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*  Metoabl 00pHOBI C MYJIBTUKOJUIMHEAPHOCTHIO



MyJIbTHKOJJIMHEAPHOCTH

TeopeTnueckast MyJIbTUKOJUIMHEAPHOCTh JAHHBIX — SIBIICHUE,
HaOJII0JaeMO€ PY HAPYILICHUH YCIOBUM Teopemsbl ['aycca —
MapkoBa 00 OTCYTCTBUY TOUHOM JIMHEMHOM CBSI3U MEXKY
perpeccopamu, T.e. 1t mogeu Y = X3 + €

rangX < 4HCJIO CTOJIOLIOB B MaTpHulie X.

[Ipy HaMUYUKU TEOPETUUECKON MYJIBTUKOJUTMHEAPHOCTH
OJIHO3Ha4YHOE HaxoxaeHue orileHoB MHK koa(ddunmenTon
pPETrpPECCUN HEBO3MOKHO, CUCTEMA HOPMAJIbHBIX YPABHEHUM

X'XB =X'Y He uMeeT eAUHCTBEHHOI'O PEIICHUS.
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Teopernueckas MYJbTHKOJJIMHEAPHOCTD

Y =P+ P X, ...+ PeXg T &,

TeopeTnueckast MyIbTUKOJIINHECAPHOCTD:

Rank(X) < k+ 1

IIpumep 1. Inwage = By + 1S + o MALE + 3FEMALE +
ot og

FEMALE + MALE = I, I — enuHAYHBIN BEKTOPD

IIpumep 2. Inprice = fy + f1livsq + fononlivsqg + fitotsqg +
——

livsg + nonlivsg = totsq
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KBa3zuMyJIbTUKOJJIMHEAPHOCTh

IIpu paboTe ¢ peaabHBIMHU JaHHBIMH YaCTO UMEET MECTO
KBA3UMYJIBTUKOJJIMHEAPHOCTh, KOTJIAa MEXKAY PETPECCOPAMU CYIIECTBYET MOYTH
JIMHEWHAas 3aBUCUMOCTbD.

Y =X[ +¢

TEOPETUYECKAS MYJIbTUKOJUIMHEAPHOCTD:

rangX < k+ 1

= rang(X'X) = rangX < k+ 1 = det(X'X) = 0.
KBa3uMyJ1bTHKOJUIMHEAPHOCTb:

det(X'X) ~ 0

Ho 3TO 3aBUCHUT OT €IUHUL, B KOTOPBIX U3MEPSIOTCA NIEPEMEHHBIE!
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IocaeacTBuss MYJbTHKOJJINHEAPHOCTH

B =X'X)"X'Y,
Var(B) = c2(X'X)71,

1
detA4

Al = —— 4

HecTabniIbHOCTh OLICHOK apaMETPOB PErPECCUU U UX
JTUCIIEPCUN TIPU MAJIBIX U3MEHEHUAX UCXOAHBIX JAHHBIX B CIIy4ac
MYJIBTUKOJJIMHEAPHOCTH
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I'eomeTpuyecKass HHTEPNpeTAIIUAS

BekTopbl ¥ 1 1Y’ Mano oTAnYalTCca Apyr OT Apyra, HO B CUy TOrO,
YTO YroN Mexay BeKTopamu (perpeccopamm) x1 U x, Man,
Pa3/1I0XKeHUA NPOeKL i 3TUX ABYX BETOPOB MO X1 U X7 OTANYaeTCA
3HAUYMTENbHO.

WcTouHuk: Marnyc, Katbiwes, lNepeceukun (2007).
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MyJbTHKOJJIHHEAPHOCTh, IPUMeEP

Y = Pix1 + [ox; + &

x1'x1 — XZIXZ — 1, O'g — 1,
4 !/

X1 Xop =X X1 =0T,

var(f) = a2(x'x)71,
, x1’x1 x1’x2 1 r
Xx =" "2 = ( )
Xo'X1 X 5 X r 1

Var(ﬁﬂ = Var(ﬁz) = 1
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IIpu3Haku MYJbTHKOJJIMHEAPHOCTH

e HeOomnpIiue n3MeHEeHHUs B JAHHBIX MPUBOISIT K 3HAYUTEIIHHBIM
M3MEHEHHUSIM B OLICHKAaX KOA(P(UIIMEHTOB pErpeCcCHm.

* Muorue Ko3(pOULUEeHTHI IO-0TACIHOCTH HE 3HAYMUMBI, XOTS B
LIEJIOM perpeccus agekBaTHas, R MOXeT ObITh JOCTAaTOYHO
BBICOKHM.

* Ouenkr K0P PUIMEHTOB perpeccuu (0OBIYHO HE3HAYHNMBIX )
MOTYT UMETh ‘‘HEIPABUJIbHBIN 3HaK (C SKOHOMHUYECKOU TOUKH
3pEHUA).



HHI[I/IKaTOpI)I MYVJIbBTHKOJJIHAHCAPHOCTH

*B KoppensiimoHHON MaTpulle (PaKTOPOB BCTPEUAIOTCS DJIEMEHTHI, 110
MOAYJIO OJn3KHeE K 1.

e JlocTaTOYHO OOJIBIIIOE 3HAUYCHUE
VIF — variance inflation factor xoTs ObI 1714 ogHOrO (PaKkTOpa

VIF(X;) =

1—R?’
2 o .
rae Rj" — Koo PUIHEHT MHOKECTBEHHO! ACTEPMUHALIMH perpeccopa X]

Ha BCE OCTAJIbHBIE PErPECCOPHI,
2
A o) _ i
Var(f;) = , TSS: = (X; — X;I)'(X; — X;1)).
Var() = 755 =gy 755 = & = 5D/ = K1)
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HHI[I/IKaTOpI)I MYVJIbBTHKOJJIHAHCAPHOCTH

CN (conditional number) — ynciio 00yC10BIEHHOCTH

Marpuna X (n x (k+1)) ne sBiusercs kBaaparaoi, rangX = k + 1.
Matpuna X' X ((k+1) x (k+1)) — HOI0KHATEIBHO ONpeaeICHHA
KBaJIpaTHasl MaTpuIla, y Hee cymecTByeT k+1 cOOCTBEHHBIX 3HaUYE€HUM (BCE

MOJIOXKHUTEIBHBIC): Aq, .\, Ajiq.

A
CN(X) = Am“x, €CJIM ITOT MoKa3areib > 30, TO 3TO MOXKET
min

CBUACTCJIbCTBOBATL O MYJIbTHUKOJUIMHCAPHOCTH.

B HCKOTOPBIX CTATUCTHYCCKHUX ITAKCTAX HCIIOJIb3YIOT B KAYCCTBC

Am ax

onpeaencHust CN =
Amin
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IIpuMep MyJbTUKOJJIMHEAPHOCTH JTAHHbIX

B, ASVABC; + B<ASVABC, + ¢

reg EARNINGS S ASVAB01 ASVAB02 ASVAB03 ASVAB04
Source SS df MS Number of obs = 540
F( 5, 534)= 30.60
Model 24945.2724 5 4989.05448 Prob>F = 0.0000
Residual 87064.9587 534 163.042994 R-squared = 0.2227
Adj R-squared = 0.2154

Total 112010.231 539 207.811189 Root MSE = 12.769

EARNINGS Coef. Std. Err.  t P>t [95% Conf.Interval]
S 1.700556 .2781761 6.11 0.000 1.154102 2.247009
ASVABO01 .0640055 .0997875 0.64 0.522 -.1320188 .2600297
ASVABO02 4385383 .091164 4.81 0.000 2594542 .6176223
ASVABO03 -.1433842 .1202383 -1.19 0.234 -.3795824 .0928139
ASVAB04 -.0265344 .0985583 -0.27 0.788 -.2201438 .1670751
_cons -20.48614 3.600184 -5.69 0.000 -27.5584 -13.41388

MHOro He3HAYMMBbIX KO3 (PULNEHTOB
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|‘3| IIpumep MyJILTHKOUIMHEAPHOCTH JAaHHBIX

vif

Variable VIF 1/VIF

ASVABO03 4.20 0.238017
ASVAB043.01 0.332532
ASVABO1 3.00 0.333805
ASVABO02 2.64 0.378371
S 1.52 0.657411

Mean VIF 2.87
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MeToabl 00PbObI ¢ MYJbTHKOJIJIMHEAPHOCTHIO

Iepecneuudukauus Moaeau (GPyHKIHOHAIbHbIE
peo0pa3oBaHUs NMePeMEHHbIX)

Nckarouenue oJHON NI HECKOJLKUX 00bACHSIOIIAX
NepeMEeHHBIX

MeTOIl INIABHBIX KOMIIOHCHT

Ucnoab3oBanue ridge (rpedoneBbix), LASSO u T.II. OLIEHOK
ImapaMeTpoB
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MeToa I'TABHBIX KOMIIOHEHT

XOTUM NEepenTH OT PAKTOPOB X1, ..., X} K paKkTOpaM, KOTOPHIC HE
KOppEIUPYIOT.

X =[Xq,....Xg], Var[X] =V,

Zi = ay Xy +oapXy =a'X, ai +-+ab =1,
Var(Z,) » max, a;'a; =1,

Var(Z,) = a;'Vay,

L(ay) = a;'Va; — A1(a;'a; — 1) - max,

Va, = 11a4,

A{ — MakcuMaJIbHOe COOCTBEHHOe 3HaYeHHe MaTpulibl V,

Q1 — COOTBETCTBYIOIIWK COOCTBEHHBIW BEKTOP.
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MeToa I'TABHBIX KOMIIOHEHT

[lyctb A4, ..., 44 — cOOCTBeHHBbIE 3HAYEHUs MaTpUlLibl IV (yObIBaroIue),
Q1, ..., X — COOTBETCTBYIOIIHE COOCTBEHHbIE BEKTOPBI.
Zi=a'X,..,Z;, = a;'X.

Var(Zy) = ay'Vay = A4, ..., Var(Zy) = ap'Va, = 4.

Zq, ..,Z} HA3bIBAKOTCA [JIaBHbBIMU KOMIIOHEHTAMHU O X1, ..., X.
CBOUCTBA I'JIaBHbIX KOMIIOHEHT:

1) aq, ..., @ ABJGOTCSI OPTOTOHAJIbHBIMHU 10 CBOMCTBY COOCTBEHHBIX
BEKTOPOB = Z1, ..., Z}; OPTOTOHaJIbHbI (= He KOPPEJHUPYIOT), T.K.

ZinZy = (aX) (a]X) = X' (am @)X =0

I 16



MeToa INIaBHBLIX KOMIIOHCHT

CBOWICTBA I'JIaBHbIX KOMIIOHEHT:

2YVar(Z) ++Var(Zy) = Ay + -+ A =

= trace(V) =Var(Xy) + ---+ Var(Xy)

Jlons oOmie aucnepcuu Xq,. .., Xj, KOTOPY OOBSICHSIOT M IJIaBHBIX

A1+t
Ayt A

KOMIIOHCHT, paBHa



Jloyis1 001IeH JUCNIePCUH PU3HAKOB, 00bsICHsIEMAas OHOI,
JABYMS, TPEMS M T/ INIABHBIMH KOMIIOHEHTAMH
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MBX OPHIHAKOR, OGVCAOBREeHHOW NEpBLIMEA B TAABHLIMHA B TR B -

ramM, B 3asmcuMsmocTs ot p’' (caywal p = 10)
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I pumepsl

[Ipumeuanue: Eciiu Bce mEpeMEHHbBIE UBMEPSAIOTCA B OJHUX
CAUHUIAX, TO IJIsI HAXOXKACHUS TVIABHBIX KOMIIOHEHT

HCIIOJIb3YIOT KOBAPUALIMOHHYIO MATPHUILY.

Ecnu sxe (axkTopbl U3MEPSIOT B pa3HbIX €AUHMIIAX, TO UX
JIMHEHHAss KOMOMHAIINS HE UMEET CMBICIIA, IT03TOMY (PAKTOPHI
CHaydaja HOPMUPYIOT (JI€IAT Ha KOPEHb U3 BEIOOPOYHOM
AVCTIEPCHUH ), TOT/IAa KOBapHUAMOHHAsI MaTPUIIA TPEBPAIIACTCS

B KOPPEISIIMOHHYIO MaTPHILY.
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I pumepsl

1) CMm. mpumMmepsl 4.1, 4.2 u3 kuuru «lIpuknaaHas craTuCTUKA
B 33J1a4aX U YOPAKHEHUAX», aBTOpbl C.A.ANBa3sH,

B.C.MxurapsH

2) CM. K1acTepH3alfi0 PETHOHOB B IIPOCTPAHCTBE JIBYX
[JIABHBIX KOMITOHEHT B CTAThE

«Metop kinacrepusaiuuu peruoHoB PO ¢ yuetoM oTpacieBou
ctpykrypbl BPII», aBTOopsr C. A. AunBaszsu, M. 1O.

AdanaceeB, A. B. Kynpos
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I[Ipumep 4.1

4.b. [lpumepsl pelieHME THINOBBIN 38 A< M VIS HEH M

Mpumep 4.1 (zamaaga). NMpu PopumpoRamEN THIOGPAYYMOLIINX
APHIHAKOS NPpeanpUETHR oTpacan Guan obcasnosank: 24 npeanpRATHE (B =
24) mo TPpeM TEXHHKO-IKOHOMHYeCKHM DoKAMATeASM: OobLeMy BLINYCKae-

MO POy HIIHE -I!{:} {Tun.}'mmumn T FEE A BT L3 E'.II'HI'IHII.:l.. CCHOBHWERIM  froe-

Faasa 4. CHHMMEHHE PASMEP HOCTH 15T
mam ') (TeIc.¥Y.@.e.)] ®u $HoHIY ONITATH TPYIS 1 (Teic.y.m.e.). Mo no-
AYYEHHBIM B rc:urnb'rnm ofScaenOoBAHHA HCXOOHLIM CTATHCTHYEC KHM LA I M
{:{“ =-[2‘| 1,2,...,24, — Gulam NMOJyHUeHk OLeHKEN BEKTOPRA CPpel-
X :lul.lurnnl a = {ﬂ.':” ‘“],&:H]T = (420; 240; E&}T W EOBA P ML OO
M TP M Ll

_ 451,39 271,17 168,70
= 271,17 1¥1,73 103,29
168,70 103,29 66 65
T peGyeTCcR:
1) swmeccrnu ypaanenus Jdid SBINMUCAENLE ZACSHBLE KOMITONERITL :n:'.a'“' u

17 o FadaNNbLE FHAVENUTM UCTOMNNT M EINUKO-IKONOMEMECKET TROKa—
Farrieded z“:".,.'l:"r:':| i ::'1]';
2) onpedesaums oMmMMOCEMeAbNEAe doau cysuapuod ducnepouu, ofpeaos aen-

nbde ooheod u ﬂ-ﬂ!,r.“.l' SRS P DS R FC A T O T L O

Fas
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I[Ipumep 4.1
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I[Ipumep 4.1

F e me a2 @ &

1) [llas onpeapenenns xomMbpdbrumes Tos Ansmefinoro npecGpasosanns (4.5), c
MOMOUITEKDY KOTOPOro OCYUECTBASEeTCH Mepexol K riAapHbild KOMIOHEHTAM , He-
OEXOOMMO PelIHTE BHAYANS XApAKTEPHCTHYSCKOe ypaamenmwe (4.8), a saTewm

BECOOXL3OBATE Hafigennwe colfcTaemHie 3Havenms A;,Ag, ..., A, onos noocrTa-
HOBKW B CMCTeML! Ypasmeru#f (4.7T), peuieHHs KOTOPRX H 0a0T oMb imes T b
li = ({lin.042:---515p) B manmwoli sannue
. 451,39 — A 17T 168 70
IE — Af] = 271,17 171, T3 — A 103,29 = 0,
168,70 101 .29 66 65 — M

158 IL MPHHKIJIAODHCORH MHONOMEFHBE CTATHCTHYECK MM A FHAJTH3

OTEYOS Haxoous Ay = 680,40, Ay = 6,50, Ay = 2,86.
MocarenoBaTeILEC MOICTABANE TH dHaAYeHHS B cHcTemy (4.T) u pemras

STH cHeTeMM oTHocHTeab®o I; = ([ . li2.{;m), —5 = 1,2,3, — noayuaem: [ =
(0,813;0,496; 0,.30T7); I3 = (—0,545;0,832;0,101), I = (—0,205; —0,249; 0,947,
TaKk YTOo YPpabpHeHHHA LAS BLITHCIeHWS FIABHLIN KOMIIOHEH T 29 (5 = 1,2,3)

GyoyT HMeTh BEO:

2" — o,81(='"? — 420) + 0,50( =" — 240) + 0,31(="? — 85),
12} — —0,55(=""" — 420) + 0,83(=®" — 240) + 0,10(=>? — 85), (4.20)
—0,21(="? — 420) — 0,25(='*" — 240) + 0,95(="*" — 85).

I 23

X

e



I[Ipumep 4.1

2) B coorsercreEn ¢ papencTeamk (4.10) # (4.10) ® BuTexamouMM B3 HHX
npeacranaenuen J(Z) » sune (4.4') wmeen:

L(Z(X)) = » ;t T = 09864,
I (2(X)) = I% = 0,9958;

YTO CBRIETEALCTBYET O TOM, YTO NOYTH BCA WEGOpMAns (a Wumenno, B8 64%)
0 coeuKdHKe NPeINPEATHA NAHEOrD THNA, ONKCAHHOR ¢ MOMOIILI NepeMeHHbIX

:“}.:rr" i :rm, codepacumcs & oodwold awws nepsold zaaswod xosmnomewme
(1)
gl

PR Fal Pl L
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[Ipumep 4.2

Mpuavmep 4.2 {:r;; p a MHEHHE ). KomnomenTHwi amamHs n[;n-ae—
mEH M0 NAHHBM IBALLATH CelbCKONO3AlcTReHARX pafiodos (n = 20) ofaacTn,
EOTOPKE CONEPMAT PEIFILTATH HIMePeHHE CASOYRIIANX MOKLIA TETEN: ="
YHCAO KOASCHIX TpakTopos wa 100 ra; =2 — wucno ICPHOYHFOPOTHEIN KOM-
Gadmon na 100 ra; =3 YHCAO OPpYIRA nosepXHocTHOR obSpaboTed nmovnm

na 100 ra; =" — xoamwecrso ynoSpenwii, pacxonyemux ma rextap; zi°) —

KOARYeCTEO CPEICTR JAINIHTRE PAcTeHHR, pPAcXOOyeMbiX Ha MKTAp (HcXonHbie
CTATHCTHYECKHE [1aHH e :"} :l:“:| :|.="""};|='_":| :{"]' —_— = ], 2 20, — mn
i L Rl T 1 W y g 5 — T I 5 P B

nens B8 Tatga. M2,1 Mpuaowmenus 2).
PacqeThi NPOBOOHAKCE N0 NOPMUPOoesaNnsis dannss suaa (4.1") m npea-

CTABRTEHK B CAenyoeR TabGamne:

CaasHbie KOMOOHEHTH L0 P £ 3 £ g5
ITuﬁc‘rneﬁuue apavenus A 4,04 1,41 0,43 | 0,10 0,02
[ Bxaan i-% rnanmoll KOMODOMeNThI | ¥ ) '
| = CYMMAPHYN OHCOePCHD 60,8 28,2 5.6 2.0 0.4

Cyvumapnwii sxaan NepBuix -

raapHbix KomMmonomentT (%) G608 | 80,0 | 97,6 | 90,6 100.0

Mpr pacdeTe OCTHOCH TEABHOTO BRASLA FITABHEX KOMITIOHEHT YYNTHBAJOCE,
HTO Ef_i Ay = p = 5. [las ananwia GuIM OCTABNEHK OABE MePREe TIAARHNE

KOMITOHEH T id Izp’ = 2), va xoTopue npuxoanTcs B cymuaprod sapmamnmn.
JIlag MHTePpNPpeTAULHE FIABHLIX KOMOOHEHT ODOCTPOCHA MATPHIA (QaKTop-
HLIX HArpY30K

A (095 097 094" 024 0567
~ \ -0,19 -0,17 -0,28 0,88 0867 '
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[Ipumep 4.2

Jeeanoukoil (*) oTMeYeRE JTEMENTEH, YROBIETBOPRIOILINE Yeaoamo |a;;| > 0.6,
T.€8. Te, KOTOphIe CRedyeT YMMThHIBATH OPH HHTEpPNPeTALNH FAARHEIX KOMITO-
went 20 u 2%,

ITpeGyeTcn:

dams codepaamessHynd UNMEPNPEMAyu0 NEPILIT JOYT S2ATENKE KOMMO-
WENT,

Pemeunne

Ha rena MaTpHIK A cleayer, 470 Nephafl FIaBHAfd KOMNOOHEHTA HaH-
(1)

fojee TecHo CBA3IAHA © NMoOKAjATeNdMH: I — YHCAO KOJeCHRIX TPakTo-
poB (@) = r{:{”.z“}] = 0,95); ' qrean lepHOYGOpoUEMX KoMOaRHOR
(agy = r{:“:',zmj = 097); 2 — ymeno OpyYOWA noRepxupocTeld obpaboT-

kH nounk Ha 100ra (ay = rl[*.'{j'.,:{']':l = 0,94). MNosToMmy nepesas zaaenas
xoMnonenma 30/ UNMEPpRpeMUpOadHa Kax ypoeens meranulayuu pafom.
Bropas raansas KoMnomEeHTA ') Tecuo camsama ¢ KoaNuECTRAMMN VIao-

m}l, pacxolyeMblX HA MexTap
(2)

GpeHHs [J:“]} M CPENCTH MAIMTH pacTenHi (x
(a4 = r(z'", z{“:l = [,88: as3 = rl:z{r',;m} = 0,67). CoorpeTcTBeHHO 2
UHMEPNIPEMUPYEMCE KaAX YPoseHb IUMUIAYUY pacmenuesodcmaa.
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Cnoacu6o 3a BauManue!

JlemupoBa O.A.
E-mail: demidova@hse.ru
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