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II1an neximmm Ne 2

Bo3HMKHOBEeHHE TEPMHUHA «perpeccusn
TeopeTnueckasi 1 BLIOOPOUYHASA perpeccum

JIMHEHHOCTH Perpeccuu 1o nNepeMeHHbIM 1
napaMerpam.

3agaya oneHUBAHUS MApaMETPOB

Metoa nHaumenbmiux kBaaparos (MHK)
CucreMa HOpMAJIBHBIX YPABHEHUI U €€ pelleHure
Nutepnperanusa oueHok MHK Ha npumepe



Dictionary definition: “Regression 1s a
backward movement, a retreat, a return to an
carlier stage of development™.

Sir Francis Galton (1822-1911) BBen TepMuH
«perpeccus», udydas 3aBUCUMOCTb POCTa
IETEN OT POCTA POJUTEIIEH.

“A regression of children’s height towards the
average’.



JIMHEHBIN PErPECCUOHHBIA aHAIU3
OOBEIMHSCT IIUPOKUN KPYT 3a]1a4,
CBA3aHHBIX C IIOCTPOCHUEM 3aBUCUMOCTEN
MEXKY JIBYMS IEPEMEHHBIMU: X U Y.

X — He3aBUCUMAas, OObSICHAIONIAs,
IK30TCHHAs IIEPEMEHHAs, PErpeccop

Y- 3aBuCcHMas1, 0ObsACHsIEMasl, YHIOTCHHAS
nepeMeHHas, regressand.

Ha npaktuke ucciaenoBareiib padoTaeT ¢
nanHeiMu (X, Y), 1= 1,....n.



Mopenb napHou perpeccuu

X; X, X, X
YpaBHeHHe TeopeTH4eckon perpeccun Y; = f(X;) + g,1=1,...,n
T.K. IPA OJHOM U TOM ke X, Y MOIryT ObITh pa3Hble.

U3 cayyaliHOU BEJUYMHBI Y BbLICJIAEM HEKOTOPYIO YACTh,
KOTOpPAasi IeTEPMUHUPOBAHA UKCOM,

€ - cJyuaiiHasi COCTABJIAIONIAs, 100aBKa. >

1



Moaeib MapHOM perpeccuu
f(X,) = E(YX =X),i=1,..,n

Y, =EYX=X, +¢g,i=1,...,n — ypaBHEeHHE TeOPETUIECKOU
perpeccuu

KakoBa npuunHa nNosgBJIeHUSA CIYYAMHOU COCTABJIAIOIICH E;
(BoO3MYyI1LIEHMA)?

B Moae/iM y4acTBYIOT He BCe NepeMeHHbIe, BJIUSIONIME HA
noseaenue Y.

*BpoxaeHHass HeonpeaeJeHHOCTh NOBEACHUA IKOHOMUYECKUX
areHTOB.

*MbI UCI0JIB3YEM T€ BeJIMYMHbI, KOTOPbIe MOKeM U3MEPHUTh, a
HE Te, KOTOPbIE X0TeJI0Ch Obl.

*O1muOKH U3MepeHHus.



Moaeib MapHOM perpeccuu

YpaBHEHHE TCOPETUYECKOU  perpeccuu
Y, =1(X) + &

B 3aBucumoctd or f(X,) Moxer ObITb JIMHEHHBIM,

KBAJAPATHYHBIM, JOTapU(PMUIECKUM H T.1.

Paccmorpum JiuHenHbId cayyau: 1(x) = B, + p,X — JanHeinHo no

X 4 10 mapaMerpam.



Moaeb MapHOM perpeccuu

oPn
Y =p,+pX
[ Qn
| P Qs
[Q o

Crnenupuuupyem Moae b CJAeAYIOIMIUM 00pa3om:

Y=p,+ X +e¢ e & — Bo3mylueHue.



Moaeab MapHOM perpeccuu

Y P,
Y =p,+ 05X
0P1 Q Qn
81 Q2 3
PZ
ﬁo +ﬂ1X1
X, X, X, X, X

Taxkum o0pa3zom, Kaxa0e 3HAUYECHHUE EPEMEHHON Y MOKHO
pa3xeJuTh HA IBE YACTU: IeTEPMUHHPOBAHHYIO, f, + X,
CJIYYaANHYIO &.



Moaeb MaAapHOM perpeccuu

Y oPn

X

Ho Ha npakTHKe MBI He UMeeM JuHUM Y = B, + B, X, a umeem
TOJILKO N nap HAOJIIOACHMIA.
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Moaeab mapHOM perpeccuu
o
P

n

Y:BO"'BlX

X, X, X, X, X

I1o n mapam Ha0/II0IeHUH MBI J0JIKHbI IOCTPOUTH OLIEHKH

nmapameTpoB f,u B, (coorBeTcTBeHHO S, ).

Torna aunus Y = 5, + S X

w 11
Oyaer ABJIATHCA annpokcumanuen gunum Y = B, + B, X.



Moaeab MapHOM perpeccuu

e Y (peanbHble 3Ha4YeHURA)

Y o Y (OLeHEeHHble 3HaYeHus1) o Fn

YZBO"'/BlX

Ha pucyHke nposeaeHa JMHUSA BbIOOPOYHOM perpeccuu,
JIeKale Ha Hed TOYKHM R, Ha3bIBaloTCHd OlleHEeHHBIMH

3HAYCHUSAMM MEPEMECHHOH Y.
12



Moaeab MapHOM perpeccuu
oY

Y °Y & Y:Bo+181X

Y - Y = e (ocTaTku)

PasHocTH MeXKy 1eHCTBUTEIbHBIMHA U OLICHECHHBIMM
3HAYCHUSAMHU MEPEMEHHON Y HA3BIBAKOTCH OCTATKAMU
perpeccuu. 13



Moaeab mMapHOM perpeccuu
oY

Y oY oP"

Y=R+BX

Y =f,+pX

CepbIM BETOM NPOBEACHA JUHUA TEOPETHYECKON perpeccuu, a
YEPHbIM — BHIOOPOYHOM pPerpeccum. 14



Moaeb MapHOM perpeccuu
oY

Y ° oFn Y:,BO"'IBlX

Ha pucyHke u300paKeHbl OCTATKHU €; (OTKJIOHEHUS OT JIMHUU
BbIOOPOYHOM perpeccuu). 15



Moaeb MapHOM perpeccuu
oY
Y oY .Pn

Y:,Bo "'/BlX
Y:,BO +181X

€n

o Qn

X

IIpu UCII0JIBL30BAHNH TEOPETHYECCKON perpeccun Y pasiaraercs
Ha JeTepMHUHUPOBAHHYIO (f, + £,X ) ¥ cIy4aliHYyI0(g) YaCTH.
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Moaeb MapHOM perpeccuu
oY

Y oY oPn

n Y=8+BX
Qn Y:IBO+IBIX

u

ITO pa3iioKeHHe SIBJISETCH YUCTO TEOPETHYECCKHUM (T.K.
apaMeTpoB f, 1 f/; Mbl He 3HaeM) U OyIeT UCIO0JIb30BAHO NP

aHaJIM3€e CBOMCTB OLCHOK KO3(PPUIHUECHTOB perpeccuu. 1
7



MOI(SJII) IMAPHOH perpeccuu
Y oY .Pn
I Y=p5+pX

Y=8+X

Jlpyrasi 1eKOMIIO3UIIHHA JIEI'KO BBINOJTHUMA Ha NMPAKTHKeE NPHU
M3BEeCTHBIX ,80, 181 18



Ouenka k03P PUIMEHTOB BHIOOPOYHOMI
perpeccuu

Metoa HaumMenbiux kKBaaparos (MHK) Haxoxaenust

OLICHOK KO3(p(PUIHUEHTOB perpeccuu COCTOUT B

MHUHHUMM3AIMN CYMMbI KBAJIPAaTOB OCTATKOB perpeccun
RSS (residual sum of squares).

n
RSS = Zeiz e +..+e;
i=1

19



MHK

Munumuzanus RSS (residual sum of squares),

n
RSS = Zeiz =el +..+e.

i=1

A He CyMMbI OCTATKOB

n

e =e+..+te,
i=1

IToueMy MUHUMU3HUPYETCH CYMMA KBAIPATOB OCTATKOB, a HE
CyMMa OCTATKOB? 20



Y ?
Y e P, _ : v
i
: P
.Pz 3
X; X, X3 Xn

X

Ha npumMepe ropu3soHTAJIbLHOH JIMHUU JIETKO YBUIETh, YTO
CyMMa O0CTATKOB paBHa (), 0CTATKM Pa3HbIX 3HAKOB

KOMIICHCUPYIOT APYT APYra, X0Td ¥ MOT'YT ObITh BEJIUKH 110
A0COJIIOTHOM BeJIMYHHE. JTO OyleT UMeTh MeCTO M B 0011eM

ciiyuae.
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Y . P,
Y QP1 n : v
:
o P
.Pz 3
X, X, X; X, X

MHK saBJsieTcsl He e AMHCTBEHHbIM BO3MOKHBIM KPpUTEpPUEM, HO
OYeHb YI00€H /I NMPAKTHYECKOro NpuMeHeHus (00/1a1aa u
APYrUMHM 3aMedaTeJIbHbIMU CBOMCTBAMM).

22



HaxoxaeHue oeHOK KO3(pPUIMEeHTOB MAPHOU
Y perpeccunm

OuenuBaemasi Mogenb . Y = S, + X +u

Ouenennas monens : Y = S, + B X

23

Boipa3uM ocTaTKu perpeccuu 4yepe3 Ha0I0MeHUS.



Boeipaxenue 1ja RSS

RSS=¢ +..4e, =Y, =, = X)) +..+(X,~ - BX,)

le + ,802 + ,812)(12_ 2IBOY1 - 2181)(1K + 2180181)(1
+ ...

+ Y+ B+ BX - 2BY,- 2BXY.+ 288X,

=SV A+ BY X 28D Y -28> XY +2B B> X,

IIpuBOAUM NOAO00HBIE CJIaraeMble.
24



Heo0xoaqumoe ycjioBHe IKCTPpEeMyMa

R55= ZYZ2 +nfy + z)(z2 -2/ ZYZ -24 ZXZYZ +2/4,5 Z)(z

?BSS =0 = 2nf,-2> Y +2B> X, =0
0

nﬁO:ZYi_ﬁlin (1)
,80 :Y_BIX

IIpupaBHuBaeM K () YaACTHYI0 MPOU3BOAHYIO IO MEPBO
NepeMeHHOH .
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Heo0xoaqumoe ycjioBHe IKCTPpEeMyMa

R55= sz +nfiy + Z)(zz -2/ ZYz -25 Z)(ZYZ 2/, Z)(z

age;s =0 = 28> X}-2) XY +25,> X, =0
1

IIpupaBHuBaeM K () YaCTHYI0 MPOU3BOJAHYIO 110 BTOPOii
IEPEMEHHOH .

26



TBo0 = BN -2F XY 2B X =0

o
BYX =D XY +/D X =0 (2)
,30 = Y_BIX
BY X =D XY +HY-BX)> X =0

YpasHenus (1) u (2) 00pa3yroT cucTeMy HOPMAJIbHbIX
YpaBHEHHUH.

JletuM Ha 2 W MOACTABJIAEM BhIpaskenue 1as [J,

qepes ,BA’l :

27



Boipa:kenue 1 f,

BY XS XY +(Y - BX)Y X, =0
B X2 -nXx?)=Y XY, - nXY

_ ZXzYz —nXY

IBI ) Z(Xi_X)Z

_ ZXzYz —nXY

181 o ZXl.z _an

28



AJIbTEpHATHBHOE BbIPpasKeHHe 11 [,
5 > XY, —nXY
- Z (Xi o )?)2

B _ Z(Xl_)?)(z_?)
1 Z(Xi_X)z

>

Pa3I[eJII/IM YUCJINUTECJIDb U SBHAMCHATCJIb HA n-l
B = Cov(X,Y)
1 A
Var(X ) 29




HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB
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Konu4yecTtBo net obyyeHus

JAmarpaMmma paccestHus OTpakaeT 3aBUCMMOCTH moYacoBoi 3/m B 1994 1. ot
NJIUTEJbHOCTH 00yueHus aJis 570 unausuaos u3 National Longitudinal 30
Survey of Youth.



HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB
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6 — 12 neT 06y4eHUA — WKoNbHOEe obpa3oBaHMe (HEMOSIHOE UM NOJIHOoe),

13 — 15 net oby4yeHunsa — konneax, 16 — 18 ner — marucrtparypa, 18 — 20 net — AOKTOPaHTypa.



HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB

perpeccuu

. reg EARNINGS S
Source | SS df MS Number of obs = 570
————————— e F( 1, 568) = 65.64
Model | 3977.38016 1 3977.38016 Prob > F = 0.0000
Residual | 34419.6569 568 60.5979875 R-squared = 0.1036
————————— +-————— Adj R-squared = 0.1020
Total | 38397.0371 569 67.4816117 Root MSE = 7.7845
EARNINGS | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_________ +____________________________________________________________________
S | 1.073055 .1324501 8.102 0.000 .8129028 1.333206
cons | -1.391004 1.820305 -0.764 0.445 -4.966354 2.184347

JlJ11 OLIEHKH pPerpeccuy MCnoJab3yeTcsl CTATUCTUYECKHUU MAKET
Stata. 32



HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB

perpeccuu

. reg EARNINGS S
Source | SS df MS Number of obs = 570
————————— e F( 1, 568) = 65.64
Model | 3977.38016 1 3977.38016 Prob > F = 0.0000
Residual | 34419.6569 568 60.5979875 R-squared = 0.1036
————————— +-————— Adj R-squared = 0.1020
Total | 38397.0371 569 67.4816117 Root MSE = 7.7845
EARNINGS | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_________ +____________________________________________________________________
S | 1.073055 .1324501 8.102 0.000 .8129028 1.333206
cons | -1.391004 1.820305 -0.764 0.445 -4.966354 2.184347

B nepBoil KOJIOHKE — HA3BAHUS IEPEMEHHBIX, BO BTOPOU
KOJIOHKE — OLCHKH KO3(PPUIHUECHTOB Perpeccum. 33



HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB

perpeccuu

. reg EARNINGS S
Source | SS df MS Number of obs = 570
————————— e F( 1, 568) = 65.64
Model | 3977.38016 1 3977.38016 Prob > F = 0.0000
Residual | 34419.6569 568 60.5979875 R-squared = 0.1036
————————— +-————— Adj R-squared = 0.1020
Total | 38397.0371 569 67.4816117 Root MSE = 7.7845
EARNINGS | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_________ +____________________________________________________________________
S | 1.073055 .1324501 8.102 0.000 .8129028 1.333206
cons | -1.391004 1.820305 -0.764 0.445 -4.966354 2.184347

Ounenka ko3 puuuenra nepea nepemenHou S papua 1.073, a
OLICHKA CBO0OIHOI0 4jieHa (mepea cons) pasHa -1.391. 34



HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB
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perpeccuu
A
EARNINGS =-1.391+1.073S

Ha pucyHke u3o0pakeHa JMHMA BbIOOPOYHOM perpeccum.
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KonuyectBo nert ody4eHus
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HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB

perpeccuu -
A
EARNINGS =-1.391+1.073S
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KonuyectBo net ody4yeHus

S usmepsiercs B ronax, EARNINGS B nosuiapax B yac. UHrepnperauusi OueHKH
KOI(PPUIMEHTA HAKIOHA: KAMXKAbIN T0NOJTHUTEIbHBIH 0l 00y4YeHUs yBEIUHBAET
noyaconyio 3/m Ha $1.07.



HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB

perpeccuu :
A
EARNINGS =-1.391+1.073S
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I/IHTepHPETaHI/Iﬂ KOHCTAHTbI, COCTOALIIASA B TOM, YTO HHAUBUIYYM, HC
I/IMeIOIIIPIﬁ Oﬁpa3OBaHl/Iﬂ, HOJIZKEH J0IIJIAYUBATDh 34 BO3MO’KHOCTD p360TaTb,
HE UMeEe€T CMbICJIA. 37



HNHTepnperanusa oeHOK KOI(PPUIIUCHTOB

perpeccuu :
A
EARNINGS =-1.391+1.073S
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KonuyectBo nert ody4eHus

OaHaK0 IKCTPANOJSALUA NPOBEAEHA TOJbKO JJIs MPOyYUBIINXCH OoJiee 6 JieT,
CBOOOJHBIN YJIEH B IAHHOM IPUMepe He UMeeT COIePKaTeIbHOU 18
IKOHOMUYECKON MHTEPIPETALUH.



