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We consider a multistage game where players have reached a

pre-play, non-binding agreement on which path to follow. We study

the credibility of the agreement when players engage in forward

induction reasoning and are averse to the residual risk and uncer-

tainty that a deviation entails. We show that the set of credible

paths expands as risk or ambiguity aversion increase. This is true

also when only an upper bound of risk and ambiguity aversion is

commonly known. When players perceive su¢ cient uncertainty

and are su¢ ciently risk or ambiguity averse, compliance with the

path is guaranteed. This supports the view that aversion to the

uncertainty that deviations entail can be the fundamental reason

for staying on the agreed-upon path, rather than precise o¤-path

beliefs imposed by Nash equilibrium and its standard re�nements.

1 Introduction

A classical motivation for equilibrium analysis is that players can communi-

cate before the game starts and reach a non-binding agreement about how to

play. Nash equilibrium and re�nements model this scenario with a pro�le of

strategies. In dynamic games, there are at least two reasons why this may
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not be an accurate representation of the strategic situation players are facing.

First, real-life agreements are often incomplete: players may fail to reach an

agreement about what to do in case someone defects, or may not even be

willing to discuss this possibility. Then, the agreement will only specify an

outcome to achieve, and this is the kind of agreements we will focus on in this

paper. Second, players are likely to perceive strategic uncertainty instead of

having a precise belief about the co-players�behavior after a deviation.

Here we take the view that o¤-path strategic uncertainty and players�aver-

sion towards it play a key role for their decision to stay on an agreed-upon

path. Hence, we study the behavior of players who tentatively believe in the

agreed-upon path and have no belief restriction regarding o¤-path behavior.

Then, players (partially) re�ne their o¤-path beliefs with forward induction

reasoning. This challenges their tentative belief in the path: forward induc-

tion considerations may lead to the conclusion that a deviation will certainly

be pro�table for a player. If this is not the case, we say that the path is

credible. We show that the set of credible paths expands as risk or ambiguity

aversion increase First, we derive this result under common knowledge of risk

and ambiguity attitudes. Then, we show that the set of credible paths ex-

pands also when only an upper bound of players�risk and ambiguity aversions

is commonly known, and this upper bound and the actual aversions increase.

Finally, we show that, if players�beliefs are restricted to capture a minimal

level of perceived uncertainty, a further increase of risk or ambiguity aversion

makes a credible path self-enforcing, in the sense that players have no incen-

tive to deviate for all their re�ned beliefs. These results support the view that

players�aversion towards the o¤-path uncertainty is a valid explanation for

compliance.

The idea that the uncertainty that deviations entail can be crucial to ex-

plain compliance with an expected behavior has already been deeply investi-

gated in the context of population games with the use of self-con�rming equi-

librium (Fudenberg and Levine 1993, Battigalli 1987). Battigalli et al. (2015)

de�ne self-con�rming equilibrium with ambiguity aversion for the strategic-

form of a game played recurrently with random matching of agents from the
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di¤erent population-roles. They show that the set of self-con�rming equilib-

ria expands as ambiguity aversion increases. Battigalli et al. (2019) extend

the analysis to games played in extensive form, and show that dynamic in-

consistencies of preferences make the monotonicity result of Battigalli et al.

(2015) fall through. However, in terms of outcomes, monotonicity can be re-

established under restrictive conditions on the game and on the nature of the

equilibrium.

In our context of a one-shot game with pre-play communication, at least

the monetary payo¤ functions can be reasonably assumed to be commonly

known, and players can use this to reason strategically about the behavior

of the co-players. This poses new conceptual and technical challenges, which

we brie�y sketch here and illustrate in Section 2 with an example. As in

Battigalli et al. (2019), we consider players with smooth ambiguity preferences

(Klibano¤ et al. 2005) over actions at each information set, given their belief

and future plan. In absence of chance moves, and under the hypothesis that

players do not delegate their choices to randomization devices, Battigalli et al.

(2019) show that ambiguity and risk attitudes become indistinguishable, so we

can treat our players like subjective expected utility maximizers with a von-

Neumann-Morgenstern utility function that summarizes the two attitudes. We

model players�beliefs with conditional probability systems and restrict them

to initially assign probability 1 to the strategies of the co-players that comply

with the agreed-upon path. With this, we can compute the optimal strategies

of players who tentatively believe in the path. Now, consider the simpler case

in which risk and ambiguity attitudes are commonly known. Then, players can

anticipate the co-players�optimal strategies and re�ne their own beliefs and

optimal strategies further. The iteration of this operation is called strong-�-

rationalizability (Battigalli 2003, Battigalli and Siniscalchi 2003). So, strong-

�-rationalizability captures the behavior of rational players who believe in the

agreed-upon path, believe as long as possible that the co-players are rational

and believe in the path, and so on (see Battigalli and Siniscalchi 2007). We

say that a path is credible if strong-�-rationalizability yields a non-empty

set, which means that, for every player, staying on path is compatible with
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strategic reasoning.

The analysis of Battigalli et. al (2015, 2019) immediately implies that if

a player who believes in the path has no incentive to deviate for some belief

about how the co-players would react, so she will after an increase of her risk

or ambiguity aversion. A simple dynamic extension of the results of Battigalli

et al. (2016) and Weinstein (2016) further guarantees that the exact set of

sequentially optimal strategies of our player can only expand after an increase

in risk or ambiguity aversion. This means that also the possible reactions

to deviations can only expand, preserving our player�s incentive to stay on

path after one step of reasoning. At this point, one may hope that a simple

inductive argument would yield the desired monotonicity result. This is not

the case. A larger set of possible reactions can also entail that more devia-

tions remain appetible. Then, after these deviations, players can keep re�ning

their beliefs with forward induction reasoning. Could it be that, eventually,

only reactions that make the deviation pro�table survive? The answer is no.

The twist is to view strong-�-rationalizability under higher risk/ambiguity

aversion as a slow, un�nished order of elimination under lower risk/ambiguity

aversion, where one �forgets�to eliminate the strategies that can be justifed

under higher but not under lower aversion. Catonini (2020a) has proven that

strong-�-rationalizability with path restrictions is order-independent in terms

of outcomes. The desired monotonicity result follows.

Many other papers have tackled the issue of coordination under forward

induction reasoning or under ambiguity averse preferences, but, to the best of

our knowledge, sticking to the sequential equilibrium paradigm and without

considering the two at the same time. A vast literature, stemming from the

seminal contribution of Kohlberg and Mertens (1986), has re�ned sequential

equilibrium with forward induction considerations. Cho and Kreps (1987),

Banks and Sobel (1987), and Govindan and Wilson (2009) motivate their

analysis with examples and intuitions where deviations are interpreted as

attempts to improve upon the equilibrium payo¤. Indeed, for the intuitive

criterion, these intuitions have been made precise through the use of strong-

�-rationalizability with path restrictions by Battigalli and Siniscalchi (2003),
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and for both the intuitive criterion and divinity by Sobel et al. (1990) with a

similar elimination procedure.

Another stream of literature has introduced ambiguity aversion in equilib-

rium analysis. Lo (1999) analyzes a notion of Nash equilibrium whereby play-

ers are mini-maximizers given belief sets in the sense of Gilboa and Schmeidler

(1989). Riedel and Sass (2014) apply the maxmin criterion to analyze equi-

libria of games where players may delegate the selection of actions to random

devices with unknown outcome probabilities (�Ellsberg urns�), and put for-

ward conditions on the extensive form that ensure the dynamic consistency of

the ex ante optimal strategy. Hanany et al. (2020) introduce a notion of per-

fect Bayesian equilibrium with the smooth ambiguity criterion. Eichberger et

al. (2017) analyze a notion of equilibrium with ambiguity aversion in sequen-

tial games that combines Choquet-expected utility maximization (Schmeidler

1989) with a generalized form of Bayesian updating.

For the analysis of a bargaining game, Friedenberg (2019) introduces the

notion of �on-path strategic certainty�, that is, the (correct) belief that the

co-player will not deviate from the given path. Like us, Friedenberg intro-

duces this element of partial coordination in the context of common strong

belief in rationality (Battigalli and Siniscalchi 2002), rather than assuming

complete coordination on a pro�le of equilibrium strategies. Di¤erently from

us, Friedenberg does not consider forward induction reasoning based on the

beliefs in the path.

The paper is organized as follows. In the next section, we illustrate by

example the intuition and the challenges for our main result. In Section 3 we

introduce our theoretical framework. Section 4 states and proves the results

of the paper.

2 Example

In the parliamentary democracy of ??, the Social-Democratic Party has reached

an agreement with the Conservative Party to participate to a government led
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by the latter. The agreement does not specify what happens if the SDP with-

draws its support. If this deviation occurs, there will be new elections. The

only possible ally of the SDP is the radical party, whereas the CP can choose

a moderate or a rightish positioning, and then form a coalition with either

the centrist party or with the (larger) sovereignist paty. The SDP gets the

majority premium if they form a coalition with the radical party while the CP

runs alone with a rightish positioning. The CP gets the majority premium if

they form a coalition with the centrist party while the SDP runs alone, or if

they form a coalition with the sovereignist party while the SDP is allied with

the radical party. (There are swing voters who vote against a coalition with

the sovereignist party unless that means voting for a coalition with the radical

party.) In all other cases, no majority premium is assigned and the two big

parties/coalitions will have to form a government together. Both SDP and CP

prefer getting the majority premium, and if they do not get it, they prefer to

form the government with fewer other parties. In particular, the SDP will not

regret withdrawing the support to the current government if and only if they

win the elections or end up at the government with the CP alone. Ordinal

payo¤s compatible with this story are in the matrix � the payo¤ of the SDP

from the status quo is 5. The symbol �+�indicates the alliance with one of

the three smaller parties. (These are �identitarian parties� that cannot act

strategically.)
SnC C C+ R R+

L 6,6 1,8 7,5 3,4

L+ 4,3 2,2 8,0 0,7

Suppose that the two parties are ambiguity neutral and that their material

payo¤s and risk attitudes are common knowledge. Suppose �rst that the

Von-Neumann Morgenstern utility functions coincide with the ordinal payo¤s.

For the CP, action R is dominated by action C, which in turn is dominated

by a mix of C+ and R+. Anticipating that the CP will form a coalition,

the SDP has no incentive to withdraw its support. So, the agreement on

the status quo is credible (and self-enforcing). Consider now an increase in

the risk aversion of the CP, that is, a concave transformation of the payo¤s.
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Action R remains dominated (it is dominated by a pure action), but for a

su¢ ciently concave transformation, action C is not dominated anymore: the

CP may prefer running alone with a centrist positioning if uncertain about the

strategy of the SDP. Then, the SDP may �nd it pro�table to deviate from the

status quo and play L even if they believe that the CP will reply rationally.

But anticipating this by forward induction reasoning, the CP would react to

the deviation with C+, thus the deviation would turn out to be unpro�table.

So, the agreement on the status quo is credible (and self-enforcing).

As risk aversion is increased, the agreement remains credible (and self-

enforcing, but this fact cannot be generalized). The same result would obtain

with ambiguity aversion. However, that the deviation is pro�table for fewer

beliefs (which is the argument for the monotonicity of self-con�rming equilib-

rium in Battigalli et al. 2015), and that the possible reactions of the co-player

expand (as shown by Weinstein, 2016, and Battigalli et al. 2016), is not suf-

�cient for our result. The expansion of the possible reactions to the deviation

entails that the incentive to deviate survives the �rst step of reasoning. This

re�nes the set of possible continuation strategies of the deviator. Then, it

seems plausible that this re�nement will narrow down the possible reactions

precisely to those that justify the deviation. The key intuition for our result is

why this cannot happen, and is best understood counterpositively. Suppose it

would: in this speci�c example, it requires that the best reply to L is indeed C.

But then, L and C would form an equilibrium of the subgame, which would be

compatible with forward induction reasoning and would justify the deviation

at every step of reasoning also under lower risk aversion. The same would be

true if instead of an equilibrium the continuation plans of the deviator and

the reactions of the co-player would contain a best response set. When the

subgame that follows a deviation is a dynamic game itself, this argument has

to be iterated � we will provide an intuition for how we do it after the proof

of the main result.
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3 Framework

Description of the game. We consider a �nite multistage game with observ-
able actions and no chance moves. With this, we are assuming that players

cannot delegate their choices to randomization devices.1 Let H denote the

set of non-terminal histories of the game, including the initial, empty history

h = ;. For each player i 2 I, let Ai(h) denote the set of actions available

at h 2 H. We endow H with the weak (respectively, strict) �pre�x-of� re-

lation � (�). The set of strategies for player i is Si = �h2HAi(h). We let
S = �j2ISj denote the set of pure strategy pro�les of the players, and we let
S�i = �j2InfigSj denote the set of pure strategy pro�les of the co-players of
player i. Let Z denote the set of terminal histories, or paths, of the game.

Every strategy pro�le s 2 S induces a terminal history through the path func-
tion � : S ! Z. For any h 2 H [ Z, we let Si(h) and S�i(h) denote the
strategies of player i and of the co-players that are compatible with history h.

So, we have S(h) = Si(h) � S�i(h). Conversely, we let H(si) denote the set

of histories that are compatible with strategy si. Finally, we let �i : Z ! R
denote the monetary payo¤ function of player i.

Risk and ambiguity attitudes. Player i�s attitudes towards risk are

represented by a vN-M utility function ui : R ! R, which we assume to
be concave. On top of this, we consider players whose preferences over ac-

tions at each history, given their beliefs and future plans, satisfy the smooth-

ambiguity criterion of Klibano¤ et al. (2005). Smooth-ambiguity preferences

have the following representation. Player i has a belief � 2 �(�(S�i(h))

over models of the co-players� behavior, that is, mixed strategy pro�les of

the co-players. Given a own continuation plan shi 2 �h0�hAi(h) and a mixed
strategy pro�le of the co-players ��i, each action ai yields expected utility

Ui(aijh; shi ; ��i) = E��i [ui(�i(�(si; s�i))], where si 2 Si(h) has si(h) = ai and

si(h
0) = shi (h

0) for each h0 � h. Then, player i chooses an action that maxi-

mizes E�
�
�i
�
Ui(aijh; shi ; ��i)

��
, where �i : R!R is a continuous and strictly

1Otherwise, such randomizations should have been represented in the extensive form as
chance moves.
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increasing second-order utility function. We assume that �i is concave as well;

that is, we assume ambiguity neutrality or aversion.

In a population game with random matching, if di¤erent agents in the

same population play di¤erent strategies, their behavior is represented as a

mixed strategy for their player-role. In our context, instead, each player knows

the speci�c set of real players he is facing, and also knows that they choose

pure actions without commiting to randomization devices. Therefore, player i

must believe that the true model of the co-players�behavior is a pure strategy

pro�le, and the belief � will give positive probability only to Dirac models

that assign probability 1 to speci�c strategy pro�les of the co-players s�i.

Then, it is easy to check that E�
�
�i
�
Ui(aijh; shi ; ��i)

��
can be computed as

Eb� [�i (ui(�i(�(si; s�i)))], where si is as above and b� is the belief over S�i
that corresponds to �. This means that risk and ambiguity attitudes are

indistinguishable in our context.2 Hence, we de�ne the continuous, strictly

increasing and concave utility function  i = �i�ui, and from now on we treat
player i as a subjective expected utility maximizer with vN-M utility function

 i. Finally, for each player i, we de�ne the payo¤ function vi =  i � �i.

Beliefs and sequential rationality. We assume that each player has a
conditional belief over the co-players�strategies at every non-terminal history,

and that these beliefs satisfy the chain rule of probability. That is, we assume

that each player i has a conditional probability system �i = (�i(�jh))h2H 2
�h2H�(S�i), so that �i(S�i(h)jh) = 1 for each h 2 H(si), and

�i(S�ijh0) � �i(S�i(h0)jh) = �i(S�ijh)

for each h0 � h and each S�i � S�i(h
0). Let �H(S�i) denote the set of all

conditional probability systems of player i.

We say that a player is rational when, at every history, he chooses an action

that maximises his expected payo¤ given his belief and his future plan. By

standard arguments, this is (realization) equivalent to playing a sequential
best reply si to his conditional probability system �i; that is, for each h 2

2For a formal proof, see Battigalli et al. (2019).
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H(si),

si 2 arg max
s0i2Si(h)

E�i(�jh) [vi(�(s
0
i; s�i))] .

Let �i(�i) denote the set of all sequential best replies to �i.

Path agreements and strategic reasoning. We consider players who
have agreed on a path z to follow, and tentatively believe that the co-players

will not deviate from this path. Once a unilateral deviation by some co-player

j has occurred, we assume that player i, if possible, still believes that player j

is rational and believes that nobody else would have deviated from the path.

More generally, every player strongly believes (Battigalli and Siniscalchi 2002)

that the co-players are rational and believe in the agreed-upon path, that is,

every player assigns probability 1 to the strategies of the co-players that are

sequentially optimal under the belief that nobody else will deviate from the

path, at all histories consistent with such strategies. In this way, player i

tries to rationalize j�s deviation and predict her continuation plan by forward

induction. In particular, player i interprets j�s deviation as an attempt to

improve her payo¤ with respect to vj(z). In this section, we assume that

payo¤s are commonly known. Then, player i can pinpoint the continuation

plans of j that could potentially make the deviation pro�table, and best reply

accordingly. In turn, player j can anticipate i�s reaction to the deviation. This

rests on the hypothesis that player j strongly believes that player i is rational,

believes in the path, and strongly believes that the same is true for j. In sum,

we assume that players are rational and believe in the path, and that there is

common strong belief of this.

The behavioral implications of this reasoning scheme are captured by strong-
�-rationalizability.3 Fix a path z, and for each player i, let �z

i denote the

set of conditional probability systems �i that initially believe in S�i(z); that

is, �i(S�i(z)j;) = 1, where for each h 2 H with S�i(z)\ S�i(h) 6= ;. Say that
�i strongly believes S�i � S�i when �i(S�ijh) = 1 for each h 2 H(S�i). In

3See Battigalli and Siniscalchi (2007) for the epistemic justi�cation of strong-�-
rationalizability sketched here. Battigalli and Prestipino (2013) provide similar justi�cation
under transparency of the belief restrictions.
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this context, we call strong-�-rationalizability �z-rationalizability�and we
de�ne it recursively as follows:

� (n = 0) for each i 2 I, let S0i;z = Si;

� (n 2 N) for each i 2 I, let si 2 Sni;z if and only if si 2 �i(�i) for some

�i 2 �z
i that strongly believes S

n�1
�i;z ; :::; S

0
�i;z;

� (n =1) for each i 2 I, let S1i;z = \n>0Sni;z.

We call S1i;z the set of z-rationalizable strategies of player i.

We say that path z is credible when S1z 6= ;. Given our belief restric-
tions, the set of z-rationalizable strategy pro�les is non-empty if and only if

it contains a pro�le of strategies that comply with the path. This means that

staying on path is compatible with strategic reasoning for each player: even

after re�ning the o¤-path beliefs by forward induction, no unilateral deviation

from the path will surely be pro�table.

Catonini (2020b) provides an analogous de�nition of credibility for a pre-

play, non-binding agreement (such as the path agreement considered here)

based on another rationalizability procedure with �rst-order belief restrictions:

selective rationalizability. Di¤erently than strong-�-rationalizability, selective

rationalizability requires to keep the highest order of belief in rationality that

is compatible with the observed behavior, even when this requires to drop

an order of belief in the restrictions.4 The epistemic priority assigned to the

beliefs in rationality of all orders entails that selective rationalizability re�nes

extensive-form rationalizability (Pearce 1984, Battigalli 1997), while strong-

�-rationalizability does not. However, Catonini (2020a) shows that the two

solution concepts are outcome-equivalent when the �rst-order belief restric-

tions correspond to the belief in a speci�c path. So, we stick to strong-�-

rationalizability, which is simpler from an algorithmic viewpoint.

4The di¤erence between the two solution concepts in terms of epistemic foundations is
analyzed in Catonini (2019).
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Partial elimination procedures. Fix a path z. Let ((eSni;z)i2I)1n=0 be a
weakly decreasing sequence of strategy sets such that, for each i 2 I,

� eS0i;z = Si;

� for each n > 0, if si 2 �i(�i) for some �i 2 �z
i that strongly believeseSn�1�i;z ; :::;

eS0�i;z, then si 2 eSni;z.
Let eS1i;z = \n>0 eSni;z. The di¤erence between any such elimination procedure

((eSni;z)i2I)1n=0 and z-rationalizability is that a strategy si can belong to eSn�i;z
even though it is not a sequential best reply to any CPS in �z

i that strongly

believes eSn�1�i;z ; :::;
eS0�i;z, while the same is not possible under z-rationalizability.

For this reason, we say that ((eSni;z)i2I)1n=0 is a partial elimination procedure
based on z.

Partial elimination procedures do not carry any conceptual meaning, they

are only a technical device that will be used in the proof of the main result.

4 Results

We say that a path z 2 Z is credible under the �risk-ambiguity attitudes�

(captured by) ( i)i2I when it is credible under the payo¤ functions (vi)i2I =

( i � �i)i2I . We say that ( i)i2I features more �risk-ambiguity aversion�than
( i)i2I when each  i is a concave transformation of  i.

Theorem 1 Fix a path z 2 Z and risk-ambiguity attitudes ( i)i2I ; ( i)i2I ,

where ( i)i2I features more risk-ambiguity aversion than ( i)i2I . If z is cred-

ible under ( i)i2I , then it is credible also under ( i)i2I .

Theorem 1 claims that, as players become more risk or ambiguity averse,

more paths of the game are credible agreements. The proof is based on three

steps.

Lemma 1 is a simple extension to sequential best replies of the analogous

results for best replies in Weinstein (2016), for comparative risk aversion, and

Battigalli et al. (2016), for both risk and ambiguity aversion.
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Lemma 1 Fix a decreasing sequence of sets of co-players� strategy pro�les
Sk�i; :::; S

0
�i with S

0
�i = S�i. If a strategy si is a sequential best reply to some

CPS �i 2 �z
i that strongly believes S

k
�i; :::; S

0
�i when the payo¤ function is

vi =  i � �i, so it is when the payo¤ function is vi =  i � �i.

Proof. By sequential rationality, si maximizes the expected payo¤ under
�i(�j;) and vi =  i � �i. Let S�i be the set of all s�i 2 S�i with �i(s�ij;) > 0.
Then, by the main result of Battigalli et al. (2016) and Weinstein (2016),

there is � 2 �(S�i) such that si maximizes the expected payo¤ under � and
the more concave vi =  i � �i (concavity refers of course to  i). Now, for each
h 2 H such that �(S�i(h)) = 0 and �(S�i(h0)) > 0 for all h0 � h, construct

�h as above if h 2 H(si), and let �h = �i(�jh) otherwise. Proceeding in this
fashion, we obtain a collection of histories eH and beliefs (�h)h2 eH . Construct
�0i = (�

0
i(�jh))h2H as �0i(�jh) = b�h for each h 2 eH, where b�h is the probability

measure over S�i that corresponds to �h, and derive every other �0i(�jh) by
conditioning. It is easy to observe that, by construction, �0i is a CPS that

strongly believes Sk�i; :::; S
0
�i, so that �i(S�i(z)) = 1 (thus �

0
i 2 �z

i ) and si is a

sequential best reply to �0i under vi. �

Lemma 2 is a straightforward consequence of Lemma 1.

Lemma 2 z-rationalizability with payo¤ functions (vi)i2I , is a partial elimi-

nation procedure with payo¤ functions (vi)i2I .

Proof. Let ((Sni;z)i2I)
1
n=0 denote z-rationalizability with payo¤ functions

(vi)i2I . Fix n > 0, i 2 I, �i 2 �z
i that strongly believes S

n�1
�i;z ; :::; S

0
�i;z, and a

sequential best reply si to �i under vi. By Lemma 1, si is a sequential best

reply to some �i 2 �z
i that strongly believes S

n�1
�i;z ; :::; S

0
�i;z also under vi. Then,

by de�nition of z-rationalizability, si 2 Sni;z. Thus, ((S
n
i;z)i2I)

1
n=0 satis�es the

requirement of a partial elimination procedure with payo¤ functions (vi)i2I .

�

Lemma 3 claims the outcome inclusion between z-rationalizability and any

partial elimination procedure based on z.
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Lemma 3 For every partial elimination procedure ((eSni;z)i2I)1n=0 based on z,
we have �(eS1z ) � �(S1z ) (under the same payo¤ functions).

Lemma 3 is (essentially) an application of the �workhorse lemma�of Catonini

(2020a), which deals with elimination procedures that can be �slow�(as ours),

but need to be ��nished�(di¤erently from ours), in the sense that all the re-

maining strategies must be justi�able under strong belief in the strategies of

the co-players. Before ��nishing�our partial elimination procedure and prov-

ing our lemma, we specialize the de�nition of elimination procedure and the

workhorse lemma of Catonini (2020a) for our problem. We say that a decreas-

ing sequence ((bSzi;n)i2I)1n=0 (bSz0 = S) is a general elimination procedure
based on z if for every i 2 I and si 2 bSzi;1 := \n2N bSni , there is �i 2 �z

i that

strongly believes (bSh�i;n)1n=0 such that si 2 ri(�i).
Lemma 4 (Catonini 2020a) Fix two z-based general elimination procedures,
((Szi;n)i2I)

1
n=0 and ((bSzi;n)i2I)1n=0, where for each i 2 I, m 2 N, �i 2 �z

i and �i
that strongly believes (bSz�i;n)m�1n=0 (resp., (S

z
�i;n)

m�1
n=0 ), if

5

8eh 2 H(Sz1);8ez 2 �(Sz1); �i(S�i(ez)jeh) = �i(S�i(ez)jeh), (1)

then ri(�i) � bSzi;m (resp., ri(�i) � Szi;m). We have �(S
z
1) � �(bSz1).

Now we can prove Lemma 3.

Proof of Lemma 3. By �niteness of the game, there exists m > 0

such that eSmz = eS1z . De�ne another z-based partial elimination procedure
((bSni;z)i2I)1n=0 as follows:
� for each n 2 f0; :::;mg and i 2 I, bSni;z = eSni;z;
� for each n > m and i 2 I, let si 2 bSni;z if and only if si 2 �i(�i) for some
�i 2 �z

i that strongly believes bSn�1�i;z ; :::;
bS0�i;z.

5Besides dealing with a much larger class of elimination procedures, Lemma 1 in Catonini
(2020a) also adopts the weaker assumption that condition 1 holds with respect to a selection
of the CPS�s that justify the strategies in S

z

i;1, as opposed to every �i 2 �zi .
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Clearly, �(eS1z ) � �(bS1z ). If S1z = ;, Lemma 3 immediately holds, so
suppose S1z 6= ;. By �niteness of the game, there are p � 0 and q � 0 such
that bSpz = bS1z and Sqz = S1z . Thus, for each si 2 S1i;z (resp., si 2 bS1i;z), there
is �i 2 �z

i that strongly believes S
q
�i;z; :::; S

0
�i;z (resp., bSp�i;z; :::; bS0�i;z) such

that si 2 �i(�i). So, both ((bSni;z)i2I)1n=0 and ((Sni;z)i2I)1n=0 are z-based general
elimination procedures. Now, �x i 2 I, m 2 N, �i 2 �z

i and �i that strongly

believes (bSz�i;n)m�1n=0 or (S
n
�i;z)

m�1
n=0 . Suppose that condition 1 holds. As observed,

S1z 6= ; implies z 2 �(S1z ), so we have �i(S�i(z)j;) = �i(S�i(ez)j;) = 1.

Hence, �i 2 �z
i . Therefore, ri(�i) � bSzi;m or ri(�i) � Szi;m. Thus, ((bSni;z)i2I)1n=0

and ((Sni;z)i2I)
1
n=0 satisfy the hypotheses of Lemma 4, which yields �(S

z
1) �

�(bSz1) � �(eS1z ). �
Proof of Theorem 1.
By de�nition, path z is credible under ( i)i2I (resp., ( i)i2I) when z-

rationalizability under the payo¤functions (vi)i2I = ( i � �i)i2I (resp., (vi)i2I =�
 i � �i

�
i2I) yields a non-empty set. By Lemma 2, z-rationalizability under

(vi)i2I concides with a partial elimination procedure under (vi)i2I . Thus, by

Lemma 3, it yields a superset of outcomes with respect to z-rationalizability

under (vi)i2I . By credibility of z under ( i)i2I , z-rationalizability under (vi)i2I
yields a non-empty set, hence so does z-rationalizability under (vi)i2I . So, path

z is credible under ( i)i2I . �

We �nally explain how the proof of Theorem 1 uses the intuitions from

the example and extends them to paths where deviations can be followed by a

dynamic subgame. When instead of taking z-rationalizability under the base-

line risk/ambiguity attitudes we take z-rationalizability under the increased

risk/ambiguity attitudes followed by the iterated re�nement that uses the

baseline attitudes, we are taking a slow order of elimination under the baseline

attitudes � see Lemmas 1 and 2. The question is why this slower order is

outcome-equivalent to z-rationalizability. When we �forget�to eliminate some

strategy, we may justify a deviation from the path that would not be justi�ed

anymore otherwise. This implies that in the subgame that follows the devi-

ation, the re�nement of substrategies continues for more steps of reasoning.
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Potentially, this could narrow down the reactions to the deviation precisely to

those that justify the deviation. The proof of Lemma 4 in Catonini (2020a)

rules this out with the following argument. If that was the case, completing

the iterated re�nement of substrategies of the subgame that follows the devi-

ation would yield a best response set so that every belief over this set justi�es

the deviation. But, then why is it the case that the deviation and the best

response set do not survive z-rationalizability? If the subgame is dynamic, it

could be the case that the best response set is destroyed by the selection of

favourable reactions to a deviation from the set. Again, the re�nement of the

substrategies that follow this deviation would yield a best response set that

entirely justi�es the deviation. But then, in turn, why is it the case that this

deviation and the subsequent best response set do not survive the re�nement of

substrategies in the larger subgame? Moving back and forth between the two

elimination procedures in this way, we arrive to a simultaneous-move subgame

where there is no hypothetical deviation to consider anymore.

Relaxation of common knowledge of the risk-ambiguity attitudes.
Suppose that there is no common knowledge of the exact risk-ambiguity aver-

sion of each player, but there is a commonly known upper bound. That is,

there are risk-ambiguity attitudes ( i)i2I such that each player�s true attitude

 i is a convex transformation of  , and this is common knowledge. Fix such a

pro�le of risk-ambiguity attitudes ( i)i2I and suppose that players do forward

induction reasoning without any belief restriction as to which are the true at-

titudes of the co-players, apart from knowing that they are less averse than

( i)i2I .

Now, at every step of reasoning, we know from Lemma 1 that the sequen-

tial best replies of player i under any convex transformation of  i are also

sequential best replies under  i. Therefore, a player�s reasoning under com-

mon knowledge of the upper bounds ( i)i2I is identical to the case in which the

true risk-ambiguity attitudes of players are ( i)i2I . Of course, player i knows

his true risk-ambiguity attitude  i, but this immaterial for strategic reasoning,

that is, for player i�s beliefs; it only a¤ects player i�s actual behavior.
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Thus, given true risk-ambiguity attitudes ( i)i2I and a commonly known

upper bound ( i)i2I , we say that path z is credible if:

� S1z 6= ; under (common knowledge of) payo¤functions (vi)i2I =
�
 i � �i

�
i2I ;

� for every i 2 I, there is �i 2 �z
i that strongly believes S

1
�i;z such that

�i(�i) \ Si(z) 6= ; under payo¤ function vi =  i � �i.

With this, we can replicate our main monotonicity result under this relax-

ation of common knowledge.

Theorem 2 Fix a path z 2 Z and risk-ambiguity attitudes ( i)i2I ,( 0i)i2I ,( i)i2I ,( 
0
i)i2I

where ( 
0
i)i2I features the highest risk-ambiguity aversion and ( i)i2I the low-

est. If z is credible given true risk-ambiguity attitudes ( i)i2I and commonly

known upper bounds ( i)i2I , so it is under true attitudes ( 
0
i)i2I and upper

bounds ( 
0
i)i2I .

Proof. By credibility of z under true risk-ambiguity attitudes ( i)i2I and
commonly known upper bounds ( i)i2I , z is credible under common knowledge

of the payo¤ functions (vi)i2I =
�
 i � �i

�
i2I , thus by Theorem 1 also under

common knowledge of (v0i)i2I =
�
 
0
i � �i

�
i2I
.

Now, let ((S
n

i;z)i2I)
1
n=0 and ((eSni;z)i2I)1n=0 denote z-rationalizability under

common knowledge of (vi)i2I and (v0i)i2I , respectively. By Lemma 2, ((eSni;z)i2I)1n=0
is a partial elimination procedure under (vi)i2I . Proceding like in the proof

of Lemma 3, de�ne another partial elimination procedure ((bSni;z)i2I)1n=0 under
(vi)i2I such that: (i) for some m � 0, bSmz = eS1z ; (ii) for each i 2 I, si 2 bS1i;z if
and only if si 2 �i(�i) for some �i 2 �z

i that strongly believes ((bSn�i;z)i2I)1n=0;
(iii) the conditions of Lemma 1 in Catonini (2020a) hold. By credibility of z un-

der true risk-ambiguity attitudes ( i)i2I and commonly known upper bounds

( i)i2I , for each i 2 I, there is �i 2 �z
i that strongly believes S

1
�i;z such that

�i(�i)\Si(z) 6= ; under payo¤ function vi =  i ��i. By the induction hypoth-
esis of the proof of Lemma 1 in Catonini (2020a), for each j 2 I and sj 2 S

1
j;z,

there is s0j 2 bS1j;z such that sj(h) = s0j(h) for all h 2 H(S
1
z ), and vice versa.

Thus, I can construct �0i 2 �z
i that strongly believes bS1�i;z and bSm�i;z � bS1�i;z
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such that �0i(S�i(z
0)jh) = �i(S�i(z

0)jh) for each h 2 H(S
1
z ) = H(bS1z ) and

z0 2 �(S1z ) = �(bS1z ). Note also that since �0i 2 �z
i strongly believes bS1�i;z, we

must have �(�i(�
0
i)� bS1�i;z) � �(bS1z ).6 Then, under payo¤ function vi =  i��i,

we must have �i(�
0
i) \ Si(z) 6= ; as well. Finally, for each si 2 �i(�0i) \ Si(z),

by Lemma 1, there is also �00i 2 �z
i that strongly believes bSm�i;z = eS1�i;z such

that si 2 �i(�0i) under payo¤ function v0i =  0i � �i. Thus, z is credible also un-
der true risk-ambiguity attitudes ( 0i)i2I and commonly known upper bounds

( 
0
i)i2I . �

Perceived uncertainty So far, in our analysis, players do not necessar-

ily perceive uncertainty regarding the reactions to a deviation: their subjective

beliefs are free to assign probability 1 to a particular strategy pro�le of the

co-players. Then, one may want to impose a minimal level of perceived uncer-

tainty, by �xing a minimal probability " that players��nal beliefs must assign

to each strategically sophisticated strategy of the co-players that complies

with the path. By imposing this belief restriction at the end of the reason-

ing process and not at the start, we do not run into an �inclusion-exclusion�

problem (Samuelson 1992): a player cannot, at the same time, assign positive

probability to all the strategies of the co-players, and only to those that sur-

vive the �rst step of reasoning. Moreover, this choice is not only technically

convenient, but also meaningful: players maintain common strong belief in

rationality and in the path, and initially assign at least " probability to every

payo¤-relevant component of this event. We do not assume strong belief that

the co-players perceive the same level of uncertainty.

Now, if under such belief restriction players stay on path for all their

beliefs, it means that risk-ambiguity aversion does induce players to stay on

path. So, �x " � 0 and say that path z is "-self-enforcing if:

� S1z 6= ;;
6Else, we could construct �00i 2 �zi that strongly believes bS1�i;z and (bSn�i;z)1n=0 such that

�(�i(�
00
i )� bS1�i;z) = �(�i(�0i)� bS1�i;z) 6� �(bS1z ), contradicting the de�nition of bS1z .
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� for each i 2 I and �i 2 �z
i that strongly believes S

1
�i;z, if �i(s�ij;) � "

for each s�i 2 S�i(z) \ S1�i;z, then �i(�i) � Si(z).

Suppose now that z is credible under some risk-ambiguity attitudes ( i)i2I ,

and that monetary payo¤s at any z0 6= z are di¤erent than at z (a condition

that is generically satis�ed). Fix " > 0 such that, for each i 2 I, " � jS�i(z)j.
Is there su¢ ciently high risk-ambiguity aversion so that z becomes not just

credible but also "-self-enforcing? The answer is yes. Then, the combination

of (even minimal) perceived uncertainty and su¢ ciently high risk-ambiguity

aversion can always explain compliance with the path.

Theorem 3 Suppose that for every i 2 I and z0 6= z, �i(z0) 6= �i(z). Fix a

path z that is credible under some risk-ambiguity attitudes ( i)i2I . Then, for

every " 2 (0;mini2I jS�i(z)j), there are risk-ambiguity attitudes ( i)i2I such
that z is "-self-enforcing whenever there is more risk-ambiguity aversion than

under ( i)i2I .
7

Proof. Let (vi)i2I =
�
 i � �i

�
i2I . Fix i 2 I. Let bzi be i�s favourite path,

and let zi be the path that ranks just below z in i�s preferences: formally,

�i(z) > �i(z
i) and �i(zi) > �i(z

0) for every z0 with �i(z) > �i(z
0). Path zi

exists by the genericity assumption, and because z is credible under some risk-

ambiguity attitudes, so it cannot be the lowest-ranked of a player. Take any

concave function fi : R! R such that:

fi(x) = x for each x � vi(z);

fi(vi(z
i)) = min

�
vi(z

i);
vi(z)� (1� ") � vi(bzi)

"
� "

�
:

Let  i = fi �  i and vi =  i � �i = fi � vi.
By credibility under ( i)i2I and Theorem 1, z is credible under ( i)i2I .

This implies that, under ( i)i2I , for every i 2 I and si 62 Si(z), there is

7A word of caution: this is an �asymptotic�rather than a monotonicity result, in that a
path can be "-self-enforcing for some attitudes and not after an increase of risk-ambiguity
aversion, as new rationalizable reactions to deviations kick in.
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s�i 2 S1�i;z such that �i(�(si; s�i)) < �i(z). Fix �i 2 �z
i that strongly believes

S1�i;z such that �i(s�ij;) � " for every s�i 2 S�i(z) \ S1�i;z. Then, for every
si 62 Si(z) the expected payo¤ given �i(�j;) is lower than "vi(zi)+(1�")vi(bzi).
In turn, by construction of  i, we have

"vi(z
i) + (1� ")vi(bzi) � vi(z)� (1� ") � vi(bzi)� "2+ (1� ")vi(bzi) = vi(z)� "2:

Hence, the set of continuation best replies to �i(�j;) is contained in Si(z). So,
�i(�i) � Si(z).

For any further concave transformation of ( i)i2I , the proof of "-self-

enforceability can be repeated verbatim after a normalization that keeps the

payo¤s of z constant. �
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