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Teopus BeposaTHocTen. CnyvyanHble BeNIMYUHDbI

Onp. Cny4yanHbIMKN BerIMMMHAMM Ha3bIBalOT YMCNOBbIe PYHKLMMN,

onpenerneHHble HaA MHOXeCTBe 3fleMeHTapPHbIX COObLITUN:
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Teopusa BepoaTHOCTEeU. [INCKpeTHbIe Crly4YyauHble
BEJINYUHDI

Onp. Ecnu cnyyanHaa BenM4mMHa NnpuHMMaeT KOHEeYHOEe UM CYeTHoe
MHOXeCTBO 3Ha4eHUN, TO OHa Ha3bIiBaeTCA ANCKPETHOMN.

OuckpeTHble crlyyauHble BeNMYuHbl YAOOHO 3afaBaTb C MOMOLLbIO
Tabnuubl,

B NepBOW CTPOKe KOTOPOW nepeyuncrieHbl 3Ha4YeHUSA, KOTopble NPUHUMaeT
cnyvyanHas BefIM4YnHa, a BO BTOPOW — COOTBETCTBYIOLLUUE BEPOATHOCTM:
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[Mpumep ANCKpPETHOU CrlyYauHOU BeJIUYUHDbI

CnyyanHas senuunHa X — KOMYECTBO OYKOB HA BEPXHEN rpaHu
OpOLUEHHOWN KOCTHU

P (1/6 [1/6 (1/6 |1/6 |[1/6 |1/6




PyHKUMA pacnpenerneHnsa criy4amnHoON BeNM4YNHbI

Onp. ®dyHKUumen pacnpeneneHus Fy(x) cnyyamHou BennyuHbl X
HasbiBaeTcs Fy(x) = P(X < x).

CBoucTBa hpyHKLUUM pacnpeaeneHus:

D 1im F (x) =0

— —©

2) lim F(x)=1

3) F(x) — HeyObIBalowasa cpyHKUMA

4) F(x) ABNnAeTcA HenpepbIBHOU cnpaBa




HenpepbiBHas cny4yanHasa BenIM4YMHA

Onp. CnyyanHaa BeriIMiMHa Ha3bIBaeTCA HeNpPepbLIBHOU, €CIiu CyLlecTByeT

KyCO4YHO HenpepbiBHasa dyHKumnA f(x) Takaa, yurto F’(x) = f(x).

f(x) Ha3bIBaeTcAa (pyHKLMEN NNOTHOCTU pacnpeaerieHus.

CBounctBa (pyHKLUU NITIOTHOCTHU

Vof(x) = 0

1

2) T f (x)dx




MaTtemaTnyeckoe oxxupgaHme cny4yamHou BeJIMYUHDI

CywiecTByeT ABe OCHOBHbIX YNCJIOBbIX XapaKTePUCTUKN CITy4YanHbIX BEJIMYUH:

MaTeMaTnu4deckoe oxmaaHme m gmcrnepcus.

Onp. MatemaTnyeckoe oxunaaHuve criy4amnHoOU BeJIMYMHDI:

E(X)

n

E X D ,ecnun X — ANCKpeTHasA criydyanHasi BefIM4mHa,
l l

=1

o0

E (X ) — j Xf (x ) dx ,ecnn X — HenpepbiBHaA cnyvyanHaa BennuyuHa.
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Oucnepcua cny4yanHou BeJIMYUHDI

Onp. Aucnepcuen (06bIYHO 0603HAYaeMon 02) criy4amHOM

BeJINYNHDbI HAa3bIiBAETCHl.

Var(X) = 0,2 = E(X — E(X))?.

Onp. CTaHAapTHbIM OTKJIOHeHneM Ha3biBaeTCA KOpeHb U3

ANCnepCcum.




KoBapunauusa v koachdpuumeHT Koppensaumm criy4yamHbIiX
BeNMUYNH X n Y

Onp. KoBapnaumeu crnyvyamHbix BesiuduH X 1 Y Ha3biBaeTcH
Cov(X,Y) = E(X — E(X))(Y — E(Y))

Onp. KoacdhcmumeHtom Koppensaumm cnyv4yamHbix BenuymH X n'Y

HA3bIBaAeTCA.
cov( X,Y)

O yOy

Fxy

CBoucTtBa KoapchmumeHTa Koppenayuum:

1) |rxyl = 1

2) Ecnun ryy = 0, TO He cyLlecTBYeT NIMHENHOMU CcBA3U Mexay X u'Y

3) Ecnu |ryy| =1, TO Mexay cny4yanHbimMm BennuuHamum X u Y cyuiecteyeT

TOyHada nNMHenHasa cBA3b: Y=aX+b




CBoncrBa mateMmaTU4eCcKoro oXxupoaHus, Aucnepcumn un
KoBapuauuu

1) E(C)=C

2) E(CX) = CE(X)

3) E(X +Y)=E(X) + E(Y)

4) Var(C) =0

5) Var(CX) = C2Var(X)

6) Var(X + Y) = Var(X) + 2 Cov(X,Y) + Var(Y)
7) Cov(X+Y,Z)=Cov(X, Z) + Cov(Y, Z)

8) Cov(CX, Y) =CCov(X,Y)

9) Cov(X, Y) = Cov(Y, X)

10) Cov(X, X) = Var(X),

11) Cov(X,C)=0

roe C - KOHCTaHTa, X,Y, Z — cny4YyauHble BeJSINYUHbI .
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CoBMecCTHOe pacnpegerneHue ABYX CllyYauHbIX BeJIMYUH

Myctb X, Y - criyyanHble BeJSIMYMHbI C COBMECTHbLIM 3aKOHOM
pacnpeneneHus.

IATO MOXeT ObITb Tabnuua, ecnu X, Y npUHNMaOT KOHEYHOEe UJIN CYeTHOoe
MHOXeCTBO 3Ha4YeHMN. 3aKOH COBMECTHOIro pacnpeneneHus HenpepbIBHbIX
CJly4aMHbIX BEJIMYMMH MOXeT ObITb 3a4aH C MOMOLLbLIO COBMECTHOU (pyHKLUN

nnotHocTu f(X,y).

1




Map>XnHanbHble pacnpeneneHus

Ecnun 3apgaH coBMeCTHbIN 3aKOH pacnpeaerieHus criydamHbIX BeJrIu4uH X n

Y, TO MapXXUHanbHoe pacnpeagerieHne cny4amHou BefiM4YnHbl X UMeeT BUA;:

P(X=X)=2,P(X=X;,Y=Y)),i=1,...,n ana AucKkpeTHOro crny4as,

f (x) = [f(X,y)dy — PyHKLMA NNOTHOCTN ANA HENPepPbIBHOW Cry4YainHOM
BENIMYUHDI.
MaTtemaTnuyeckoe oxunagaHme u gaucrnepcusa crnyvyamHbix BennumH X, Y

onpenensloTCA Kak 00ObIYHO.
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YcnoBHbIe pacnpepnerneHus

YcnoBHaA NNOTHOCTb pacnpeneneHus onpeaensaeTca crieaylowmm
obpa3om:

P(Y =Y;|X=X;) =P(X=X,Y=Y;)/P(X=X) B anckpeTHom cnyuae,

f(y|x) = f(x,y)/f,(x) B HenpepbIBHOM cny4ae.
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He3aBMCMMOCTb Crly4YyauHbIX BeIMYUH

Ecnu

P(Y =Y;|X=X;) =P(Y =Y,) ana Bcex i B AUCKPETHOM cny4ae,
unu f(y|x) = f(y) B HenpepbIBHOM criy4yae, TO Cfly4YaMHble
BeNnIMYUuHbI X,Y Ha3bIBalOTCA HE3aBUCUMbIMM.

B cnyyae He3aBMCUMOCTHU criydanmHbIX BeriuduH X, Y
P(X=X,Y =Y, =P(X=X)P(Y=Y,) B auckpetHom cnyuae,

f(x,y) = . (x) fy (y) B HenpepbIBHOM crny4ae.
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YcnoBHOe maTeMaTu4vyecKkoe oxunagaHuve

YcnoBHOe maTeMaTnyeckoe oxunaaHue

E(Y|X = X;) = 2,Y; P(Y =Y,|X =X;) B AUCKpeTHOM cny4ae,

E(Y|X) = Jyf(y|x)dy B HenpepbiBHOM criyuae.
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HopmManbHoOe pacnpepeneHue

Onp. CnyyanHaa BenuynHa X umeeTt HopmMaribHoe
_pacnpepeneHue ¢ MaTeMaTU4YeCKUM OXUOaHMEM a U

avucrnepcuen o2 , cokpalleHHoO 3To 0603HavyaeTcs

X ~ N(a,o?)

ecnu (pyHKUUSA NSIOTHOCTU 3TON Clly4YauHOU BeJIMYMHbI UMeeT

é 2\
o : exp - (x = a) :

1) = e | =25




HopmManbHoOe pacnpepeneHue

Onp. CnyyanHaa BenuiuHa X nmeeT CTaHOAapTHOE HOpMaribHoe

pacnpegeneHuve, ecnu

X ~ N(O,)
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PYHKUMA NIIOTHOCTU HOPMaribHO pacnpeneneHHoun
CITy4YanHOU BEJINYUHDI
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“Xu - KBagpaTt’ pacnpegeneHue

Onp. CnyyanHaa BennumnHa Y nmeet “Xu — KBagpat’ pacnpenerneHuve c k

cTeneHsAMU cBOOOAbI (COKpawleHHO Y ~ )4 2 (k) ),
ecan:)(12+...-|-Xk2 :

rae cny'-lai/'lele BeJINYUHDbI Xi — He3aBUCuMMblie HOPMaJibHO

pacrnpeanesieHHbie CﬂyqaﬁHble BeJINYUHbI C MaTeMaTU4YeCKum oxmaaHvem 0

n gucnepcuen 1.
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dyHKUMUA NNOTHOCTU pacnpeneneHus “Xu — kBagpar’
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Tabnuubl ana “Xun — KBagpat’ pacnpenerneHus

¥? (XM-KBagpar) pacnpegeneHue:

Kputnueckue sHauyeHus 2

YpoBeHb 3HAaYMMOCTHU 5%
Yncno creneHen

cBOoOOObI

3.841
5.991
7.815
9.488
1.070
12.592
4.067
15.507
16.919
18.307

© 00 N O O A WON -

-
o

1%

6.635

9.210

11.345
13.277
15.086
16.812
18.475
20.090
21.666
23.209

0.1%

10.828
13.816
16.266
18.467
20.515
22.458
24.322
26.124
27.877
29.588
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t - pacnpegeneHue

Onp. CnyyanHaa BennunHa Z umeet t — pacnpeaeneHue ¢ k creneHaMuU

cBoboabl (cokpaweHHo Z ~ t(k)),

X

Y Tk

roe X~ N(0,1), Y nmeet “xun — kBagpat’ pacnpegeneHue ¢ k creneHsMmu

eCJin Z

cBo6oabl, X n Y He3aBUCUMBDI.
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t - pacnpeageneHue: Kputnyeckume sHavyeHums t

Yucno creneHeit [AByctopoHHuit Tect 10% 5% 2% 1% 0.2% 0.1%

cBo6oabl OpHoctopoHHuii TecT 5%  2.5% 1% 0.5% 01% 0.05%
1 6.314 12.706 31.821 63.657 318.31 636.62
2 2920 4.303 6.965 9925 22.327 31.598
3 2353 3.182 4.541 5.841 10.214 12.924
4 2132 2.776 3.747 4.604 7.173 8.610
5 2.015 2571 3.365 4.032 5.893 6.869
18 1734 2101 2552 2.878 3.610 3.922
19 1729 2.093 2539 2.861 3.579 3.883
20 1.725 2.086 2.528 2.845 3.552 3.850
120 1658 1.980 2.358 2.617 3.160 3.373

1.645 1.960 2.326 2.576 3.090 3.291
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®yHKUMA NNOTHOCTU t - pacnpepeneHus. [1IBYyCTOPOHHUN TeCT

q)YHKLIMFI NIAOTHOCTU

t- pacnpeaeneHus

cr cr
_ta/2 ta/2
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PyHKUMA nnoTtHocTu t - pacnpepneneHunsa. OQHOCTOPOHHUN TeCT

PYHKLUA NNOTHOCTU
t- pacnpeneneHus
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F - pacnpepeneHue

Onp. CnyyanHaa BennunHa Z umeet F - pacnpepneneHne co CTeneHaAMMU

cBob6oabl m U n (cokpaweHHo Z ~ F(m, n)),

X |/ m
Y /' n

eCJin Z —

roe cnyvyamHas BennynHa X nmeet pacnpegeneHue “xm— Ksagpar’ cm
cTeneHsAMU cBOOOAbI, cnyYyanHasa Benn4vmnHa Y nMmeeT pacnpeaeneHume “xum—

KBagpart’ ¢ h cteneHsAsMuU cBobooabl, X n' Y He3aBUCUMDI.
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F - pacnpepeneHue

F -pacnpepeneHune: Kputnuyeckune sHa4yeHus F (5% ypoBeHb 3HAYMMOCTH)
vi25 30 35 40 50 60 75 100 150 200

v2

1 249.26 250.10 250.69 251.14 251.77 252.20 252.62 253.04 253.46 253.68
2 19.46 19.46 19.47 19.47 19.48 19.48 19.48 19.49 19.49 19.49

3 8.63 862 860 859 858 857 856 855 854 854

4 S5.77 5.75 573 572 570 569 568 566 565 565
5 4.52 450 448 446 444 443 442 441 439 439
6 3.83 381 3.79 3.77 3.75 3.74 3.73 371 3.70 3.69
7 3.40 338 336 334 332 330 329 327 326 3.25
8 3.1 3.08 3.06 3.04 302 301 299 297 296 295
9 2.89 286 284 283 280 279 277 276 274 273
10 2.73 270 268 266 264 262 260 259 257 256
11 2.60 257 255 253 251 249 247 246 244 243
12 2.50 247 244 243 240 238 237 235 233 232
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MaTemaTn4yeckasa ctaTucTuka

COBOKYNHOCTb BCe€X BO3MOXHbIX 3HA4Y€HUUN CIly4YanHOW BEJIUYUHDI
Ha3bIBaeTCA reHepanbHOU COBOKYNHOCTbIO. [IOAMHOXECTBO reHepanbLHON
COBOKYMHOCTU Ha3bIBaeTCA BbLIOOPKOMU.

OcHoBHast 3aga4ya MaTeMaTM4eCKOU CTaTUCTUKN — OLleHNBaHUe
XapaKTepUCTUK reHeparibHOU COBOKYNMHOCTU NO BbIOOpKe.
0060 Bceu reHepanbHOU COBOKYNMHOCTU Mbl, KaK NpaBuUIio, HU4Yero He 3Haem
TOYHO U MOXEeM CTPOUTb NNLLb Aoragku - runoresbl. [ina npoBepKn CBOUX
rmnoTe3 Mbl UccrieayemM He3aBUCUMYHKO BbIOOPKY U3 reHepanbHOMU
COBOKYMNHOCTU U CTPOUM Ha OCHOBaHUU BbIOOPKN BbIOOPOUYHbIE OLLEHKMU
HEeM3BEeCTHbIX TeOPeTUYEeCKUX NapamMeTpoB.

Pa3nuyaroT To4yeyHble U UMHTepBalibHble OLeHKMN.
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To4yeuyHble OUEeHKHU

MpeaAnonoXxumm, 4To Mbl UMeeM BbIOOPKY X,,...,X U3
pacnpeaeneHuns, 3aBucsiLlero ot napametpa o.
Onp. ToyeyHOM OoULEeHKOU (CTaTUCTUKOM) Ha3bIiBaeTCcH nrobasn

yucnoBasi pyHKLUUNA OT BbIOOPKU 0 (X, ,,.... X ).
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HecmelweHHOCTb, 3(pPeKTUBHOCTb, COCTOATENIbHOCTb
OLIeHOK

To4yeuyHble OLEHKN CHUTAIOTCA «XOPOLUMMUY», eCNIn OHM obnaaaloT
onpeaneneHHbIMU CBOUCTBaMMU:

e HEeCMELUeHHOCTbI (B 3TOM Crlyyae MmateMmaTuyeckoe oXxuaaHue OLEeHKU
coBrnagaeT C oLeHUBaeMbIM TEOPETUYECKUM NnapamMeTpoM);

* COCTOAATENbHOCTLIO (3TO O3HA4YaeT, YTO ANA 60NbLNX BbIOOPOK
BEPOATHOCTb 3HAYUMbIX OTKITOHEHUN BEJIMYMHbI OLLeHKU OT 3Ha4YeHUA
OoLeHUBaeMoro TeopeTu4ecKoro napamMmeTpa paBHa HyJ10);

3¢p¢eKTUBHOCTLIO (YeM MeHbLUe ANCNepPCUs OLUeHKU, TeM OHa

cuutaetcs adpdeKTuBHeEER).
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HecmelleHHble oueHKU ona maTeMmaTuyeckoro
OXWagaHuAa n gucnepcuun

[Mpeanonoxum, X,,...,X - BblOOpKa U3 reHepanibHOU COBOKYMHOCTH, )
E(X) =u, D(X)=0%i=1,...,n.
HecmeleHHble OLUEeHKM ANA MmaTeMaTU4eCKoro oXXnaaHvsa n gucnepcum

(BbIOOpPO4YHOE cpeaHee U BbIOOpPOYHaa aucnepcus) :

n
A D 1 pp—
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HecMelleHHasa oueHKa ans KoBapuauunu

Ona aByx BbIOOpPOK X,,....X 1 Y,,....Y, HecMmelleHHasa oLeHKa Ans

KoBapunaumu CﬂyqaﬁHbIX Benn4uH X n Y nmeet BuA;:

n

VX, 1) = 3 (X, ~X)(T, ~7)

n—135
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MHTepBanbHblIe OLUEHKHU

Mpn nHTepBanNbHOM OLEHUBaHUN KOHCTPYyUpyloTca ABe PyHKUMU OT

BbIGOPKMU: él(Xl,...,Xn) U éz(Xl,...,Xn)

Takue, 4YTO

l—a=P0 <0<0,)

JTOT MHTepBan Ha3biBaeTcA (1 — a)100% goBepuTenbHbIM MHTEPBANOM

AnAa napameTpa 0.
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[MpoBepka runoTtes

[MpeanonoXxum, 4To Mbl NMeeM BbIOOPKY X,,...,X U3 pacnpeneneHus,
3aBucCSALLEero ot napametpa 0.

OTHocuTenbHO NapameTpa O BbigBUraloTcs ABe runoresbl, ocHoBHas H,
n anbtepHaTuBHasa H,, Hanpumep:

Hy,: 0=6,

H:0#60,
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[MpoBepka runoTtes

CtaTUCTUYECKUM TECTOM (MU NPOCTO TECTOM) Ha3bIiBaeTCA npoueaypa,
OCHOBaHHas Ha HabnrogeHusax X,,...,X, , pe3ynbTaTtoM KOTOpou
ABNAETCA O4HO U3 ABYX BO3MOXHbIX peLleHUMN:

1) He oTBepratb oCHOBHYIO runotesy H,,

2) OTBeprHyTb HyneBylo runoresy H, B nonb3y ansTepHaTUBHOMU
rmunote3bl H,.

Mpn 3TOM MOXHO COBEpPLUUTL ABE OLUNOKMU:

1) OwwnbKa nepBOro poga — OTBEPrHyTb HyNeBYH rMnoTe3y, Korga oHa
BepHa,

2) Ownbka BTOpOro poaa — He OTBEPrHyTb HYJNeBY runortesy, Korga

OHa He BepHa.
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[MpoBepka runoTtes

BepoATHOCTbL OWIMOKN nepBOro poaa ob6o3HavyaeTcs o U Ha3blBaeTCA
YPOBHEM 3HAYUMOCTU TeCTa,
BepoATHOCTbL OLUMOKKM BTOPOro poaa oobo3HavaeTtcs f.

1 — B Ha3bIBaeTCA MOLWHOCTbLIO TecTa.
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[MpoBepka runoTtes

Ha npakTtuke gns nocTtpoeHnst TeCTOB YaCcTO UCMOSIb3YHOT crieayoLwnmn
noaxon. HaxoaAaT Takyro ctatuctuky t (X,,...,X, ), yTo ecnu runortesa H,
BepHa, TO pacnpeaerneHuve criy4yanHou BenunyuHbl t, usBecTtHo. Toraa
Ans 3agaHHOro YpoBHA 3HAaYMMOCTM O MOXHO HaUTU TaKyro obrnacTtb
K,, yTo P(t, € K ) =1 - a.

Toraa TecT NpoBOAUTCA crneayrowmm obpa3om:

1) Ha ocHoBaHuu HabnoaeHun X,,..., X, BblYMCNSAETCA 3Ha4YeHue
cCTaTUCTUKM t,.

2) Ins 3agaHHOro ypoBHS 3HAYMMOCTU a HaxoauTcs obnacTtb K.

3) Ecnut, € K, , To HyneBasi runote3sa He oTBepraeTcs.

4) B npoTMBHOM criy4yae HyrneBas rmnoTtesa oTBepraeTcs B Nosfb3y

anbTepHaTUBHOMN.
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[MpoBepka runoTtes

CtaTuctuky t, Ha3bIBalOT KPUTUYECKON CTaTUCTUKOU, a obnactb K, —
KPpUTUYECKOMN O00NnacTb10.

Ha npakTuke Kputnyeckme CTaTMCTUKM 4YaCcTo MMEKOT pacnpeaerieHme
N(0,1), t, «<xu — kBagpaT», F.

B 3TnX cnyyvasix Ansa KPpUTUYECKON CTaTUCTUKM JIerko paccymTtaTb
p-value (p-3Ha4yeHue) — MUHUManNbHbIN YPOBEHb 3HAYUMOCTH, NPU

KOTOPOM OCHOBHAas rmnore3a orBepraeTcsi.
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