JIeKus 1mo 3xkoHoMeTpuKe Ne 3,
2 MOIYJIb

MynbTUKONNMHeapHOCTb

lemuaoBa
OJibra AHaToJIbeBHA
https://www.hse.ru/staff/demidova_olga
E-mail:demidova@hse.ru
23.11.2020



IInan nexuum Ne 5, 2 Moayib

*/lncanbHas U NpakTAYECKAA MYJIbTUKOJUIMHEAPHOCTD
(KBa3UMYJIbTUKOJUIMHEAPHOCTB ).

][locieacTBYs MYJIbTUKOJUIMHEAPHOCTH
][ [py3HaKM HAIMYKA MYJIbTUKOJUIMHEAPHOCTH
] lokaszaresi CTENEHN MYJIbTUKOJUIMHEAPHOCTH

*MeToasl 00pbOBI C MYJIBTUKOJUIMHEAPHOCTHIO



MynbTUKONNUHEeapHOCTb

TeopeTnyeckass MyNnbTUKONSIMHEAPHOCTb AaHHbIX —
AABNneHune, Habnwgaemoe NpuU HapyLLeHUn yCrioBumn
TeopeMbl Naycca — MapkoBa 06 OTCyTCTBMU TOYHOMU
FINHEVMHOM CBA3U MexXay perpeccopamu. [Npu Hann4nn
TeopeTU4eCKOU MynbTUKONNIMHEApPHOCTU OAHO3HA4YHOe

HaxoxaeHune oueHoB MHK koadhdunumeHToB perpeccum
HEBO3MOXHO.



TeopeTM YeCKaAa MYJIbTUKOJIJIUHEeApPHOCTDb

Y = Bo + BqXy +..+ ByXy + g,
TeopeTuyeckass MynbTukonnmHeapHocTtb: Rank(X) < k + 1

Ex.1.
Inwage= g, + ,S+ BMALE + f,FEMALE +... + ¢,
FEMALE + MALE =i

Ex.2.
In price = B, + p,livsq + f,nonlivsq + [, ,totsq + ... + &,

livsqg + nonlivsq = totsq



Mpumep TeopeTUYECKON MYNbLTUKONJIMHEAPHOCTH

Ex.3.
Price=p + B,D, + B.D, + B,D,, + BD,, +...+¢&,
D, +D,+D,+D,, =i

Dummy trap



KBasu MYINbTUKOJIJIUHEapPHOCTDb

NMpu paboTte ¢ pearnbHbIMMN AaHHLIMW 4YaCTO MMeeT MeCcTO
KBa3MYNbTUKOJINIMHEAPHOCTb, Korga mexnay
perpeccopamu cywecTtByeT NOYTU JIMHEUHas
3aBUCUMOCTbD.

Y=XB+¢

TCOPETUUECKAS MYJIbTUKOIIMHECAPHOCTD :
rangX <k +1

= rang(X'X) <k +1=det(X'X) =0
KBaNMYJILTHKOJUTMHEAPHOCTD :

det(X'X) =~ 0



MocneacTBust MynNbTUKONJIMHEAPHOCTMU

p=(XX)'X"7,
Var(f)=c (X 'X) ",

PETE T

det A4

HecTabunbHOCTbL OLLEHOK NapamMeTpoOB perpeccum u
X Aucnepcum Nnpu ManbiX NU3MeHeHUAX NCXOOHbIX
AaHHbIX B criyyae MynbTUKONNIMHeapHOCTH




MynbTMKONNMHeapHOCTb, NpumMep

Ex. y=px + f,x, +¢,

x,'x, =x,'x,=1,0’ =1,
X, 'xX, = Xx,'x, =r,
var(f)=o02(x"'x)"",
Ly = X, ' x, X, 'x, _ ]
X, 'x;, X ,'x, r
5 A ]
var(f,) = var(f,) = ;



anI3HaKVI MYJTIbTUKOJIJTMUHEapPHOCTHU

‘HeGonbLwne NaMeHeHUs B AaHHbIX NPUBOOAT K
3Ha4YUTENIbHbIM U3MEHEHUAM B OLleHKaX
Ko3adhdnuneHTOB perpeccum.

*‘MHorne koadppmuneHTblI NO-0TAESNIbHOCTU He
3Ha4YMMbI, XOTHl B LileJZIOM perpeccusi agekBatHas, R?
MOXET ObITb A4OCTAaTOYHO BbICOKUM.

*OueHku KoahduumneHToB perpeccumn (0O6bIYHO
He3Ha4YMMbIX) MOTYT UMEeTb “HernpaBUNbHbLIN” 3HAK (C
3KOHOMMYECKON TOUYKU 3PEeHUR).



Uuoun KaTOpPbl MYJIbTUKOJIJTIMUHEAPHOCTHU

B KoppenauuoHHon matpuue (hakTopoB BCTpe4varTCH
anemMeHTbl, N0 MoAayso onuskue K 1.

« locTaToO4YHO OONnbLUOE 3HAYEeHUue
VIF — variance inflation factor xorsa 61 Ang ogHoro

dakTopa 1
VIF(X ;)= TR
roe Rj2 — Koacbcbuuuel-l]:l' MHOXeCTBEHHOM

AeTepMUHauMmn perpeccopa X; Ha BCe oCTalNbHble
perpeccopbl.

. o’ - o o
Var(p;) = TSSj(l—Rf)’TSSj =(X, - X,i)(X,-Xi)).

10



UHau KaTOPbl MYJILTUKOJIJTTIUHEAPHOCTU

CN (conditional number)

CN(X'X)= |Fou

CN — yucno obycnoBneHHocTn matpuubl X’X.

Ecnu 3ToT noka3sartenb > 30, TO 3TO MOXeT
CBUAETEeNbCTBOBAaTb O MYJNILTUKOSTINIMHEAPHOCTM!.
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Mpumep MyNnbTUKONNMHEAPHOCTU OAHHbIX
EARNINGS = B, + B,S + B,SVABC, + B, ASVABC, +

B,ASVABC, + B.ASVABC, + ¢

reg EARNINGS S ASVAB01 ASVAB02 ASVAB03 ASVAB04

Source SS df MS Number of obs = 540
F( 5, 534)= 30.60
Model 24945.2724 5 4989.05448 Prob>F = 0.0000
Residual 87064.9587 534 163.042994 R-squared = 0.2227
Adj R-squared = 0.2154
Total 112010.231 539 207.811189 Root MSE = 12.769

EARNINGS Coef. Std. Err. P>t [95% Conf.Interval]

S 1.700556 .2781761 6.11 0.000 1.154102 2.247009
ASVABO1 .0640055 .0997875 0.64 0.522-.1320188 .2600297
ASVABO02 4385383 .091164  4.81 0.000 .2594542 .6176223
ASVABO3 -1433842 .1202383 -1.19 0.234-.3795824 .0928139
ASVAB04 -.0265344 .0985583 -0.27 0.788-.2201438 .1670751
_cons -20.48614 3.600184 -5.69 0.000-27.5584 -13.41388

MHOro He3aHa4YMMbIX KO3(pPULUEHTOB



anI Mep MYJIbTUKONIJIMHEaPHOCTU AadHHbIX

vif

Variable VIF 1/VIF

ASVAB03 4.20
ASVAB04 3.01
ASVAB01 3.00
ASVAB02 2.64
S 1.52

Mean VIF 2.87

0.238017
0.332532
0.333805
0.378371
0.657411
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MeToabl 60pbLObLI C MYyNETUKONMNNHEAPHOCTbLIO

‘[Mepecneuudpunkaumna mogenu (pyHKLUMOHANbHbIE
npeobpa3oBaHNA NepeMeHHbIX)

‘AcknroyeHne ogHOU UNMU HECKONMbKUX OO BACHSAIOLWUX
nepemMeHHbIX

MeTopq rnmaBHbIX KOMMOHEHT

‘Acnonb3oBaHue ridge (rpebHeBbix), LASSO u T.n.
OLEeHOK napameTpoB

14



MeToAa rnmaBHbIX KOMMOHEHT

X =1X,,....X, L, Var[ X |=V,—

Z=a, X +..0, X, =a,'X, a , +..+a, =1,
Var(Z,) »> max, a,'a, =1,

Var(Z))=a,"Va,,

La)=a/'Va -1 (a 'a —1) > max,

Va, = Aa,

A, is the max characteristic root of 'V,

«, is the corresponding characteristic vector.

15



MeToAa rnmaBHbIX KOMMOHEHT

Let A,..., A, arethe characteristic root of V (in decreasin g order),

a,,...,a, are the corresponding characteristic vectors.
. . / ’
Linear functions:Z =a, X,....Z, =a, X.

ThenVar(Z)=a Vo, =4,....Var(Z)=a, Vo, = A,.
Z,...,Z, are called the principal components of X,,...,X,.
Properties of principal components :
War(Z)+...+Var(Z,)=A +...+ 4 =
=trace(V)=Var(X,)+...+Var(X,)

2)e,...,q, are orthogonal vectors =

Z,,...,Z, are orthogonal or uncorrelated.

16



NMpumep

Jonsa obwen gaucnepcuu Nnpu3HaKoB,

ob6bsicHsiemasi OoQHON, ABYMSA, TPeMs U T4
rmaBHbIMU KOMMNOTEHTaMU

F '

L.,0
0,9 2
o8} x|
0.7} / :
N |
i

'

L

|

I

| |

i

|

G-
0,2

F

M B i M i & — i i —._:_'.\'
1 2 3 & ) i i H O 10

HamMeReHHe OTHOCHTENBHORE mOAW CcyYMMAPpHOR HUCTIEPpCHRA HOCHEeNye-
MEBIX APHIHAKOD, OOVCIOBRTeHHON NMepBLisvH P’ TALBHLIMHA KOMITOHEeH-
ramH, B sanmcumocTs ot P’ {(caywai p = I0)
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NMpumepbl

1) Cm. npumepbl 4.1, 4.2 n3 kHuru «lNpuknagHas
CTaTUCTUKA B 3aga4vax U ynpaxHeHUsAX», aBTOpPbI

C.A.AnBa3ssiH, B.C.MxutapsH

2) CM. Knactepusauuro permoHOB B NMPOCTpPaHCTBE ABYX
rnmaBHbIX KOMMOHEHT B CTaTbe

«MeTopn Knactepusauum permoHoB PP c yuyeTtom

otpacneBou cTpykTypbl BPl», aBTOpbI C. A. ANBa3siH,

M. 0. AdpaHacbeB, A. B. Kyapos
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NMpumep 4.1

4.b. llpumeps peleHME THNOBBIN 38 A M ¥ IIPa e

Mpumep 4.1 (z3anaua) Mpu PpopumpoBaREE THIOOGPAIYIOIIINX
APHIHAKOR NpealpiAeTHR oTpacan Ouan ofcasnosank 24 npeanpRATHE (n =
24) no TpeM TEXHHKO-IKOHOMHNYECKHM DoKAMaTeasM: ofbeMy BRIYCKAo-

MOH NPpOIYKIIHWA PR (THIC.YCAOBHLIX DOHEMHLIX CIWHHIL), OCHOBHLIM don-

Faasa 4. CHHMEHHE FPAIMEPHOCTH 15T
nam z'2) (Telc.y.m.e.) ®u $HoHDYy ONAATH TPYIE M (Teic.y.me.). Mo mo-
AYHEHHEBIM B !n:umb'rnm ofcaenOoBaHiA HCXOOHMM CTATHCTHYSCKHM AT LI M
{IEIJ+=E=],IE=- Jy—i=1,2,...,24, — Gulam Noaysen OUeHKN BEXTOPA Cpal-
HMX amavenmil a = {&.':”,E.[“,-&:H:IT = (420; 240; E&}T W KOBA D H AL OMHOR

MATPWINL
_ 451,39 271,17 168,70
¥ = [ 271,17 171,73 103,29
168,70 103,29 66,65

TpeGbGyeTCcna:

1
1} Sl ECTTIu YA e ML JAd SBEIVHCAEHUS FADENBLE KOMITONENT .2‘ )

.Itl. 2L

2 no zadanmbiue IHAVENUTM UCTOMNLT MEINUKO-IKONOMUMECKUT oK
Farrre e I'I},.'I:[::I L7 ::'1]",

2) ompedeaums omMocumeabntie doau cysuapuod ducnepouu, ofycaoa gen-
ke odwold U JdeyuE FAGEMBMY KOMIIONE NITHEAMU

fa's
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NMpumep 4.1

Feomme s m e
1) flan onpenpeneans xompduumes TOoB AHHefinoro npeocSpasosanns (4.5), ¢

AOMOLIILK KOTOPOro OCylLecTBASeTCA AepeXol K rdabHbiM EOMIOOHEeHTAM, He-
OfSXOOIMMO PellNTE BHAYANe MapakTepHCTHYecKoe ypasmenwe (4.8), a sarTem

ECOAL3IOBATE HaflnemHme cofcTaemHue 3HaveHms A;, Ag,..., A, ons noncra-
HOBKH B CHCTeMLI YpaBreHu# (4.7), peuwenns ROTOPEX H 080T 0o UmesE T b
li = ({ljn.042,---:ljp) B nauwoli zanaue
_ 451,39 — A 217 AT 16870
12 — AF] = 271,17 171,73 — A 103,29 = 0,
168,70 101,29 6665 — A

158 I MPHKJAADHCOR MHOMrOMEFPFHEBR CTATHCTHYECHK HE A HAJTHS

OoTEYDa Haxomums A, = G6B0,40, Ay = 6,50, Ay = 2,86.

[IocaenoBaTelLEo NMOICTABANSE HTH IHAYeHHS B cHcTemy (4.7) u pemas
STH cHcTeMi oTHocuTeawso [; = (. lie.lm), —F = 1,2,3, — noayuaesm: [} =
(0,813;0,496; 0,30T); I3 = (—0,545;0,832;0,101), I3 = (—0,205; —0,249;0,947),
TAK 4YTOo YpPpabHeHHA 0IA8 BLIYHCIeHHS FIABHRINX KOMOOHEeH T =9 {(# = 1,2,3)
Gy oy T HMeTE BEN:

2" — p,81(=""" — 420) + 0.50( =" — 240) + 0.31(=** — 85),
2) — —0.55(=" — 420) + 0,83(='* — 240) + 0,10(=**" — 85), (4.20)
—021(="! — 420) — 0,25(='"" — 240) + 0,95(=*" — &a5).

=

z{ﬂl
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NMpumep 4.1

2) B coorpercrern ¢ pasencTBamm (4.10)  (4.10') » puTexaoumMM #3 HHx
npencranaenues [y (Z) b sune (4.4') umeen:

M
M+ M+ As

I(2(X)) = i‘t::;i‘h - RN

= (,9864;

fl[zl:-’:}] -

YT CRHETEALCTBYET O TOM, YTO NOYTH BCE WEGOpMAINS (a WMenno, 98,64%)
0 cleuMHKe NPeINPEATHA JAHEOID THNE, ONHCAHHOR ¢ NOMOLIBIO NePeMeHHbIX

:m.:“ H :H}. codepacumcs 8 odwotl auwe nepsold 2aasnod KoMmonenme
(1)
.

fak FL LY
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NMpumep 4.2
NMpamvmep 4.2 {}r;;p AaMHEHHE ). KompowenTHi amanss npoBe-
OEH M0 NaHHBIM NIBANUATH ceabCKoXodslcTreHABX pafiosos (n = 20) ofaacTn,
EOTOPRE CONEPMKAT PE3IFyALTATH HIMePEHMHE CAedYMIINX NOKAIATENeR: M __
YHCAOo KoAecHldx TpakTopos na 100 ra; I{:] — WHCAO 3ePpROYGOPOYHRIX KO-
Gadmon wa 100 ra; = YHCAO OpYIHEA nosepxHocTHOR ofSpalorxm nouyssd
ma 100 ra; P KoAMYecTRO YaolpeHHil, pacxoOoyeMiblX Ha MexTap; ;{5]' —_—
KOANYecTRO CPelcTh JAMNTE pPpacTeHH#l, pacxoayeMbklX Ha MEXKTAp (HcXonHLie
CTATHCTHYCCKHE LaHHRe .':E". :E:J,:E:}II”,:?}, —i=1,2,...,20, — npune-
nens B TalbGa. [M2,1 Mpeaoxenus 2).

PacieThi HPOBOAHAHCE DO NOpMuposannsism daxmsu suaa (4.1') w npen-
CTABITEHK B COenyIOLUWE TabGmmie:

CaasHble XOMNOHEHTH X' L1 | 3 Pt gt 5!

CobGcTBeRRLIe 3HaAYen lu_f, 3,04 1,41 0,43 | 0,10 D.l.‘TE
 Bxaan i-# raanmol KoMnoMeMThI | 76)

B CYMMAPHY N QHCIEDCHKD G0.8 28.2 B.B 20 | 04

Cyuuapniii sxaan nepBhLix |

roapusx xoMmonomenT (7)) 60,8 | 890 | 97.6 | 99,6 1000

Mpr pacdeTe OTHOCH TEALHONO BKASNA FAABHEX KOMIOHEHT ¥4 THBANOCE,
wTo 3or_ Ay = p = 5. [as ananwia GuiM OcTaBleHn ABe Nepbide rAABHLIe
KOMAOHEHTH [P = 2), va xoTopwe npuxoanTces B9 cyMumapHol BapmamHm.

IILag MHTEepNpPpeTALNM FIARHLIX KOMOONEHT DOCTPOCEHA MATPHILA PaxKTop-

HEIX HArPY 30K

a— (095 097 094 024 056"
-0,19 -0,17 -028 088" 067 ) -
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NMpumep 4.2

Jeeanoukod (+) oTMEYERB JIEMENTE, YIOBIETBOPRIOLINE Yeaosmio |ay;| > 0.6,
T.€. Te, KOTOPHE CAEOYET YNHTHIBATH NPH HHTEPNPETAUNN FAABHEX KOMIIO-
went 20 u 2,

TpefyeTcs:

dams codepacametbyn UNMEPRPEMAYLI0 NEPILIT GO 2ATENLT KOMMO-
NENT,

Pemeunne

H3: mejna maTpeus A clenyer, 4To Nephas riaBHad KOMNOHEHTZ Haw-
foJiee TecHO CBA3aHa © NOKalaTeldMH: f“’ — HHCAO EKOJIeCHRIX TpakTo-
poB (@) = rl[zm,:“]'} = 0,95); ' — wmean sepHOYHOpOYEMX KoMbaRnoR
(ag; = r{:m,t{”] = 097); 2 — ymeno Opynwi moBepxmHocTed obpaboT-
ki nounkd Ha 100ra (ay = rl[:'[aj,:“]"_l = 094). Mosromy nepeas 2aaenas
xoMnoNenma 3\ UNTMEPRPEMUPOsana Kax Yposens Meranulayuu pafom.

Bropas raaspas xoMnosmenTta 7 recuo camsama ¢ xoauuecTRAMN yao-
Gipenus [:“}} H CPENCTR JAUIHTHL pacTenui {:{l]}, pacxolyeMblX Ha MeKTap
(a4 = r{:“]1 3{“} = [,88: a5 = rl[zm,xm} = 0,67). CoorpeTcTpeHHO 2%
UNMEPRPEMUPYEMCS KAK YPOSENL TUMUIAUUY pmwmaﬂ:mr{.
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