTO MPEICTABICHNUS HO,HbIHTeraJIbHOI/I cbyHKImM. [Tosromy

1smt 1 /sint 1 /sint 1

' 1 I 1
Bseniem obosnagenne C' = /01 (SI;t — t) dt; Torma /1 (Sltlgt — t) dt = C —
x (sint 3 7 4
/()(752—)& c- [ <—+O(t)>dt C+T+06", - +0

1 2
Orser: F(z) = 1n——|—C'—|—ﬁ—|—O( Y, x — +0.
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