
Supplemental Appendix

I. Variation of the example in the Introduction.

Di¤erently from the game in the Introduction, in the following game, even if

the SPE is unique, a non-SPE outcome can be implemented with a threat that

does not include any of the SPE actions, while the SPE outcome requires an

explicit threat to be implemented.

AnB W E AnB L C R

N 6; 6 �� �! U 9; 0 0; 5 0; 3

S 0; 0 2; 2 M 0; 5 9; 0 0; 3

D 0; 7 0; 7 1; 8

All plans are justi�able, hence they are all rationalizable. The subgame has one

pure equilibrium, (D;R), and no mixed equilibrium: when Bob is indi¤erent

between L and C, he prefers R; if he never plays C, Ann won�t play M , but

then R dominates L; if he never plays L, Ann won�t play U , but then R

dominates C. So, the game has only one SPE, inducing outcome (S;E).

Ann and Bob can implement the Pareto-superior outcome (N;W ) with

the following reduced agreement. Let e0A = fN:U;N:Mg and e0B = fWg. Note
that the agreement does not include the unique SPE action D. We have S1e =

fN:U;N:M;N:Dg�fWg. Strong belief in S1�i;e does not re�ne beliefs further
with respect to the belief in the agreement. Hence, S1e = S1e = S((N;W )).

By Proposition 4, the agreement is self-enforcing.

By Theorem 2, the SPE outcome (S;E) is implemented by the reduced

agreement on SPE plans (S;E:R). The path agreement on (S;E), instead,

is not self-enforcing. Let e0A = fSg, e0B = fE:L;E:C;E:Rg. We have S1e =
fS;N:U;N:Mg�fE:L;E:C;E:Rg. Strong belief in S1A;e induces Bob to believe
in U orM at history (N;E), but all his three actions best reply to some belief

over fU;Mg. Hence, we have S1e = S1e , thus �(S
1
e ) � �(e0).
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II. On the example of Section 2.

In Section 2, I claim that prices below 48 and above 96, with either technology,

do not best reply to any conjecture about the competitor�s price. Here I prove

this claim, with the quali�cation that every pi � 48 with technology k = A

best replies to p�i = 0, which of course can be immediately ruled out.

Fix i = 1; 2 and a probability distribution � over p�i � 0.

Consider �rst pi < 48 with technology k = A. For each p�i � 0, pi brings
positive demand. But then, the pro�t will be negative, because technology

k = A entails a marginal cost mc = 48. So, pi is not a best reply to �.

Consider now pi < 48 with technology k = B. Technology k = B entails a

�x cost F = 482. Then, �rm i expects a positive pro�t only when the expected

demand is higher than 48. Now, note that, for each p�i � 0, increasing pi by "
reduces demand by at most ". So, increasing pi improves the expected pro�t.

Hence, pi is not a best reply to �.

Move now to pi > 96. For each p�i � 48, pi brings zero demand.
For each p�i � 96, every epi � 96 brings demand 2(120� epi) � 48, because

only the consumers at distance lower than 2(120 � epi) from �rm i have a

positive utility from buying from �rm i, and they have a negative utility from

buying from the competitor. But then, with either technology, price epi = 96
brings a higher pro�t than pi, because it brings 2(pi � epi) additional demand,
and demand remains lower than the markup.

For each p�i 2 (48; 96), epi = 96 brings higher pro�t than pi with technology
k = A, so a fortiori with technology k = B: for k = A, epi = 96 brings pro�t
48�(p�i � 48), pi brings at most43 pro�t (48+(pi � 96))�(p�i � 48� (pi � 96)),
and the �rst is higher because 48 > p�i � 48.
Hence, if �(p�i > 48) 6= 0, epi = 96 is a better reply than pi. If �(p�i >

48) = 0 and �(p�i = 0) < 1, there exists epi > 48 that, with k = A, brings

positive expected demand and thus positive expected pro�t. Thus, pi is not a

best reply to �.

43The upper bound of demand 2(120� pi) may bind.

2



III. Another form of agreement incompleteness

Consider the following game.

4; 9; 5 AnB w e

" o n 3; 9; 0 0; 8; 2

Ann 5; 0; 1 s 0; 3; 0 1; 5; 2

# i u " "
Bob �! Cleo � �a �! Bob

# d #
CnB l c r AnB w e

t 5; 4; 1 5; 6; 0 5; 0; 0 n 3; 9; 0 0; 8; 2

b 5; 4; 0 5; 0; 1 5; 10; 1 s 0; 3; 0 1; 5; 2

All plans are justi�able, hence they are all rationalizable. Players want to

implement outcome (o). As suggested in Section 5, we �rst look for the sets

S� = S�A�S�B�S�C that induce (o) and satisfy Realization-strictness and Self-
Justi�ability. Ann�s Self-Enforceability requires Bob not to play d and Cleo

not to play u. Then, Bob�s Self-Justi�ability requires that Cleo may play t,

and Cleo�s Self-Justi�ability requires that Bob may play e in a subgame he

allows. Hence, calling SwB and S
e
B the binary sets of plans of Bob where the

last move is w and e respectively, the desired sets S� are those that satisfy

S�A = fog , S�B � SwB [ SeB, SeB \ S�B 6= ;, ft:ag � S�C � ft:a; b:ag :

Does any of these sets satisfy Forward Induction? No. Under belief in S�C ,

it is irrational for Bob to play d:l. Yet, it is rational to play d:c, because

t:a 2 S�C . Therefore, Forward Induction requires Cleo to play b and not t, a
contradiction. Thus, there is no SES that implements (o).

So, we look for a tight agreement e where e0 satis�es the conditions above.

First, observe that we need e0C = ft:ag. If b:a 2 e0C , then, regardless of

e1A, we have d:r 2 brB(�e
B), but d:l 62 brB(�e

B). So, for Bob, T3 imposes

d:l 62 emB \ SB((i; d)) 6= ; for some m, but then t:a 62 brC(�e
C), a violation of

T3 for Cleo. Still, without restrictions on e1A, we have d:c 2 brB(�e
B), so again
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d:l 62 emB \ SB((i; d)) 6= ; for some m and t:a 62 brC(�e
C). Hence, we must

obtain d:c 62 brB(�e
B). So, we must impose i:s:s 62 e1A. If Ann guarantees to

play n in a speci�c subgame, then we have bri(�e
B) � SwB ; hence, T3 imposes

e0B � SwB , a contradiction of the conditions on e
0
B. So, the only remaining

option is e1A = fi:n:n; i:n:s; i:s:ng. Then, on the one hand there is �B 2 �e
B

with �B(i:n:sj(i)) = �B(i:s:nj(i)) = 1=2 and brB(�B) = SeB; on the other hand,
for every �B 2 �e

B, there is sB 2 brB(�B) \ (SwB [ SeB) that gives to Bob an
expected payo¤ of at least 6:5, so d:c 62 brB(�e

B) \ SB((i; d)) = ;. So, the
following is a tight agreement:

e0A = fog ; e0B = S
w
B [ SeB; e0C = ft:ag ;

e1A = fi:n:n; i:n:s; i:s:ng ; e1B = fd:l; d:c; d:rg :

The vagueness of Ann about in which subgame she is going to play n is a

kind of agreement incompleteness that, like here, can be necessary to imple-

ment an outcome. It can be interpreted as Ann doing the following speech: �I

guarantee that I will be prepared to play n in at least one contingency, but I

cannot guarantee that I will be prepared to play n in both.�

This kind of strategic uncertainty also arises naturally from strategic rea-

soning. The example on page 50 in Battigalli [6], provided by Gul and Reny,

shows that the set of justi�able plans of a player is not a Cartesian prod-

uct of sets of actions at di¤erent information sets. This is the reason why

(agreement-)rationalizability is de�ned as an elimination procedure of plans

and not of actions at di¤erent information sets, and agreements are de�ned in

terms of plans as well.
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IV. Equivalence between Agreement-rationalizability and

Selective Rationalizability.

In this section, I show that Agreement-rationalizability is equivalent to the

original notion of Selective Rationalizability, provided and characterized epis-

temically in [17], for the analysis of agreements. Selective Rationalizability is

de�ned as follows.

De�nition 15 Let ((Smi )i2I)
1
m=0 denote Rationalizability. Consider the fol-

lowing procedure.

(Step 0) For each i 2 I, let bS0i;e = S1i .
(Step n>0) For each i 2 I and si 2 Si, let si 2 bSni;e if there is �i 2 �e

i such

that:

S1 si 2 bri(�i);

S2 �i strongly believes bSqj;e for all j 6= i and q < n;
S3 �i strongly believes S

q
j for all j 6= i and q 2 N.

Finally, let bS1i;e = \n�0 bSni;e. The pro�les in bS1e are called selectively-

rationalizable.

Selective Rationalizability di¤ers from Agreement-rationalizability because

of the stronger requirement S3 in place of the requirement that si 2 S1i . Here
I argue that the two procedures are equivalent for the analysis of agreements.

In a nutshell, the reason is that the two procedures are equivalent when the

agreement does not restrict behavior o¤ the rationalizable paths �(S1), and

restricting behavior o¤ the rationalizable paths is unneeded to induce the

desired outcomes, because players do not expect to leave the rationalizable

paths anyway.

To show this, one has to make sure that the desired restrictions along

the rationalizable paths do not force restrictions o¤ the rationalizable paths,

because, in general, the set of rationalizable plans of a player can feature �cross
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restrictions�at unordered histories (see the previous section). The following

lemma ensures that this issue does not arise between histories on and o¤ the

rationalizable paths. The intuition is that a deviation from the rationalizable

paths always comes as a surprise, thus players have to revise their beliefs,

and this disentangles their behavior after the deviation from what they would

have done absent the deviation. Let p(h) denote the immediate predecessor of

a history h 2 Hn fh0g.

Lemma 1 For every i 2 I, si 2 S1i , h 2 H(si)nH(S1) with p(h) 2 H(S1),
and s0i 2 S1i \ Si(h), there is s00i 2 S1i such that, for each h 2 H(s00i ), s00i (h) =
si(h) if h 6� h, s00i (h) = s0i(h) if h � h.

Proof. Fix �i and �
0
i that strongly believe ((S

q
j )j 6=i)

1
q=0 such that si 2

bri(�i) and s
0
i 2 bri(�0i). Since h 2 H(S1i ), h 62 H(S1�i). Then, since �i

strongly believes S1�i and p(h) 2 H(S1�i), we have �i(S�i(h)jp(h)) = 0. Hence,
I can construct �00i that strongly believes ((S

q
j )j 6=i)

1
q=0 as �

00
i (�jh) = �i(�jh) for

each h 6� h, and �00i (�jh) = �0i(�jh) for each h � h. Clearly, s00i 2 bri(�00i ) � S1i .
�

Next, I formalize the elimination or absence of restrictions o¤ the rational-

izable paths. Fix i 2 I and a subset of rationalizable plans eSi � S1i . I call
the canonical form of eSi the setn

si 2 S1i : 9s0i 2 eSi;8h 2 H(S1) \H(si); si(h) = s0i(h)o :
The canonical form of eSi contains eSi. I say eSi is canonical when it coincides
with its canonical form. Analogously, given an agreement e = ((e0i ; :::; e

ki
i ))i2I ,

I call the canonical form of e the agreement e = ((e0i ; :::; e
ki
i ))i2I such that,

for each i 2 I and n = 0; :::; ki, eni is the canonical form of eni , and I say that

e is canonical when it coincides with its canonical form.

Now I show that Agreement-rationalizability and Selective Rationalizabil-

ity are equivalent for a canonical agreement. The proof will follow a simple

inductive argument based on the next technical lemma.
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Lemma 2 For each i 2 I, �x a collection of Ki canonical sets of rationalizable

plans (eSki )Ki
k=0. Let S

�
i be the set of all si 2 S1i such that si 2 bri(�i) for some

�i that strongly believes ((eSkj )Kj

k=0)j 6=i and (S
1
j )j 6=i. Let bS�i be the set of all

si 2 S1i such that si 2 bri(�i) for some �i that strongly believes ((eSkj )Kj

k=0)j 6=i

and ((Sqj )
1
q=0)j 6=i. Then, S

�
i and bS�i are identical and canonical.

Proof. Fix s0i 2 S�i and �0i that strongly believes ((eSkj )Kj

k=0)j 6=i and (S
1
j )j 6=i

such that s0i 2 bri(�0i). Fix si 2 S1i and �i that strongly believes ((S
q
j )
1
q=0)j 6=i

such that si(h) = s0i(h) for all h 2 H(S1) \H(si), and si 2 br(�i). For each
h 62 H(S1) with p(h) 2 H(S1), j 6= i, s0j 2 S1j \Sj(h), k = 0; :::; Kj, and sj 2eSkj \Sj(h), by Lemma 1 there is s00j 2 S1j such that, for each h 2 H(s00j ), s00j (h) =
s0j(h) if h � h, s00j (h) = sj(h) if h 6� h. Hence, s00j 2 eSkj . Endowed with all such
s00j�s, since �

0
i strongly believes S

1
�i, I can construct �

00
i that strongly believes

((eSkj )Kj

k=0)j 6=i and ((S
q
j )
1
q=0)j 6=i such that �

00
i (�jh) = �0i(�jh) for all h 2 H(S1�i),

and �00i (S�i(z)jh) = �i(S�i(z)jh) for all h 62 H(S1�i) and z � h. Clearly, si is a
continuation best reply to �00i (�jh) for all h 2 H(si)nH(S1�i). Moreover, si is a
continuation best reply to �00i (�jh) for all h 2 H(si)\H(S1�i) � H(S1) because
it induces the same outcome distribution as s0i. So, si 2 br(�00i ) � bS�i � S�i .
This shows that S�i is canonical, included in bS�i , and thus identical to bS�i . �
Proposition 8 For every canonical agreement e = (ei)i2I , S1e = bS1e .
Proof. For each i 2 I and n > 0, Sni;e is the set of all si 2 S1i such that

si 2 bri(�i) for some �i that strongly believes ((ekj )
kj
k=0)j 6=i and ((S

q
j;e)

n�1
q=0 )j 6=i,

while bS1i;e is the set of all si 2 S1i such that si 2 bri(�i) for some �i that
strongly believes ((ekj )

kj
k=0)j 6=i, ((bSqj;e)n�1q=0 )j 6=i, and ((S

q
j )
1
q=0)j 6=i. For n = 1 and

each j 6= i, bSn�1j;e = Sn�1j;e = S1j , so, by Lemma 2, S
1
e and bS1e are identical and

canonical. Then, the argument can be repeated for n > 1 by induction. �

Corollary 5 A canonical agreement is self-enforcing under Agreement-rationalizability
if and only if it is self-enforcing under Selective Rationalizability.

How do an agreement and its canonical form compare in terms of be-

havioral implications? For the �rst step of reasoning, both under Agreement-

rationalizability and Selective Rationalizability, the canonical form yields the
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same plans as the original agreement on the rationalizable paths, and combines

them with all rationalizable plans o¤ the rationalizable paths.

Lemma 3 Fix an agreement e = (ei)i2I and its canonical form e = (ei)i2I .

For each i 2 I, S1i;e and bS1i;e are the canonical forms of S1i;e and bS1i;e.
Proof. The proof is identical under both procedures, so let eS1i;e; eS1i;e denote

either of the two. I have just proven for Proposition 8 that eS1i;e is canonical.
So, there only remains to show that for each si 2 eS1i;e, there is s0i 2 eS1i;e such
that si(h) = s0i(h) for all h 2 H(si) \H(S1), and vice versa.
Fix si 2 eS1i;e. By de�nition of eS1i;e, si 2 S1i , and there is �i 2 �e

i that

strongly believes (S1j )j 6=i such that si 2 bri(�i). For each j 6= i, n = 0; :::; kj,
and sj 2 enj , there is s0j 2 enj such that s0j(h) = sj(h) for all h 2 H(S1)\H(s0j).
Endowed with all such s0j�s, I can construct �

0
i 2 �e

i that strongly believes

((Sqj )j 6=i)
1
q=0 such that �

0
i(S�i(z)jh) = �i(S�i(z)jh) for all h 2 H(S1) and

z 2 �(S1). Since �0i and �i strongly believe S1�i, for each h 2 H(S1), eachesi 2 S1i yields the same outcome distribution against �0i(�jh) and �i(�jh).
Then, since bri(�0i) � S1i , there is s0i 2 bri(�0i) � S1i;e such that for s0i(h) = si(h)
for all h 2 H(s0i) \H(S1).
The proof of the vice versa is identical.44 �

How relevant is the class of canonical agreements? Under both Agreement-

rationalizability and Selective Rationalizability, it su¢ ces to implement all im-

plementable outcomes. To show this, given Lemma 3, it is enough to �nd, for

each implementable outcome set, a self-enforcing agreement that requires only

one step of reasoning. For Agreement-rationalizability, this agreement is the

tight agreement. I will further show that the canonical form is a tight agree-

ment as well. (For Selective Rationalizability, an analogous characterization

can be provided.)

Proposition 9 Under Agreement-rationalizability, the canonical form of a

tight agreement is a tight agreement.
44The vice versa can also be proven in a simpler way: by enj � enj and H(enj ) \H(S1) =

H(enj ) \ H(S1), there is �0i 2 �ei that strongly believes ((S
q
j )j 6=i)

1
q=0 such that �

0
i(�jh) =

�i(�jh) for all h 2 H(S1).
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Proof. Let e = (ei)i2I be a tight agreement and e = (ei)i2I be its canonical
form, which clearly inherits T2 from the tight agreement.

For T1, �x i 2 I and �i that strongly believes e0�i. Fix e�i that strongly
believes e0�i and ((S

q
j )j 6=i)

1
q=0 such that e�i(�jh) = �i(�jh) for each h 2 H(e0�i).

Thus, �(br(�i) � e0�i) = �(br(e�i) � e0�i). Since each e0j is the canonical form
of e0j , I can construct �

0
i that strongly believes e

0
�i and ((S

q
j )j 6=i)

1
q=0 such

that �0i(S�i(z)jh) = e�i(S�i(z)jh) for all h 2 H(S1) and z 2 �(S1). Since
br(e�i); br(�0i) � S1i and each si 2 S1i induces the same outcome distribution

with �0i(�jh) and e�i(�jh) at every h 2 H(S1) \ H(si), we obtain �(br(e�i) �
S1�i) = �(br(�0i) � S1�i) � �(S1). Then, �(br(e�i) � e0�i) = �(br(�0i) � e0�i).
By �(S1i � e0�i) = �(S1i � e0�i), we get �(br(�0i) � e0�i) = �(br(�0i) � e0�i). By
T1, �(br(�0i) � e0�i) � �(e0). By de�nition of canonical form, �(e0) = �(e0).

Altogether, �(br(�i)� e0�i) � �(e0).
For T3, observe �rst that, by T2, every �i 2 �e

i [ �e
i strongly believes

(S1j )j 6=i. Then, S
1
i;e = bri(�

e
i ) \ S1i and S1i;e = bri(�

e
i ) \ S1i . With this, I am

going to show that for each h 2 H(S1i;e), there is n such that ; 6= eni \ Si(h) �
S1i;e, which gives T3 for e.

Suppose �rst that either h = h0 or p(h) 2 H(S1). By Lemma 3, S1i;e is
the canonical form of S1i;e. Hence, h 2 H(S1i;e). So, by T3, there is n such that
; 6= eni \Si(h) � bri(�e

i )\S1i = S1i;e � S1i;e. Suppose now that p(h) 62 H(S1).
Fix the unique h0 � h such that h0 62 H(S1) and p(h0) 2 H(S1). Since h0 2
H(S1i;e), as just shown ; 6= eni \ Si(h0) � S1i;e for some n. Since Si(h) � Si(h0),
there only remains to show that eni \Si(h) 6= ;. Since h 2 H(S1i ), this follows
from construction of eni and Lemma 1. �
Given this, I will call the canonical form of a tight agreement �canonical

tight agreement�.

Corollary 6 Under Agreement-rationalizability, an outcome set is implementable
if and only if it is prescribed by a canonical tight agreement.

Now I move to Selective Rationalizability.

Lemma 4 Every implementable outcome set under Selective Rationalizability
is implemented by a canonical agreement.
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Proof. Fix a self-enforcing agreement be = (bei)i2I under Selective Ratio-
nalizability. Following the proof of Theorem 3 (only if), I can construct an

agreement e = (ei)i2I such that e0 = be0\ bS1be , and for each i 2 I, �e
i is exactly

the set of all CPS�s �i 2 �be
i that strongly believe ((bSqj;be)j 6=i)1q=0. Then, the

set of plans si 2 S1i such that si 2 bri(�i) for some �i 2 �e
i that strongly

believes ((Sqj )j 6=i)
1
q=0 coincides with both bS1i;e and bS1i;be, thus bS1e = bS1be . Since

every �i 2 �e
i already strongly believes (bS1j;be)j 6=i, it already strongly believes

(bS1j;e)j 6=i, hence bS1e = bS2e = bS1e . So we have bS1e = bS1be . With e0 = be0 \ bS1be , we
get e0 � bS1e . Self-enforceability of be gives �(bS1be ) = �(be0 \ bS1be ). Altogether,

�(bS1e ) = �(bS1be ) = �(be0 \ bS1be ) = �(e0) = �(e0 \ bS1e );
so e is self-enforcing and induces �(bS1be ).
Consider now the canonical form e of e. By Lemma 3, each bS1i;e is the

canonical form of bS1i;e. Hence, �(bS1e ) = �(bS1e ). The intersection of the canonical
forms of two sets contains the canonical form of the intersection of the sets.

This implies �(e0 \ bS1e ) � �(e0 \ bS1e ). I will show that bS1e = bS1e . Then,
�(bS1e ) = �(bS1e ) = �(bS1e ) = �(bS1e ) = �(e0 \ bS1e ) � �(e0 \ bS1e );

so with �(bS1e ) � �(e0 \ bS1e ), e is self-enforcing and induces �(bS1e ) = �(bS1be ).
To show that bS1e = bS1e , I prove that, for each i 2 I, every �i 2 �e

i already

strongly believes (bS1j;e)j 6=i. Fix j 6= i and h 2 H(bS1j;e); I show that, for some
n, ; 6= enj \ Sj(h) � bS1j;e. Suppose �rst that either h = h0 or p(h) 2 H(S1).
By Lemma 3, bS1j;e is the canonical form of bS1j;e. Hence, h 2 H(bS1j;e). As
proven above, every �i 2 �e

i strongly believes bS1j;e. Therefore, there is n

such that ; 6= enj \ Sj(h) � bS1j;e � bS1j;e. Note that a canonical set contains
the canonical form of all its subsets. Then, since enj is the canonical form

of enj and bS1j;e is canonical, we also have ; 6= enj \ Sj(h) � bS1j;e. Suppose
now that p(h) 62 H(S1). Fix the unique h0 � h such that h0 62 H(S1) and
p(h0) 2 H(S1). Since h0 2 H(bS1j;e), as just shown ; 6= enj \ Sj(h0) � bS1j;e for
some n. Since Sj(h) � Sj(h0), there only remains to show that enj \Sj(h) 6= ;.
Since h 2 H(S1j ), this follows from construction of enj and Lemma 1. �
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The �nal proposition states the equivalence between Agreement-rationalizability

and Selective Rationalizability for the analysis of implementability across all

agreements.

Proposition 10 An outcome set is implementable under Agreement-rationalizability
if and only if it is implementable under Selective Rationalizability.

Proof. Suppose an outcome set is implementable under Agreement-rationalizability.
Then, by Corollary 6, it is implemented by a canonical tight agreement e =

(ei)i2I , and by Proposition 8, S1e = bS1e , thus e0 \ S1e = e0 \ bS1e and imple-

mentation under Selective Rationalizability obtains. Suppose now an outcome

set is implementable under Selective Rationalizability. Then, by Lemma 4, it

is implemented by a canonical agreement e = (ei)i2I , and by Proposition 8

S1e = bS1e , thus e0 \ S1e = e0 \ bS1e and implementation under Agreement-

rationalizability obtains. �
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V. On di¤erent epistemic priority orderings

Epistemic priority to the agreement

In this section, I formalize the claim of Section 7.1 that the analysis of Sections

4 and 5 can be replicated under epistemic priority to the agreement by using

Strong-�-Rationalizability in place of Agreement-rationalizability, and I prove

that this expands the collection of implemental outcome sets.

Strong-�-Rationalizability can be de�ned like Agreement-rationalizability

with S0i in place of S
1
i as initialization. Let ((Sqi;�e)i2I)

1
q=0 denote Strong-�-

Rationalizability under belief in the agreement. Allow agreements to feature

non-rationalizable plans. Then, the following holds.

Remark 3 Under priority to the agreement, the results of Sections 4 and 5
hold through verbatim after substituting everywhere:

1. agreement-rationalizable (S1e ) with strongly-�-rationalizable plans (S
1
�e);

2. rationalizable plans (S1) with justi�able plans (S1) in Corollary 2, Propo-

sition 6, and Theorem 2, and with all plans (S) elsewhere.

To verify Remark 3, one can follow the proofs in the main appendix, i.e.,

under priority to rationality, with the following substitutions: replace (S1i )i2I
with (Si)i2I ,45 and ((S

q
j;e)j2I)

1
q=0 with ((S

q
j;�e)j2I)

1
q=0.

A credible agreement under priority to rationality needs not be credible

under priority to the agreement: as shown in the companion paper [17], Selec-

tive Rationalizability does not re�ne Strong-�-Rationalizability for given �rst-

order belief restrictions. (I prove in [2] that the two procedures are outcome-

equivalent for path agreements.) Despite of this, across all agreements, more

outcome sets can be implemented under priority to the agreement.

45Except in the proof of Proposition 6, where S1i must be substituted by S1i (but S
1
j

with Sj as usual). Moreover, in the proof of Proposition 2, the CPS �0i constructed to show
Realization-strictness shall not strongly believe ((Sqj )j 6=i)

1
q=0.

Of course most statements become trivial/super�uous with Si in place of S1i , but the
substitution allows to keep the same phrasing.

12



Proposition 11 If an outcome set is implementable under priority to ratio-
nality, then it is implementable under priority to the agreement.

Proof. Fix an implementable outcome set P � Z under priority to

rationality. By Corollary 6, it is implemented by a canonical tight agree-

ment e = ((e0i ; :::; e
ki
i ))i2I . Then, by Corollary 5 and Proposition 8, e im-

plements P also under Selective Rationalizability. Let M be the smallest

m such that Sm = Sm+1. For each i 2 I and n = ki + 1; :::; ki + M ,

let eni = S
M+1�(n�ki)
i . Without loss of generality, suppose that, for each

n = ki + 1; :::; ki +M , eni 6= en�1i (if not, eni can simply be eliminated from

the list); then, e� := ((e0i ; :::; e
ki+M
i ))i2I is an agreement. This agreement

incorporates requirement S3 of Selective Rationalizability. Hence, Strong-�-

Rationalizability under e� is identical to Selective Rationalizability under e.

Therefore, e� implements P under priority to the agreement. �
For instance, by Remark 3.2, under priority to the agreement any realization-

strict Nash equilibrium in justi�able plans of a two-player game is a self-

enforcing agreement, also when incompatible with strong belief in rationality.46

An example is the entry game of Section 2, where the incumbent can deter

entry also in Case 1 by threatening a low justi�able price; then, entry would

be considered a sign of the entrant�s irrationality, and the incumbent could

have any belief about the entrant�s price. In the Hotelling model, almost all

location pairs would be implementable under priority to the agreement (see

[16]). In all other examples of this paper, all plans are rationalizable; then,

Agreement-rationalizability and Strong-�-Rationalizability coincide and the

insights are robust to the inversion of epistemic priority.

46As shown by the introductory example of the companion paper, Strong-�-
Rationalizability can yield a non-subgame perfect equilibrium outcome even in a perfect
information game without relevant ties, where the unique backward induction outcome is
also the only extensive-form-rationalizable one (Battigalli [6]).
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Epistemic priority to the path

In this section, I revise my methodology for the study of self-enforcing agree-

ments under priority to the path. Recall that giving priority to the path

means that players, whenever possible, interpret deviations from the agreed-

upon path(s) under the view that the deviator did believe that the co-players

would have complied with the agreement on-path.

For simplicity of exposition, I will focus on agreements that prescribe a sin-

gle path z. To analyze them under priority to the path, I specialize the elimina-

tion procedure for general epistemic priority orderings that I construct in the

companion paper ([17]). Let ((Sqj;z)j2I)
1
q=0 denote Agreement-rationalizability

under the path agreement on z, which I will call z-rationalizability. Fix an

agreement e = (ei)i2I with e0 � S(z) and �i2Iekii � S1z .

De�nition 16 Let S0ez = S
1
z . Fix n > 0 and suppose to have de�ned ((S

q
j;ez)j2I)

n�1
q=0 .

For each i 2 I and si 2 S1i;z, let si 2 Sni;ez if si 2 bri(�i) for some �i 2 �e
i that

strongly believes ((Sqj;ez)j 6=i)
n�1
q=0 .

Finally, let S1i;ez := \n�0Sni;ez . The pro�les S1ez are called z-agreement-rationalizable.

De�nition 16 captures the following reasoning scheme. First, each order

of belief in rationality is maintained as long as compatible with the observed

behavior. Second, each order of belief in the path is maintained as long as

compatible with all orders of belief in rationality. Third, each order of belief

in the whole agreement is maintained as long as compatible with all the afore-

mentioned beliefs. The �rst two levels of epistemic priority are captured by

Agreement-rationalizability under the path agreement on z. Thus, the cred-

ibility of the path agreement is a preliminary test for the self-enforceability

of an agreement that prescribes z under priority to the path. Then, the z-

rationalizable plans (S1i;z)i2I are re�ned using the belief in the whole agree-

ment. So, the agreement must be compatible with strategic reasoning around

the path.

14



The analysis of Sections 4 and 5 can be replicated under priority to the

path. Allow agreements (including SES�s) to prescribe only one path z and

feature only z-rationalizable plans. Then, the following holds.

Remark 4 Under priority to the path, the results of Sections 4 and 5 hold
through verbatim after substituting everywhere:

1. outcome sets P with single outcomes z;

2. selectively-rationalizable (Se) with z-agreement-rationalizable plans (Sez);

3. rationalizable plans (S1) with z-rationalizable plans (S1z ).

To verify Remark 4, one can follow the proofs in the main appendix with

the following substitutions: replace P � Z with z 2 Z, (S1i )i2I with (S1i;z)i2I ,
((Sqj;e)j2I)

1
q=0 with ((S

q
j;ez)j2I)

1
q=0, and ((S

q
j )j2I)

1
q=0 with ((S

q
j;z)j2I)

1
q=0. Al-

though a self-enforcing agreement under priority to the path needs not be

self-enforcing under priority to rationality, the following holds.

Proposition 12 If an outcome is implementable under priority to the path,
then it is implementable under priority to rationality.

Proof. The analysis of Section IV can be replicated with z-agreement-

rationalizability in place of Agreement-rationalizability, z-rationalizability in

place of Rationalizability, and �z-selective rationalizability�in place of Selec-

tive Rationalizability, where S1z replaces S1 as initialization and ((Sqz;i)i2I)
1
q=0

replaces ((Sqi )i2I)
1
q=0 in requirement S3. Then, the proof of this proposition is

identical to the proof of Proposition 11. �

Now I formalize the solution of the example of Section 7.2. Ann and Bob

would like to agree on the SPE with path z = (FR:W;W:FR). To check

whether the agreement is self-enforcing under priority to the path, we must

�rst carry out Agreement-rationalizability under the path agreement on z.
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All plans are justi�able, hence they are all rationalizable. Then, z-rationalizability

goes as follows (the second action of a plan si refers to the history (si(h0);W )):

S1A;z = SA(z) [ fW:FR:FR;W:FR:Wg S1B;z = SB(z)

S2A;z = S
1
A;z S2B;z = fW:W:FRg

S3A;z = fW:FR:FR;W:FR:Wg S3B;z = S
2
B;z

S4A;z = S
3
A;z S4B;z = ;.

At the �rst step of reasoning, Bob already concludes that he has the incentive

to comply with the path, because when �B(SA(z)jh0) = 1, a deviation in the
�rst period reduces his �rst-stage payo¤, and his second-stage payo¤ cannot

be higher than on path. For Ann, instead, it is optimal to deviate to W in the

�rst period if �A(sBjh0) � 2=3 for sB 2 SB(z) such that sB((W;W )) = W : the
deviation reduces her �rst-stage payo¤ by 1 but is expected to lead to history

(W;W ), where her second-stage expected payo¤ is higher than 2, whereas on

path it is just 1. Note that under this belief Ann free-rides at history (W;W ).

At the second step of reasoning, for Ann nothing changes because she

already expected Bob to comply. For Bob, strong belief in S1A;z entails

�B(fW:FR:FR;W:FR:Wg j(W;W )) = 1;

which together with �B(SA(z)jh0) = 1 implies that the only optimal plan of
Bob isW:W:FR. Then, strong belief in S2B;z entails that Ann has the incentive

to work in the �rst period and free ride in the second period if Bob has worked.

So, S3A;z is disjoint from SA(z), and then Bob cannot give probability 1 to

both, so we obtain S4B;z = ;. This means that no agreement that prescribes
z is credible under priority to the path. Instead, under priority to rationality,

the agreement on the SPE plans is self-enforcing.

When z-rationalizability is non-empty, it is not necessarily the case that

z can be implemented under priority to the path. In the companion paper

([17]), I provide an example of a SPE whose path constitutes a credible path

agreement but is not implementable under priority to the path (because two
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players cannot agree on any e¤ective threat to deter the deviation of a third

player).

In all the examples in the main body that prescribe a speci�c path (includ-

ing the SES in Hotelling), the conclusions do not change under priority to the

path. Hence, the insights from the examples are robust to this �ner epistemic

priority ordering. In the example of Section 2, there is no agreed-upon path,

but suppose that entry was costless and E was player 2�s payo¤ from a path

that �rm 1 and �rm 2 agree to follow if �rm 2 does not enter. Then, the

analysis of Section 2 would be capturing strategic reasoning under priority to

this path.

The path of the example above resembles a �path that can be upset by a

convincing deviation�, a notion proposed by Osborne [4] for repeated coordi-

nation games.47 Osborne proves that such paths are not stable, in the sense of

Kohlberg and Mertens [27]. I will prove that these outcomes cannot be imple-

mented under priority to the path, because the corresponding path agreements

are not credible. Battigalli and Siniscalchi [11] have shown an analogous re-

lationship between the iterated intuitive criterion (Cho and Kreps [18]) and

Strong-�-Rationalizability with belief restrictions on the equilibrium outcome

distribution. Sobel et al. [5] provide similar arguments for divine equilibrium

(Banks and Sobel [3]). In the aforementioned example of the companion pa-

per, stability and implementability under priority to the path rule out the

same SPE. The common message of these works is that strategic stability and

related re�nements capture instances of forward induction reasoning based on

the belief in the equilibrium path. Still, these re�nements focus on sequen-

tial equilibrium. But the logics of subgame perfection clash precisely with

this particular way of rationalizing deviations: if the deviator believed in the

equilibrium path, she certainly does not believe in the threat.48 The exam-

ple of Supplemental Appendix I is a case in point: if Ann and Bob reach an

47Osborne�s de�nition is more restrictive � see below. The epistemic approach of this
paper allows to capture precisely the hypotheses that inspire Osborne�s solution concept.
48Interestingly, Man [3] �nds that also the invariance argument, used to motivate the

notions of forward induction of Kohlberg and Mertens [27] and Govindan and Wilson [22],
does not imply sequential equilibrium.
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agreement that prescribes the SPE outcome (S;E), but Ann deviates, if Bob

believes that Ann believed that he would have played E, he must conclude

that she does not believe in the SPE threat R, and then she may continue

with any action except precisely her SPE action D.

To conclude, I prove that the paths that can be upset by a convincing

deviation are not credible. Fix a two-player (i and j) static game G with

action sets Ai and Aj and payo¤ function vk : Ai � Aj ! R, k = i; j. Let bk

and ck be the �rst- and second-ranked stage-outcomes of G for player k = i; j.

A path z = (a1; ::; aT ) of Nash equilibria of the T-fold repetition of G can be

upset by a convincing deviation if there exist � 2 f1; :::; T � 1g and bai 6= a�i

such that, letting T := T � � ,

vi(bai; a�j ) + vi(ci) + (T � 1)vi(bi) < TX
t=�

vi(a
t) < vi(bai; a�j ) + Tvi(bi); (I)

Tvj(b
i) > max

aj2Ajnfbijg
vj(b

i
i; aj) + (T � 1)vj(bj): (J)

Condition I says that player i bene�ts from a unilateral deviation at � only

if followed by her preferred subpath.49 Condition J says that player j cannot

bene�t from a unilateral deviation from that subpath even if followed by her

preferred subpath.50

Proposition 13 Let z be a path that can be upset by a convincing deviation.
The path agreement on z is not credible.

Proof. Let ei = (Si(z)) and ej = (Sj(z)). Let bh := (a1; ::; (bai; a�j )) and
z := (a1; ::; (bai; a�j ); bi; :::; bi). Suppose that S1e (z) 6= ;, otherwise S2e = ;. Then,
for each k = i; j, there exists �k that strongly believes S

1
�k and S�k(z) such

that brk(�k) \ Sk(z) 6= ;.
49In the example of this section, i = Ann, j = Bob, (a1; a2) = ((FR;W ); (W;FR)),

bi = (FR;W ), ci = (W;W ), � = 1, bai =W , thus T �1 = 0. Formally, the �rst inequality in
(I) is not satis�ed (equality holds), but this is immaterial because bi and ci entail the same
action for Bob, against which the best reply of Ann induces bi:
50This implies that i�s preferred stage-outcome is Nash, reason why Osborne refers to

coordination games.
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Fix n 2 N and suppose that Sn�1i (z) 6= ;. Fix sj 2 Sj with �i(sjjh0) 6= 0.
Since �i strongly believes S

1
j and Sj(z), sj 2 S1j (z). Fix �j that strongly

believes (Sqi )
1
q=0 with sj 2 brj(�j). Let p(h) 2 H be the immediate predecessor

of h. Since �j strongly believes Si(z), for each h 62 H(Si(z)) with p(h) � z,
�j(Si(h)jp(h)) = 0. Thus, there exists �0j that strongly believes (S

q
i )
n�1
q=0 such

that (i) �0j(�jh0) = �j(�jh0), (ii), �0j(Si(z)jbh) = 1, and (iii) �0j(�jh) = �j(�jh) for
all h 2 H(Sj(z)) with h 6� z and h 6� bh. Then, there exists s0j 2 brj(�0j) � Snj
such that: by brj(�j)\Sj(z) 6= ;, �j(Si(z)jh0) = 1, and (i), s0j 2 Sj(z) � Sj(bh);
by (ii) and (J), s0j 2 Sj(z); by (iii) and sj; s0j 2 Sj(z), s0j(h) = sj(h) for all

h 2 H(Sj(z)) with h 6� bh. With these s0j�s, I can construct �i that strongly
believes (Sqj )

n
q=0 such that �i(Sj(z)jh0) = 1, and �i(Sj(ez)jh0) = �i(Sj(ez)jh0)

for all ez 6� bh. Thus, by bri(�i) \ Si(z) 6= ;, �i(Sj(z)jh0) = 1, and (I), ; 6=
bri(�i) \ Si(z) � Sn+1i (z). So, by induction, there exists �i that strongly

believes (Sqj )
1
q=0 and Sj(z) such that ; 6= bri(�i)\Si(z) � S1i;e(z). On the other

hand, for every �i that strongly believes Sj(z), by (I) bri(�i)\Si(bh) � Si(z), so
S1i;e(

bh) � Si(z). The two things combined imply that for every �j that strongly
believes S1i;e and Si(z), �j(Si(z)jbh) = 1. So, by (J), S2j;e(bh) � Sj(z). Since

Sj(z) � Sj(bh), for every �i that strongly believes S2j;e and Sj(z), �i(Sj(z)jh0) =
1, so by (I) bri(�i)(z) = ;. Hence S3i;e(z) = ;. So, S4j;e = ;. �
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